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the product zy of the two populations, we assume that in time At, 


(d) —kayAt 
*V. A. Kostitzin, Mathematical Biology, London, G. G. Harrap & Co. Ltd. (1939); 


Vito Volterra, Les Associations Biologiques au Point de Vue Mathématique, Paris, 
Hermann & Co. (1935). 
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is the approximate number of deaths of the host H due to the presence of 
the parasite P, where k is a proportionality constant. Hence, also, since 
each such death of H implies the laying of an egg by P, 


(e) kayAt 


is the approximate number of births of P. 
Therefore in time At, the approximate changes in the H and P species 
are respectively 


x x 
(33.192) Ar = Ae 799 Mt _ Ha 799 t — kayAt, 
Ay = kayAt — Pa zag Mt 


In the first equation of (33.192), let h = (H, — Ha)/100, assumed >0, 
i.e., his the net natural annual percentage increase of the population of H. 
In the second equation of (33.192), let p = Pg/100, i.e., p is the natural 
annual percentage death rate of P. Then (33.192) simplifies to 


(33.2) Az = hrAt — kayAt, 
Ay = kayAt — pyAt. 


Note that we have used the words “approximate changes” in connec- 
tion with the system (33.2). It is conceivable that in some time intervals 
At, no births or deaths take place; in 
other time intervals, one or more births 
or deaths occur. A graph of the popula- 
tion of a species as a function of time is 
therefore not a continuous curve. It will 
show sudden jumps or drops as in Fig. 
33.21. However, if the population is 

Time large, it is convenient to assume that 
there is a continuous curve which will ap- 
Figure 33.21 proximate the population trend. Further, 
one need not stretch one’s credulity too 
far to believe that the system of equations 


Population 


(33.22) Gm — Bey, 
dy __ = 
a hey — PY, 


which result, when in (33.2), we divide each equation by Af and let At > 0, 
will give good approximations for large populations and long periods of 
time. 
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The equations in (33.22) form a system of two nonlinear first-order 
equations which cannot be solved by the methods thus far discussed. In 
later chapters we shall describe other methods by which an approximate 
solution of the system (33.22) may be obtained, if the numerical values 
of h, k, and p are known, see Exercise 39,5. 

It is possible, however, to solve the system (33.22) as an implicit func- 
tion of x, if we divide the second equation by the first. Making this 
division, we obtain 


dy _ y(kx — p) hi -(;—2 


Integration of the second equation in (33.23) gives 
(33.24) log y* — ky = kx — log x? — loge, 


from which we obtain 


pee he, 


(33.25) log cy*s? = ky + kx, cy’? = ef" — eye 
If at ¢ = 0, the population of the host species is x» and the population 
of the parasitic species is yo, then the last equation in (33.25) becomes 


(33.26) ¢ = tp ~Pyp Mek zotv0) 


which is the value of the arbitrary constant in the solution. 

As we have frequently mentioned, implicit solutions are usually of little 
value. Here it would be difficult indeed to plot a graph of (33.25) showing 
the population y as a function of x. 


Although we cannot at this stage solve the system (33.22) for x and y 
as functions of time, nevertheless certain important useful information 
can be obtained from it. Suppose, for example, that at a certain moment 
of time, the populations of our two interacting species are 


_?P ah. 
(33.27) z=P, y=? 


Then by (33.22) dy/dt = 0 and dx/dt = 0. Since the rate of change of 
the two populations at that moment is zero, there are no increases or 
decreases. Let us call these populations the equilibrium populations of x 
and y respectively. Let 


(33.28) z= P4x, y=Fty, 


where X and Y represent the respective deviations of the equilibrium 
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populations of x and y. Substituting (33.28) in (33.22), we obtain 
d (p —,(® _ (2 h 
(33.29) d(2+x)=a(2 +x) e(R+x)(R+¥ F 


s(t) aa) +9) 09) 


These equations simplify to 


(33.291) 2% — py — exy, a = hX + kXY. 


If we assume that the deviations X and Y are small, we may, without 
serious error, discard the XY terms in (33.291). These equations then 
become 


(33.292) f=-pY, = 


But now we recognize that the system of equations is exactly the same 
as those discussed in Lesson 32 under the heading “Linearization of First 
Order Systems.” Dividing the second equation in (33.292) by the first, 
we have 

(33.293) ad ne 


aX -pY 


Its solution, obtained by solving it directly, or by recognizing that this 
differential equation comes under Case 2 of Lesson 32 where its solution 
is given in (32.18), is 


(33.294) hX? + pY? =. 


Both p and h are positive quantities. (Remember h is the net natural 
percentage increase of the host popu- 
lation, assumed >0, and p is the natu- 
ral percentage death rate of the para- 
site population.) If therefore h = p, 
(33.294) is the equation of a family 
of circles; if h ¥ p, it is a family of 
ellipses. We have thus shown that if 
the populations of two interacting 
species remain stationary over long 
Figure 33.295 periods of time, as they do in many 
cases, then the graph of their popu- 

lation deviations from equilibrium is a circle or an ellipse, Fig. 33.295. 
Note how the mathematical equation (33.294) supports our opening 
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remarks. When the deviation X of the host species equals ~/c/h and is 
thus largest, the deviation Y of the parasite species is zero, i,e., the para- 
site population is normal. But now there are more hosts available in 
which the parasites can lay their eggs. The population of the parasite 
species thus begins to increase, while that of the host species decreases. 
But as the parasites get too humerous, they kill more hosts, until the 
parasite deviation is maximum and the host deviation is zero. When this 
point is reached, there are relatively so many parasites around, that they 
begin killing off some of the host’s normal population. As the host’s 
population decreases below normal, the parasitic population, because there 
are now insufficient hosts, must also decrease, until finally a point is 
reached when its deviation is zero and the host’s deviation has its largest 
negative value —+/c/h. The host’s population is now too low to support 
&@ normal parasitic population. The parasitic deviation therefore begins 
to decrease below zero, thus allowing the host’s deviation to increase, etc., 
in an endless cycle of periodic increases and decreases. 


LESSON 33C. An Electrical Problem. More Complex Circuits. 
In Lesson 30, we discussed a simple electric circuit in which the charged 
particles moved in one path. A circuit in which the charged particles can 
move in different paths will, as we shall show below, give rise to a system 
of differential equations. To enable us to write differential equations with 
correct signs, we shall adopt the following convention. If a branch of the 
circuit contains a source of energy E, we shall indicate by an arrowhead 
that the direction of the current is from the side which we label +, to the 
side which we label —. In every other branch of the circuit, we put in 
arrowheads arbitrarily. It is only essential that the arrowheads remain 
fixed in a problem. 


Example 33.3. Set up a 
system of differential equa- 
tions for the current in the 
electric circuit shown in Fig. 
33.31. 


Solution. By Kirch- 
hoff’s first law, the alge- 
braic sum of the currents at 
any junction point is zero. Figure 33.31 
If we call the current whose 
arrowhead is directed toward a junction point positive and the current 
whose arrowhead is directed away from a junction point negative, then at 
the junction point marked 1 in Fig. 33.31, 


(a) t-i —2=0, t= +72. 
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And at junction point 2, 
(b) +7 —t=0, t= 4, + te. 
Applying Kirchhoff’s second law to the left circuit, we obtain 


(c) Ri+ Ly ts +16 = KO. 


oe 
If no source of energy is present in a closed circuit, then his second law 
states that the algebraic sum of the voltage drops is zero. Applying this 
law to the right circuit, we obtain 


di 
(d) Ry + 7 a a — Le a= 0. 


Differentiating (c) and (d) and replacing 7(= dq/dt), wherever it appears 
by its value in (a), we have 


L.! d d: : : E 
) 145 + (+ 8) + bu tin = Z, 
) 
ain a 1. os 
Le ai Ri; = aa 


The linear system (e) can be solved for 7; and 72 by the method of Lesson 
31D or E. The current 7 will then be the sum of these two currents. 


Comment 33.311. We obtained two equations in the above problem 
by using the left and right circuits shown in Fig. 33.31. It is possible to 
obtain additional equations by using other circuits. Each of these, how- 
ever, will not be independent of the two obtained in (c) and (d). For 
example, we could, if we had wished, taken the circuit going completely 
around the border and have thus obtained 


. Z 1 
Ri+ Rit + am +aq@= E. 


This equation, however, is the sum of (c) and (qd). 


Example 33.32. Set up a system of differential equations for the cur- 
rents in the electric circuit shown in Fig, 33.33. 


Solution. By Kirchhoff’s first law, the algebraic sum of the currents 
at any junction point is zero. Hence at the junction points correspondingly 
marked in Fig. 33.33, we have 


(a) @: 14, —t2 —%4 = 0, tq = 1, — 12; 
@: tg —%ts —i3 = 0, 15 = te — 13; 
@): tg tig — 74, = 0, te = 41 — 13. 
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At junction point @, i4 + 13 — ig = 0. And we see from the sums of @, 
@, and @), that this condition is satisfied. 


Figure 33.33 


Applying Kirchhoff’s second law to the upper left, the upper right and 
the lower circuit respectively, we obtain the linear system 


Seti 1 io 

(b) Ri + ent Gu + Gd = &, 
: 5 ‘ 1 

Ly + Rote + Rots —G,4= 0, 


1 i di : 
— FI — Reis + Le Fe + Ratz = 0. 


Ce 
Differentiating (b) and replacing d/dt by D and dgq,/dt by tn, there results 
‘ 1. Les 1. dE 
(c) RiDi + Gh t+ G4 t Ge te = Gp’ 
LaD¥in + RaDiz + RsDis — g-u = 0, 
LsD%i, — i ig — RgDis + RgDig = 0. 
Substituting in (c) the values of 74, 75, 7g as given in (a), we obtain 


ee eee eee es Ge 7 
(d) (edtg+Etg)a-gZea-Aee dt’ 


ey ae (tao? + ReD + RsD + z) ig — RsDis = 0, 
C4 C4 

—~ 234, — R,Di, + (LD? + RsD + RsD + z:) ime: 
Ce Ce 


The system (d) can be solved for 71, 72, and 73 by the method of Lesson 
31G. 
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Comment 33.34. As remarked in Comment 33.311, other equations 
in addition to those found in (b) can be obtained by considering different 
circuits. These, however, will not be independent of those in (b). For 
example, we could have taken the circuit going completely around the 
border. This equation, however, can be obtained from (b). Verify it. 
Can you find other possible circuits? 


EXERCISE 33C 


1. A transformer consists of a primary coil and a secondary coil. The primary 
coil has an emf of E(t) volts, a resistance of Ri ohms, and an inductance of 
Ly henrys. The secondary coil has a resistance of Re ohms and an inductance 
of Le henrys. Let 71 and ig be the respective currents in each coil. It has 
been shown that the differentia] equations for the currents in the coils are 


diy ' dig _ 
(33.4) I1 a, + Rita t MP = EO, 


dig : diy 
leat Retz + Ms = 0, 


where M is a constant called the mutual inductance. 

(a) Solve the system (33.4) if E(t) = Oand M? < InLe. 

(b) Show that the exponents a and b, as given in the answer section, are 
negative quantities and therefore that both 71 and t2 approach zero as 
to, 

(c) Solve the system (33.4) if E(¢) is a constant Eo and M2 < LyLe. Show 
that as t — 0, the current 71 of the primary coil approaches the steady 
state current Eo/R; and the current t2 of the secondary coil approaches 
zero ast —> ©, 

2. (a) Set up a system of differential equations for the current in the electric 
circuit shown in Fig. 33.41. 


Figure 33.41 


(b) Solve the system with initial conditions ¢ = 0, 1 = 0 when the switch 
is closed, and show that the circuit is equivalent to one in which the 
resistors R1, R2 are replaced by one resistor R, whose coefficient of re- 
sistance is given by 

1 #1 1 _ _Rike 
Be Bit Ba’ Bo Re Rs 
Remark. If more resistors R3, +--+ ,-R,» were inserted in the circuit of 

Fig. 33.41, parallel to Ri and Re, it follows from (b) that this circuit is 

equivalent to one in which the resistors Ri, Re,---, Rn are replaced by 
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one resistor R whose coefficient of resistance is given by 


1 1 1 1 
RR, os Re + + R, 
3. (a) Set up a system of differential equations for the charges in the electric 
circuit shown in Fig. 33.42. 
(b) Solve the system for q and 7 as functions of time with initial conditions 
t = 0,91 = g2 = 0 when the switch is closed, and show that the circuit 
is equivalent to one in which the capacitors C1, C2 are replaced by one 
capacitor whose capacitance is given by C = Ci + Co. 


t R i, is 
Eo== 1>~C; qa Cz 
i ig 
Figure 33.42 


Remark. If more capacitors Cs, +--+, Cy were inserted in the circuit of 

Fig. 33.42, parallel to C1 and Ce, it follows from (b) that this circuit is 

equivalent to one in which the capacitors C1, Ce, +--+, C, are replaced by 
one capacitor whose capacitance is given by C = C1 + Co+---+ Cy. 

In the problems below, set up a system of differential equations for the 

current in each of the circuits diagrammed. Solve as many as you wish. 


4. See Fig. 33.48. Att = 0,4 = 0,¢ = qi = ge = 0. 
L=1 i ii ig 
Eo =50 == M>5C,=10"* 92>5C,=3-10-4 
q 
C=2-10-* ta 
Figure 33.43 


5. In problem 4, replace Eo = 50 by E(é) = 100 sin 60t. 
6. See Fig. 33.44. Att = 0,4 = 0,¢ = g2 = 0. 


C,=3-1074 
50 cos 100¢ 
R2=5 


Figure 33.44 
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7. See Fig. 33.45. Att = 0,7 = 0, go = 0. 


EO(~) imi, tis 
q2 

C, 

Figure 33.45 


8. See Fig. 33.46. Initial conditions are £ = 0,7 = 0, q1 = ge = 0. 


R, ig J 4 Ly 
i 
Cane NAC jmiptig 
+E, 
ig ty 
) 
Figure 33.46 


9. See Fig. 33.47. 


Cs 
Figure 33.47 


10. See Fig. 33.48. 


imi,-i, 


Figure 33.48 
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11. See Fig. 33.49. 


Figure 33.49 


ANSWERS 33C 
1. (a) t1 = cie"-+ coe, where 


—(LeRi-+ [1 Re) + V (L2Ri + 11 Re)? — 4R1 Ro(LiLle — M?) 


a,b= 


2(L,L2 — M?) 
— —(leRi + 11 Re) + V(L2Ri — 11 Re)? + 4M? Ri Ra 
2(LyLe — M?) 
2 = ihe [(Lil2 — M®)(acie"* + beze*) + LeRi(cre"* + eve”). 


(c) t1 = cre? + coef + (Eo/ R1); iz is the same as in 1(a). 
2. (a) (LD + Ri)i1 + LDiz2 = Eo, Rit; — Rei2 = 0. 
(b) i a th + te ae Eo(Ri + Re) [1 = gt ey 
Ri Re 
— Fo (1 — en PHl4 


1 1 1 
3. (a) (20+ A) a+ Row -E, Gu-Ge =. 


3 
(b) g1 = CiEo(l — eM 4 go = Cok — UMA t) 
i= dq, dgz _ Eo -urcyt+es) _ Fo —ure 
teati2= a Re =R° ; 


a i oo 2 er eee : 
4 Dita te Eo, C2 0,7 = 41 + te. 


i 
Ci ql 
4 é 1. eae 7 
Diy + Dig + + i+ 5 (1 + 2) = 0, 
C1 Cc 


1 
G27 G2 = 0. 
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5. In 4 replace Eo by 100 sin 60¢. Therefore ‘ E(t) = 6000 cos 60. 
6. (zp + LD? + 4) i+ (xp + 1) ig = —5000 sin 1004, 
11D; — a ee a) <0. 


1 R+Lo4 11% = HO, 


The three asus are not independent. The third can be obtained by 
subtracting the second from the first. To solve the system, it is easier to 
use the first and third equations. 


di : 1 
8. Ly ote n = Eo, Rats + Gg = Eo. 
@n i 8 dg - | 
Ii “ya tq u = Bo Raa +z gz = Eo. 


: : —EoV Cl sin a , 
Veil Ra VOiL1 
oil. sin 22 ee : ‘ 
VO eM Veils Ro VOila 
= Cake 6), 4g Bo. Rac 
Re 


di 
9. Li 7 +2 = gat Reis = E(t), 


qa = Ciko ( — cos 


= 


. 3 1 
eal Rois a4 = 0, 
a+ Rais + 7 5 8 Reis — Rsis = 0. 


an = 11 — 12,15 = te — tg, 16 = t1 — i. 


dy, @ titel oe ee oe ' 
10. Ri SP+ L a Loe gti — 2) = FBO, Rit + Rein = 0. 


Substitute 7, = 


11. Junction point @: t1 — is — ig = 0, 5 = 41 — te. 
Junction point @: ig — igs — i3 = 0, t6 = te — 13. 
Junction point ®@: iz + t7 — i4 = 0, t7 = i4 — 43. 


Junction point @: i4 + ig — i1 = 0, tg = 11 — ta. 


. 


At junction point ©: is + t¢ — i7 — tg = 0, which satisfies the four 
equations above. Set up, in the usual manner, the differential equation for 
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each circuit marked I, II, III, and IV in diagram. For I, it is 


dig 


a. E(t). 


‘ 1 
Ri + Gs 5+ Ls 


Although there are other choices of circuits, their equations will not be in- 
dependent of the chosen four. 


LESSON 34, Plane Motions Giving Rise to Systems of Equations. 


In Lesson 16, we discussed the motion of a particle constrained to move 
along a straight line. In this lesson, we consider the motion of a particle 
free to move in a plane. 


LESSON 34A. Derivation of Velocity and Acceleration Formulas. 
If a particle is free to move in a plane, then a change in the direction of 
its velocity will be equally as important as a change in the magnitude of 
its velocity. As mentioned in Lesson 16C, quantities in which both mag- 
nitude and direction play.a role are called vectors. 

Since Newton’s second law of motion is also applicable to particles 
which move in a plane, we have, by (16.1), 


ds, 
(34.1) F= ma = mo, = mi. 


Remark. A dot over a variable means its derivative with respect to 
time; two dots over the variable means its second derivative with respect 
to time. Hence ¢ = dx/dt, # = dx/dt?, » = dv/dt, etc. 


The mass m is not a vector quantity. We therefore see, by (34.1), that 
the acceleration of a particle acted on by a force, not only has magnitude 
F/m, but also has the same direction 
as F. 

In Fig. 34.11, the vector F repre- F 
sents the magnitude and direction of 
a force F. It is convenient to break 
up this vector force into two compo- 
nents, one, Fz, to represent that part AK 
of the force which accelerates the 0 FoF cos 6 
particle in the x direction, the other, 5 
F,, to represent that part of the force Figure 34.11 
which accelerates the particle in the 
y direction. If the inclination of the force F is 0, we see from Fig. 34.11, 
that 


(34.12) F, = F cos 6, F, = Fsin 0. 


Fy=F sin 6 


Since F, = mass times az, the acceleration of a particle in the x direction 
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and F, = mass times a,, the acceleration of a particle in the y direction, 
we obtain from (34.12), the system of equations 
as, i 
(34.13) F cos 6 = F, = ma, = m Fa = me, 
2 


; d 
F sin @= Fy = ma, = moo my. 


In a similar manner we can break up any vector quantity into its z and y 
components. In Fig. (34.14) we have shown, for example, the x and y 
components of a velocity vector v. 


Vv 


vy=v sin g= 2 = 


dx. 
U,=U COB O= 7 =X 
Figure 34.14 


For certain problems, it is often convenient to use polar coordinates 
instead of rectangular coordinates. The vector quantity is then broken up 
into two components: one along the radial r direction, the other in a 
direction perpendicular to it. In Fig. 34.15, we have broken up the vector 
v into these two components », and 09. 


x=rcos 6 


Figure 34.15 


Let (z,y) be the coordinates of a point P in a rectangular system and 
(7,6) its coordinates in a polar system, Fig. 34.15. Then we see from 
the figure, that 


(34.16) x= rcos 8, y = rsin 0. 
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Differentiation of (34.16) gives 


dz _ dr . 8 
(34.17) a = cos On — rsin On’ 

dy dé 

a sino + rcos 0%. 


A second differentiation gives 


dx d?r . dr do d6\? . 076 
(34.18) 27 cos 8a — 2sin 6a Gy — 7 60s mC) — rsin 075) 

d’y . dr dr d6 , ay d?6 

qe — Sin 6 Ga t 2cos 87 a — rsin O\ a +reos 053. 
These formulas, (34.17) and (34.18), are valid for every value of 6. Hence 
they must hold in particular when @ = 0. But when 6 = 0, s = r and 
the direction perpendicular to r is the y direction. Hence the components 
of velocity and acceleration in a radial direction and in a direction per- 
pendicular to it are 


dx _ dy _ as _ d’y 
a ae Ge a 


Substituting the first two equations of (34.19) in (34.17), the second two 
in (34.18), we obtain with 6 = 0, 


(34.19) v= 


dr aie 

(34.2) = =F, w= r= 76. 
dr do\* 

(34.21) «= ie — CG) =F — r6, 

ae =20%% 4,6 OF a 28 + 1B, 


Formulas (34.2) and (34.21) give respectively the components of the 
velocity and acceleration vectors of a particle along the radial axis and 
in a direction perpendicular to it, at the point P where the curve crosses 
the x axis. Since the x axis can be chosen in any direction, these equations 
are valid for every point P of the particle’s path. 


EXERCISE 34A 


1. In Fig. 34.22, we have shown the z and y components of a velocity vector v 
as well as its components in a radial direction and in a direction perpendicular 
to it. With the aid of this diagram, prove (34.2). Hint. First show that 


dy : 
(a) 2 = = 9 cosa, y = a = vsina. 


dt 
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Then show that 
(b) vr = 9 cos (a2 — 0) = vcosacos6-+ vsinasin 8, 
= dy 
=F cos 6 + a sin 6. 


In (b), replace dz/dt and dy/dt by their values as given in (34.17). 


(0,0) 4 
Figure 34.22 
Similarly, show that 
(c) ve = vsin (a — 6) = vsinacos@ — vcosasin 0 
dy dx. 
= a cos 6 uu sin 6. 


In (c), replace dy/dt and dx/dt by their values as given in (34.17). 


Y 


x=r cos 0 


Figure 34.23 


2. In Fig. 34.23, we have shown the z and y components of an acceleration vec- 
tor a as well as its components in a radial direction and in a direction per- 
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pendicular to it. With the aid of this diagram, prove (34.21). Hint. First 
show that 


- aa = _ d’y a tes 
(a) z= Fe = acosa, ay = > = asina 
Then show that 
(b) a, = acos (a — 6) = acosacos $+ asinasin 6 
_ de d’y 


= cos 0+ TH sing, 


In (b), replace d2x/dt? and d?y/dt? by their values as given in (34.18). 
Similarly, show that 


(c) a = asin (a — 6) = asina cos @ — acosasin@ 
2 2 
= FF cos 6 — oe sin 8. 


In (c) replace d?y/dt? and d?x/dt? by their values as given in (34.18). 

3. A particle of mass m is attracted to a fixed point O by a force F. The particle 
moves in a plane with a constant speed but not in a straight line. Show that 
the particle moves in a circle with center at O. Hint. The component a, of 
the acceleration vector a in a direction tangent to the path of the particle 
measures the change in the speed of the particle. Since this speed is con- 
stant, a, = 0. Hence the acceleration acts only in a direction perpendicular 
to the path of the particle. And since F and a are in the same direction, F 
and the constant speed vo are perpendicular to each other. Then show 
dy/dx = — x/y. 


LESSON 34B. The Plane Motion of a Projectile. 


Example 34.3. A particle of mass m is projected from the earth with 
a velocity vo at an angle a with the horizontal. The only force acting on 
it is that of gravity. Assuming a level terrain, find: 


1. The equation of the particle’s path. 

2. Its horizontal range. 

3. The maximum height it will reach. 

4. The value of « for which the range will be a maximum. 
5. When the particle will reach the ground. 


Solution. Refer to Fig. 34.31. We take the x and y axes in a plane 
which is perpendicular to the ground, and which contains the given 
velocity vector vo. The z axis is, as usual, perpendicular to both x and y 
axes. Since by assumption the only active force F is that of gravity, the 
components of F in the x, y, 2 directions are respectively F, = 0, Fy = 
—mg, F, = 0. Hence 


(a) mi = 0, my = —mg, mé = 0. 
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Integration of (a) gives 
(b) v2 = £= ¢, ty = 7 = —gi+ ee, v, = 2 = C3. 


Since the velocity vector vo lies in the zy plane, it follows that at ¢ = 0, 
i.e., at the moment of projection, see Fig. 34.31, 


(c) Vz = V9 COS a, vy = vo sin a, v, = 0, 


where a is the angle which vo makes with the horizontal x axis. Sub- 
stituting these values in (b), we find 


(d) C1 = v9 Cosa, Co = vo sina, c3 = 0. 

Hence (b) becomes 

(ec) t= £= cosa, v4= y= —gi+tvosina, »=2= 0. 
Integration of (e) gives 

(f) 2 = (v9 cos a)t + ca, y= = + (v9 sin a)é + cs, z= C6. 


If we now choose our origin at the point where the particle is projected, 
then at ¢ = 0, + = 0, y = 0, z = 0. Substituting these values in (f), we 


t+ 
aes 


Up COB a 


Figure 34.31 


find cg = 0, cs = 0, cg = 0. The parametric equations of the path of the 


particle are therefore 
2 


(g) x = (v9 cos a), y = (vo sin a)t — = , z= 0. 


Since z = 0, it follows that a projectile subject only to a gravitational force 
moves in a plane containing the vector vo. 

To find the equation of the path in rectangular coordinates, we eliminate 
t by solving the first equation in (g) for é¢ and substituting this value in 
the second equation. There results 


2 
(h) y = (tana)e — (2 a 2) x”, 
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which is the equation of a parabola through the origin. Since the coeffi- 
cient of x? is negative, the curve is concave downward. 

The horizontal range of the projectile, i.e., the distance from the origin 
to the point where the particle strikes the ground, is obtained by setting 
y = 0 in (h), for when y = 0 the particle is at ground level. Equation 
(h) then becomes, if a ¥ 7/2, 


(i) 0 = (sina)x — 2 x 


2 
v : 

a ernest z = — (2sin a cos a), 

2 v0? cosa g 


a 
2 “7 ain 2a, 


which gives the horizontal range of the particle. 
The maximum height is reached when y’ = 0. Therefore, differentiat- 
ing (h) with respect to x and setting y’ = 0, we obtain 
g sec? a 


2 
; i 3s 
(j) 0 = tana—*—“2z, c= sinacosa. 
vo g 


When x has the value in (j), y by (h) has the value 


(k) = 20" gin? a _ 20" sin? = 0" sin? a 
Ney 2g 2g : 
which gives the maximum height reached by the particle. 

The range will be a maximum when, in (i), a is so chosen that x is a 
maximum. Hence differentiating the last equation in (i) with respect to 
a, and setting dx/da = 0, we have 

Qv9" us 
(1) = — - — cos 2a, Sl Wi 


The range therefore will be a maximum if the projectile is fired at an angle 
of 45°. By (i), this maximum range is v9”/g. 
The particle will reach the ground when y = 0. Setting y = 0 in (g), 


we obtain 
2 


(m) (vp sin at — a = 0, t= 7 sin a, 


which is the time it takes the particle to reach the ground. 


EXERCISE 34B 
In problems 1-14, assume the air resistance is negligible. 


1. A projectile is fired from the earth with a velocity of 1600 ft/sec at an angle 
of 45°. Find the equation of motion, the maximum height reached and the 
range of the projectile. 
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2. 


5 


Start with the equation of motion (h) of Example 34.3. 
(a) Show that the coordinates of the vertex of the parabola are 


2. 2 202 
(* sin a COS @ vo sin *) 
Yo :SUNG COB a. - | VO. SUL ey 
g 29 


(b) Show that the distance of the vertex to the focus is vo? cos? a/2g, and 
therefore that the equation of the directrix is y = v92/2g. Note that the 
equation has no a in it. Hence the parabolic orbits of all projectiles 
fired with a given velocity have the same directrix regardless of the 
angle at which they are fired. 

(c) Finally show that this constant height of the directrix above the hori- 
zontal is the distance a projectile reaches when fired straight up with an 
initial velocity of vo ft/sec. 


If you have succeeded in answering the above questions, you have proved 
that every parabolic orbit of a projectile fired with the same velocity vo 
has the same constant directrix whose height is the distance the projectile 
would reach if fired vertically. 

We showed in Example 34.3 that if a projectile is fired at an angle of 45°, 
its range will be a maximum and will equal vo?/g. An artillery piece, whose 
muzzle velocity is vo ft/sec, is located at a distance D < v9?/g from an ob- 
ject at the same level as itself. Show that there are two angles at which the 
artillery piece can be fired and hit the object—one as much greater than 
45° as the other is less. Find these angles. Hint. In (h) of Example 34.3, 
you want a such that when y = 0, x = D. Make use of the identity 


7 ; " 
2 sina cosa = sin 2a = cos | 2a — 9): 


. The muzzle velocity of an artillery piece is 800 ft/sec. Assuming a level 


terrain, answer the following questions. 

(a) An object is 3.8 mi away. Can it be hit? 

(b) An object is 15,000 ft away. At what angles must the artillery piece be 
fired in order to hit the object? 

(c) What is the maximum height reached by the shell of (b)? 

(d) When did the shell reach the object? 

(e) If a mountain of height 6000 ft is 4000 ft from the artillery piece, is it 
still possible to hit the object? 


A projectile, fired with a velocity of 96 ft/sec, reaches its maximum height 
in 2 sec. Assume a level terrain. 

: 3 fe P ., dy dy/dt 
(a) Find the angle of projection of the particle. Hint. lee dz /dt + There- 


fore dy/dx = Oif dy/dt = 0. 
(b) Find the maximum height reached by the particle. 
(c) What is the range of the projectile from the point fired? 
A projectile is fired from a height of yo ft above a level terrain, with a velocity 
of vo ft/sec and at an angle a with the horizontal. Find: 
(a) The equation of the particle’s path. 
(b) Its horizontal range—take the z axis on ground level. 
(c) Its maximum height. 
(d) When it will reach the ground. 
(e) At what angle and with what velocity it will strike the ground. (Hint. 
If @ is the angle, tan @ = (dy/dt)/(dx/dt) and |»| = ~/(dx/dt)?-F (dy/dt)2). 
(f) The value of a that will make the range a maximum. 
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7. A projectile is fired from a height of 50 ft above a level terrain with a velocity 
of 64 ft/sec at an angle of 45°. Answer the questions asked for in 6, with 
the exception of (f). In regard to (f), find the angle of projection that will 
make the horizontal range a maximum and the value of this maximum range. 

8. The maximum range of a projectile when fired on a level terrain is 1000 ft. 
(a) What is its muzzle velocity? 

(b) What is the maximum horizontal distance it can travel if the projectile 
is fired from a 40-ft-high platform? Hint. First find the firing angle for 
maximum horizontal range, see problem 6. 

9. The maximum distance a boy can throw a ball on level ground is 100 ft. 
Neglecting the height of the boy, find 
(a) The velocity with which the ball leaves his hand, 

(b) The maximum horizontal distance he can throw the ball if he stands on 
a roof which is 40 ft above the ground. Hint. First find the throwing 
angle for maximum horizontal range, see problem 6. 

10. Two athletes, one 64 ft tall, the other 54 ft tall, can each put a shot with the 
same velocity of 36 ft/sec. At what angle should the shot leave each athlete’s 
hand in order to get the maximum horizontal range? Assume the shot 
leaves from heights of 6 ft and 5 ft respectively. How much farther will the 
taller athlete’s throw go? 

11. Answer the questions in problem 6, excepting (f), if a = 0, i.e., if the pro- 
jectile is fired horizontally from a distance yo ft above the horizontal. 

12. A projectile is fired with a velocity vo at an angle a with the horizontal. The 
terrain makes an angle 8 with the horizontal. 

(a) Find the range of the projectile. Hint. Call R the range of the projectile. 
Then the projectile will hit the terrain when x = Rcos8 and y = 
RsinB. Substitute in (h) of Example 34.3. 

(b) Find the value of a which will make the range a maximum. Hint. Make 
use of double angle formulas. 

(c) What is the maximum range? 

13. In problem 3, we gave two angles at which a projectile could be fired in 
order to hit an object located within range and on the same level as the firing 
weapon. 

(a) Solve this same problem if the object to be hit is on the top of a hill 
whose angle of inclination is 6 and whose distance D from the firing point 
is less than or equal to the range vo”/g(1 + sin @), as given in (c) of 
problem 12. Hint. Call (X,Y) the coordinates of the object. Then 
D = VX24 Y2, sinB = Y/D, cosB = X/D. Replace R by D in 
answer to 12(a). Solve fora. Use the fact that 


cos Asin B = }[sin(A + B) — sin(A — B)] 
and 
sin (2a — 8) = cos (2a — 8 — 5): 


(b) Show, by means of the solution found in (a), that it is possible to hit an 
object only if its X and Y coordinates satisfy the inequality 


VX? 2+ ¥ < 00'/g. 
» Hint. Use the fact—see answer to (a)—that 
(gX2 + Yuo?)/(vo2V X2 + ¥2) 
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must be S1. Note that if Y = 0, so that object is on a level terrain, 
X & v0?/g as we saw previously. 


14, A man is hunting with a gun whose muzzle velocity is 224 ft/sec. He aims 
for a bird on the top of a tree 150 ft high and 1500 ft away. Is the bird in 
danger of being hit? 


In problems 1-14, we ignored air resistance. In the problems below, we 
shall assume the projectile is fired from the earth and is subject not only 
to a gravitational force but also to an air resistance which is proportional 
to the first power of the velocity. We shall also assume that the force of 
the air resistance acts in a direction opposite to that of the velocity, i.e., 
that it acts along a tangent to the projectile’s path and in a direction to 
oppose the motion. Call R the proportionality factor of the air resistance. 


15. A projectile is fired on a level terrain at an angle a with the horizontal and 
with a velocity of vo ft/sec. 

(a) Find the parametric equations of the particle’s path. Hint. Modify 
equation (a) of Example 34.3 to take into account the components of 
the force of the air resistance in the z and y directions. 

(b) What is the maximum height reached by the particle? Hint. Set 
dy _ dy/dt 
dx dzx/dt 

16. A projectile is fired in a horizontal direction with a velocity of vo ft/sec 
from a height of yo ft. Find the parametric equations of its path. 

17. An anti-aircraft gun fires a shell almost vertically with an initial velocity of 
vo ft/sec. The horizontal component of the air resistance is therefore negligi- 
ble. Assume the gun makes an angle a with the horizontal, and the vertical 
component of resistance is R dy/dt. 

(a) Find the parametric equations of the path of the shell. 

(b) Assume the shell weighs 60 lb, the muzzle velocity is 2000 ft/sec, the 
angle of elevation is 80°, and the vertical component of the air resistance 
is 1/20 dy/dt. Find the parametric equations of the shell’s path, the maxi- 
mum height attained by it, and the time required to reach this maximum 


equal to zero. 


height. 
ANSWERS 34B 
1. y = x — x?/80,000, 20,000 ft, 80,000 ft. 
-*\1 Dg. 
3B a = 4 * pureee 


4. (a) No. The maximum range is 3.7879 mi. _(b) es x 0.36) rad. 


(c) 1693 ft or 8307 ft, approx. (d) 20.6 sec or 45.6 sec, approx. 
(e) Yes. When x = 4000 ft, the height y of the projectile is approximately 
6498 ft, if the larger angle of elevation is used. 
5. (a) a = Arc sin (4). (b) y = 64 ft. (c) x = 148 ft. 
2 
(vo cos a)t, y = yo+ (vosina)t — oe ; 


6. (a) x 5} 


2 
gsec a Q 
20? 


y = yo (tana)z — 
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(b) Range is given by the positive value of x for which 


2 
sec a 
a? 2? — (tana)z — yo = 0. 
v0" an 
(c) y = yo t —3— 


(d) t = 2/(vo cos - where z is given by (b), 


Cn = 
v9 COS & 


jvo| = V/v02 — 2vo(sin a)gt + (gt)?, where ¢ is given by (d). 
(f) sina = v0o/V Hor" + gyo). 


7. (a) y = 50+ 2 — Se (b) z = 166.4 ft.  (c) 82 ft. 
(d) t = 3.7 sec. (e) 122°00’, 85.6 ft/sec. 
(f) sina = 0.6,a = 87°, approx., 171 ft, approx. 

8. (a) » = 80 /5ft/sec. (b) 1039 ft, approx. (a = 44°, approx.). 

9. (a) 40./2 ft/sec. (b) 184 ft (a = 37°, approx.). 

10. Use the answer given in 6(f) to find the angle a for each athlete. Then use 
the range equation as given in 6(b). 


= _ gt 9 2 
IL (a) z = vot, y = Yo — “DY = YO- FGt- 
(b) = vov 2yo/q ft. 
(c) y = yo ft. 
(d) t = x/vo, where x is given by (b). 


(e) tan? = —gt/vo, lol = Vvo2 + (gt)2. 


_ 2v9” cos asin (a — 8) 
12. (a) Range R = qos B 


B 


(b) a = 7 oe (c) Maximum range R = 


2 2 
LB. a Pay 9X" + Yoo \, 
(a) @ at9 4 Are cos & eye 


2 
vo 


g(1 + sin 8) 


14. No. See 13(b). 


15. (a) z = F v0 c08 a1 —e 


_ m ‘mg < _ a Rel m _ ™ 
v= 2B (Bt sing) (1 e ) R& 


where & is the proportionality factor of the air resistance. 


am Roo 
(b) ¢ = ™ tog (1+ = sina) 


—Rel 
"); 


2 
y= 7H sine — 8 tog (1 + 22 sina) 
16.2 = 24 —e Fl y = joes (a — e*™) _ “8, 
R 4 R2 k- 


17. (a) z = (vo cosa)t, y = as in 15(a). 
(b) « = 347.3t, y = 118,861(1 — e—9-267+) — 1200#, 30,153 ft, 36.4 sec. 
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LESSON 34C. Definition of a Central Force. Properties of the 
Motion of a Particle Subject to a Central Force. Assume a particle 
in motion is attracted to a fixed point O, by a force F. In such cases we 
say the particle moves subject to a central force, and call the fixed 
point O to which the particle is attracted, the center of attraction. 

In Example 28.15, we discussed a special central force problem where 
the particle moved on a line. In the remainder of this lesson we consider 
the motion of a particle subject to a central force where the particle is 
free to move in space. We prove below certain properties which are com- 
mon to the motions of all particles subject to a central force. 


Property A. A Particle in Motion Subject to a Central Force 
Moves in a Plane Which Contains the Fixed Point O. We assume a 
particle, moving in space, is subject to a central force F. Let the fixed 
point O, toward which the force is directed, be the origin of a coordinate 
system. Let P(x,y,z) be the rectangular coordinates of the particle, let r 
be the distance of the particle from O at time ¢ and let a, 8, Y be the direc- 
tion angles of the force F, Fig. 34.4. 


Figure 34.4 


The components of F in the x,y,z directions are respectively, see Figs. 
34.4(a) and (b), 


(34.41) F,=Fcosa=F*; Fy = Feosp=F#, PF, = F cosy = Fé. 


Since F, = mi, Fy = mg, F, = Fé, we obtain, by (34.41), the system 


(34.42) mi=F2, myg=FY, m= F?. 
r r r 
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Multiply the first equation in (34.42) by —y, the second by z and add the 
two. There results 


(34.43) mzy — myé = 0, zy — yt = 0. 


In an analogous manner, we can obtain, respectively, from the second 
and third equations in (34.42), and from its first and third equations, 


(34.44) yi—-zw=0, 2z—22=0. 


Integrating each of the equations in (34.43) and (34.44) with respect to 
time, we obtain 


(34.45) zy — ye = ch, yz — zy = Ce, zz — v2 = C3. 


[Verify that the derivative of each equation in (34.45) gives the respective 
equation in (34.43) or (34.44).] We now multiply the first equation in 
(34.45) by z, the second by z, the third by y, and add all three. There 
results 


(34.46) cox + cgy + cz = 0, 


which is the equation of a plane through the origin, i.e., through the fixed 
point O. 


Property B. A Particle in Motion Subject to a Central Force 
Satisfies the Law of the Conservation of Angular Momentum. We 
assume that a particle in motion is subject to a central force F. By prop- 
erty A, the particle moves in a plane. By the definition of a central force, 
F is always directed toward a fixed point O, which we take as the origin 
of a polar coordinate system. Let P(r,@) be the coordinates of the par- 
ticle’s position at time ¢. Call F, the component of F acting along the 
radial axis r, and Fy the component of F acting in a direction perpendicular 
to r. Since F always acts toward O along a radius vector, its component 
F, is zero. Therefore, by (34.21), 


(a) Fy = may = m(276 + 76) = 0, 
276 + rh = 0. 


If we multiply the last equation in (a) by r, it becomes 2r76 + r76 = 0, 
which is equivalent to 


(b) S (0) =0. 
Integration of (b) gives 
(34.47) 726 = h, 
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where hh is a constant. By definition, the angular momentum of a 
particle of mass m rotating about an axis perpendicular to the plane of 
its motion is mr?6, where r is the distance of the particle from the axis 
of rotation and 6 is its angular velocity about this axis. We see, therefore, 
by (34.47), that h is the angular momentum of a particle per unit mass. 
And since A is a constant, the equation tells us that the angular momentum 
of the particle is conserved. We have thus proved that a particle in motion 
subject to a central force satisfies the law of the conservation of angular 
momentum. 


Property C. A Particle in Motion Subject to a Central Force 
Sweeps out Equal Areas in Equal Intervals of Time. (Norte. This 
property is essentially a restatement of property B.) The area of a circular 


dA 


rd6 
Z| 4 
r 
Figure 34.48 


sector of radius r and central angle 6 is r?0/2, Fig. 34.48. Hence when a 
radius vector r turns through an infinitesimal angle dé, it sweeps out an 
area equal to 


ee dA _ 4,20, 
(34.481) dA = 4d, Fo = PS 


Substituting (34.47) in the second equation of (34.481), we obtain, with 
initial conditions A = 0, t = 0, 


A t 

dA _h h 
(34.49) re a 2 ’ l.. dA = ine 3 4t, A= 
In words the first equation in (34.49) says that the rate of change of the 
area A is a constant. (Remember h is a constant.) The last equation 
says that equal areas are swept out in equal times. We have thus proved 
that a particle in motion subject to a central force sweeps out equal areas 
in equal time intervals. 


Ae 
2 


EXERCISE 34C 


1. (a) By (34.47), r?6 = h, where (r,6) are the polar coordinates of a particle 
moving subject to a central force. Show that in rectangular coordinates 
h = zy — yz. Hint. tanO = y/z. Differentiate with respect to time 
and solve for 6. 
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(b) Hence show that the areal velocity dA/dé, in rectangular coordinates, is 
given by dA/dt = 4(zy — yz). Hint. See (34.49). 


LESSON 34D. Definitions of Force Field, Potential, Conservative 
Field. Conservation of Energy in a Conservative Field. Assume a 
force F acts on a unit mass placed at each point (z,y,z) of a region of 
space. Hence at each point of the region, we can represent the magnitude 
and direction of F by drawing a vector F there. We call F a vector point- 
function throughout this region, since it is a vector whose components 
along the X, Y, Z axes are functions of the space coordinates x,y,z of 
the unit mass. A region of this type is an example of a force field. Its 
formal definition follows. 


Definition 34.5. A region in space, having the property that at every 
one of its points a vector point-function F exists that gives the magnitude 
and direction of the force acting on a particle of unit mass placed there, 
is called a field of force or a force field. 


A region in the neighborhood of the solar system is a field of force. At 
each point of the region, a vector point-function exists due to the mem- 
bers of the solar system. The region in the neighborhood of a current 
bearing wire is a force field. It is called an electromagnetic field. 


By Definition 9.23, F, dx + F,dy + F, dz is called an exact differential 
if there exists a function U(z,y,z) such that 


(34.51) dU = F, dx + Fydy + F, dz, 


or equivalently, such that 
(34.52) —- = F,, 


Definition 34.53. A force field or a field of force is called conserva- 
tive if there exists a function U(z,y,z) such that its differential dU satis- 
fies (34.51), or equivalently if its partial derivatives with respect to 2,y,z 
respectively satisfy (34.52), where F,, F,, and F, are the x,y,z com- 
ponents of a force F acting in the field. The function U(z,y,z) itself is 
called a force function and the negative of U(z,y,z) is called the potential 
or the potential energy of the force field. 


Comment 34.54. Not every force field has a potential — U(z,y,z). 


Comment 34.6. The potential (—U) may be looked upon as a func- 
tion whose partial derivatives with respect to x,y,z give respectively the 
components of a force F in the negative x, y, and z directions. 
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Example 34.61. A particle moving in a force field is subject to a cen- 
tral force F whose magnitude is proportional to its distance r from a fixed 
point O. Show that the force field is conservative. 


Solution. By hypothesis 
(a) = —kr, 


where k > 0 is a proportionality constant. The magnitude of the com- 
ponents of F in the x,y,z directions are given in (34.41). Hence substitut- 
ing (a) in (34.41), we obtain 
(b) Fe = = (—kr) = —ke, Fy = 4 (—kr) = —hy, 

F,= = (—kr) = —ke. 


Let us take for the force function U of Definition 34.53, 


kr? _ k 2 2 2 
(c) Uay2) = —ztC=—s@+y +2) +0. 
Therefore 
aU k eto! a a 
(d) OL Ses. 2 (22) a kz, oy A ky, dz = kz. 


A comparison of (d) with (b) shows that the values on the right of the 
equations in (d) are respectively F,, Fy, Fz. Hence by Definition 34.53, 
the force field is conservative. 


Example 34.62. A particle moving in a force field is subject to a cen- 
tral force F whose magnitude is inversely proportional to the square of its 
distance r from a fixed point O. Show that the force field is conservative. 


Solution. By hypothesis 
(a) F=-—--7) 


where k > 0 is a proportionality constant. Substituting this value of F 
in (34.41), we obtain 


Let us take for the force function U of Definition 34.53, 


k 


k aS 
(c) U(z,y,2) = r +C= s/t ae +C¢ 
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Therefore 


aU kx kx 08U ky o0U kz 


Oo Jereepas 
A comparison of (d) with (b) shows that the values on the right of the 


equations in (d) are respectively Fz, F,, F.. Hence by Definition 34.53, 
the force field is conservative. 


Property D. Conservation of Energy in a Conservative Field. 
Let F be a force acting on a particle moving in a conservative field. There- 
fore by Definition 34.53, there exists a function U(z,y,z) such that 


oU aU aU 
where 
aU oU OU 
ie Pe og = ae 


Since F, = m#, Fy = mj, F, = mz, we have 


(34.64) au Bee. Oe eay SEE ae aie 
Multiplying the first equation in (34.64) by dz, the second by dy, the 
third by dz, and adding all three, we obtain, with the help of (34.63), 


i baslecaipig oct aesetis OU es SOU OU oa 
(34.65) m# dx + my dy + m2 dz = 3g + By dy + dz dz = dU. 
Integration of (34.65) with respect to time gives 
42 2 2 
(34.66) 4+ 54+ 5 = 0406. 


The left side of (34.66) is defined as the kinetic energy of a particle. 
By Definition 34.53, —U is its potential energy. Hence (34.66) tells us 
that the sum of the kinetic and potential energies of a particle in a con- 
servative field is a constant. This fact, namely that the sum of kinetic 
and potential energies of a particle is a constant, is known as the law of 
the conservation of energy. We have thus proved the law of the 
conservation of energy for a particle moving in a conservative field. 


EXERCISE 34D 


1. A particle moving in a force field is subject to a central force F whose magni- 
tude is proportional to its distance r? from a fixed point O. Show that the 
force field is conservative. 
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2. A particle moving in a force field is subject to a central force F whose mag- 
nitude is proportional to its distance r3 from a fixed point O. Show that the 
force field is conservative. 

3. A particle moving in a force field is subject to a central force F whose mag- 
nitude is proportional to its distance r” from a fixed point O, where n is a 
positive number. Show that the force field is conservative. 

4. A particle moving in a force field is subject to a central force F whose mag- 
nitude is inversely proportional to its distance r from a fixed point O. Show 
that the force field is conservative. 

5. A particle moving in a force field is subject to a central force F whose mag- 
nitude is inversely proportional to its distance r" from a fixed point 0, where 
nis a positive number greater than 1. Show that the force field is conservative. 

6. Can you think of a force field which is not conservative? 


ANSWERS 34D 
: k 3 
1. Force function U = — 3 r+. 
‘ k 4 
2. Force function U = — a? + ¢. 
5 = k n+1 
3. Force function U = ae rv +C. 
F k 2 
4. Force function U = — 3 log r”. 
. k 
5. Force function U = @— pret . 


6. A field in which energy is being dissipated as the particle moves. For example, 
a field in which a resisting force, proportional to velocity, is present cannot 
be a conservative field. 


LESSON 34E. Path of a Particle in Motion Subject to a Central 
Force Whose Magnitude Is Proportional to Its Distance from a 
Fixed Point O. We assume that a particle in motion of mass m is sub- 
ject to a central force F whose magnitude is proportional to its distance r 
from a fixed point O. We already know many facts about the particle. 
By properties A, B, C of Lesson 34C, we know that it moves in a plane, 
that it satisfies the law of the conservation of angular momentum and 
that it sweeps out equal areas in equal times. By Definition 34.5, the 
region in which the particle moves is a force field. By Example 34.61, this 
field is conservative. Hence by property D following Example 34.62, we 
also know that the particle satisfies the law of the conservation of energy. 

To find the equation of its path, we take the z,y axes in the plane of 
the particle’s motion with the origin at the fixed point O toward which 
the force acts. Let P(z,y) be the coordinates of the position of the particle 
at time ¢ in a rectangular system and (7,6) its coordinates in a polar sys- 
tem. The components of F in the x and y directions are, by (34.42) (remem- 
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ber the force is central so that F, = 0), 


(34.7) Fz = mt = "2, Fy = my = *B. 
By hypothesis 
(34.71) = —k?mr, 


where for convenience we have used k?m for the proportionality constant. 
The minus sign is necessary because the force is acting toward O and the 
positive direction is outward from O. Substituting (34.71) in (34.7), we 
obtain the linear system of equations 


(34.72) £=—k*z, y= —k*y, 


Their respective solutions, obtained by any of the methods previously dis- 
cussed, are 


(34.73) 2 = c, cos kt + ce sin kt, y = cg cos kt + cq sin kt. 


These are the parametric equations of the path. You can verify by refer- 
ring to Theorem 31.33 that the pair of functions in (34.73) contains the 
correct number of four arbitrary constants. Hence in a specific problem 
four initial conditions will be needed, x(0), x’(0), y(0), y’(0). The period 
of the motion of the particle, by Definition 28.34, is 27/k. It is the time 
it takes the particle to return to its initial starting position, headed in the 
same starting direction. 

To find the equation of the path in rectangular coordinates, we must 
eliminate the parameter ¢ between the two equations in (34.73). The 
easiest way to do this is to first solve them simultaneously for sin kt and 


cos kt in terms of x and y. The result is 
. — 63% — C1y — 4% — C2Y = 
(34.74) sin kt ara cos kt ene cen C1C4 — CoC3 ¥ 0. 


Squaring both equations in (34.74) and then adding them, we obtain for 
the path of the particle in rectangular coordinates, 


(cgx — cry)” + (cat — coy)? 


» €1C4 — C23 #~ 0 
(cic4g — C23)? , 


(34.75) 1= 


which can be written as 


(34.76) (cg? + c4”)x? — 2(cic3 + coca) zy 
+ (c1? + c2”)y? — (c1c4 — C2¢g)? = 0, crea — Cocg ¥ 0. 


From analytic geometry we know that if the constants in 


(34.77) Az? + 2Bry + Cy? + D=0 
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are such that B? — AC < 0, and 


Case 1. D #0, AD < 0, then the equation represents an ellipse with 
center at the origin. 

Case 2. D # 0, AD > 0, the equation has no locus. 

Case 3. D = 0, the equation represents a single point. 


A comparison of (34.76) with (34.77) shows that 


(a) B? — AC = (c1¢3 + ¢o¢4)? — (€3? + c4”)(c1? + c2”) 
= —(€1C4 — C2¢3)”, 
and 


(b) AD = —(c3” + ¢4”)(cic4 — C2¢3)?. 


Both of the above expressions are less than zero if cc, — Coc3 ¥ 0. 
Hence if, in (34.76), c1c4 — c2c3, which corresponds to D of (34.77), is 
not zero, Case 1 above applies and (34.76) is the equation of an ellipse 
with center at the origin. 

We have thus proved that the orbit of a particle, attracted to an origin 
O by a central force F whose magnitude is proportional to its distance 
from O, is an ellipse with center at the fixed point O. Hence we have also 
proved for this case that the force is directed toward the center of 
the ellipse. 


Comment 34.78. If the particle is constrained to move toward the 
fixed point O along a radius vector so that 6 is constant, then d0/dt = 0, 
F = F,, and by (34.21) and (34.71), 


F, = ma, = mé = —k?mr, # = —k?r, 


This last equation, as we showed in Example 28.15, is, as it should be, 
the differential equation of motion of a particle executing simple harmonic 
motion. 


Example 34.79. A particle weighing 16 pounds is 10 feet from a fixed 
point O and is given an initial velocity of 15 ft/sec in a direction perpen- 
dicular to the x axis. If a central force F acts on the particle with a mag- 
nitude which is one-eighth of the distance of the particle from the fixed 
point O, find the equation of its path and the period of the motion. 


Solution. We take the origin at the fixed point O, and the z,y axes 
in the plane of the particle’s motion. By hypothesis 


(a) F = —}h, 
and by (34.42), 
(b) F, = mi=—; Fy =m =—), 
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where r is the distance of the particle from O. Substituting (a) in (b), we 
obtain 


(c) =-§ mp=—%- 
By hypothesis m = 4§ = 4. Hence (c) becomes 
mm x a 
(a) #+7=0, g+$=0, 
whose solutions, by any method you wish to choose, are 
t eat t sot 
(e) t= C1 C085 + C28in 5) y = C3 C085 + Casing 
Therefore 
dF i tet Ma eet 
OM ee Sr er oe Le fa We 


The initial conditions are { = 0, x = 10, y = 0, dx/dt = 0, dy/dt = 15. 
Substituting these values in (e) and (f), we obtain 


(g) c, = 10, co = 0, cz = 0, Cc, = 30. 
Hence (e) becomes 
(h) z= 10coss, y = 30sing- 
By eliminating the parameter t, we obtain 
2 2 
i ie et: ne 
@) 102 + 392 =} 


which is the equation of an ellipse with center at the origin or fixed point O. 
Its graph is shown in Fig. 34.791. The period of the motion, obtained 


Figure 34.791 


from (h), is 4m seconds. It is the time it will take the particle to make a 
complete circuit of the ellipse. 


480 Prospiems: Systems. SPeciAL 2NpD ORDER Equations Chapter 8 


1. 
2. 
3. 


4 


ay 
¢ 


7%. 


3 


4 


5 


EXERCISE 34E 


Verify the accuracy of the solution of (34.72) as given in (34.73). 

Verify the accuracy of (34.74), (34.75), and (34.76). 

A particle in motion of mass m is subject to a central force F whose magnitude 

is proportional to its distance from a fixed point O. Initially it is zo ft from 

the origin and is given a velocity of vo ft/sec in a direction perpendicular to 
the z axis. 

(a) Find the parametric equations of its path; also the equation of its path 
in rectangular coordinates. Take k for the proportionality constant in- 
stead of k?m as we did in the text. 

(b) For what relative values of xo, vo will the path be a circle? 

A body weighing 16 lb is attracted to a fixed point O by a force whose magni- 

tude is one-eighth the distance of the particle from O. Initially it is 12 ft from 

O and given a velocity of vo ft/sec in a direction perpendicular to the z axis. 

(a) Find the parametric equations of motion; also the equation of motion in 
rectangular coordinates. 

(b) What initial velocity vo will make the eccentricity of the orbit 4? 

Solve problem 3(a), if initially the particle is zo ft from the origin and is given 

a velocity of vo ft/sec in a direction making an angle @ with the z axis. 

A body weighing 16 lb is 12 ft from a fixed point O. It is given an initial 

velocity of 20 ft/sec in a direction making an angle of 45° with the z axis. A 

central force acts on the particle with a magnitude equal to one-eighteenth 

of the distance of the body from O. Find the equation of its path and the 

period of its motion. Verify that the equation satisfies Case 1 after (34.77) 

and is therefore the equation of an ellipse. 

A particle in motion of mass m is repelled from a fixed point O with a force 

proportional to its distance from O. Initially it is zo ft from the origin and is 

given a velocity of vo ft/sec in a direction perpendicular to the x axis. (a) Find 
the equation of motion. (b) What type conic is it? (c) Show that properties 

A, B, C, D of Lessons 34C and D are also valid when the central force is 

repelling instead of attracting. 

Set up the system of differential equations of motion for the particle of prob- 

lem 3 if in addition there is a force of resistance proportional to the velocity. 


ANSWERS 34E 
2 
(a) x = xo cosVk/mt, y = voV m/ksinV k/m og e+ ee =1, 
(b) 29? = mvo2/k. 
& y = 
(a) = 12 cos #, y = vo sin dt, ae 


(b) v9 = 34/3 ft/sec, or 44/3 ft/sec. 

xz = 29 cos/k/mt + vo m/k cos Osin-Vk/mt, 

y = vo m/k sin 6 sin V/k/m t; : 

(sin? 6)z” — (2 sin 8 cos 9)zy + (2 + cos” a) y” — xo’ sin” 6 = 0. 


= 12 cos 4+ 30./2 sin 4, y = 30V/2sin Ht; 6 sec; 
a2 — Qvy + 1.08y2 — 144 = 0. 
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7 (a) & = tocoshVk/mt, y = voV m/ksinhVk/mt, 


2” ky” 7 
zo? mug? ~ + 
(b) Hyperbola. 
8. mi = —kx — rt, mj = —ky — ry, where k and r are the proportionality 


constants respectively for the force and the resistance. 


LESSON 34F. Path of a Particle in Motion Subject to a Central 
Force Whose Magnitude Is Inversely Proportional to the Square 
of Its Distance from a Fixed Point O. We assume that a particle in 
motion, of mass m, is subject to a central force F whose magnitude is 
inversely proportional to the square of its distance r from a fixed point O. 
By properties A, B, C of Lesson 34C, we know that: 


1. The particle moves in a plane. 
2. It satisfies the law of the conservation of angular momentum. 
3. It sweeps out equal areas in equal times. 


By Definition 34.5, the region in which the particle moves is a force field. 
Hence, by Example 34.62 and property D following it, we also know that: 


4. This field is conservative and the particle therefore satisfies the law of 
the conservation of energy. 


To find the equation of the path of the particle, we take the z,y axes in 
the plane of the particle’s motion and the origin at the fixed point O 
toward which the force F is directed. Let P(x,y) be the coordinates of the 
position of the particle at time ¢ in a rectangular system and (r,6) its 
coordinates in a polar system. By (34.42), 


(34.8) F,= m=", Fy = my = 7. 
By hypothesis 

K 
(34.81) F=— ae 


where for convenience we have taken Km, K > 0, for the proportionality 
constant. The minus sign is necessary because the force acts toward 0 
and the positive direction is outward from 0. Substituting (34.81) in 
(34.8), we obtain the system of equations 
K ” K 

(34.82) z= — ro = pe 

If in (34.82), we substitute for r its equal »/z? + y?, the resulting 
equations form a nonlinear system which is difficult to solve. It turns 
out that the path of the particle can be found more easily by using polar 
coordinates. Call F, the component of F in the radial r direction and Fy 
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its component in a direction perpendicular to F,. Then by (34.21), 
(34.83) F, = ma, = m(# — 767), Fy = may = m(2t6 4+ 76). 


Since F is a central force, Fs = 0. Setting the second equation in (34.83) 
equal to zero, and then multiplying it by r/m, we find 2r76 + r?6 = 0, 
which is equivalent to 


(34.84) £ 0) =0, rah b= hf, 


where h is the same constant we introduced in (34.47), i.e., h is the angu- 
lar momentum of the particle per unit mass. In the first equation of 
(34.83), substitute for F, its value as given in (34.81) (remember here 
F, = F since the force acts only along r) and for 6 its value h/r? as given 
in (34.84). We thus obtain 


h? h? K 


Although methods of solving the nonlinear equation (34.85) are given in 
both Lessons 35A and 35C which follow—see also Exercise 35,11—use of 
either of these methods will give a solution of ¢ as a function of r. It turns 
out to be easier to analyze the path of the particle if we solve the second 
equation in (34.85) for r as a function of 6. To accomplish this end, we 
use the substitution 


1 
(34.86) usr) aaa 
[Note that u as defined in (34.86) is the force function U of Example 
34.62.] Substituting (34.86) in the last equation of (34.84), we obtain 
(34.87) = hu?. 


Two differentiations of the second equation in (34.86) give, with the help 
of (34.87), 


—~ _ ild__ildd__ild,ze__,du 

(34.88) #=— SG de a ~ we ae = hay 
d“u d?u 2 2 2d°u 
p= nog = wt = PS 


Substituting the last value of 7 of (34.88) and the value of r of (34.86) in 
the second equation of (34.85), we obtain 


(34.89) —h?u ae h?u? = —Ku?, 
which simplifies to the linear equation 


d*u K 
(34.891) qgatuaj bo. 
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Its solution, by any method you wish to choose, is 
(34.892) cs Hs pcos (6:3 99) REO, 


where c and 0p are arbitrary constants. Since K, h, and c are constants, 
we can write (34.892) in a more useful form by replacing c by a new con- 
stant Ke/h?. We thus obtain 


(34.893) eis Ku Se eGemi(@ S56 ihc BSE O: 


By (34.86), w= 1/r. If we now make this substitution in (34.893) and 
choose our axes so that 6) = 0, the equation simplifies to 

h? 
which is the equation, in polar coordinates, of the path of a particle 
moving subject to a central force whose magnitude varies inversely as the 
square of its distance from a fixed point 0. 


P, d,; 


h #0, 


P(r,@) d 


— \9 rcos @ \ V (perigee) 
O (focus) 


Polar axis 


Directrix 


Figure 34.895 


We digress momentarily to review for you the proof that (34.894) is 
the equation of a conic section whose eccentricity is e, whose semifocal 
width is h?/K and which has one focus at the origin. In Fig. 34.895, we 
have illustrated such a conic. The point on a particle’s path that is nearest 
the point O to which the particle is attracted is called the perigee of the 
path. By definition, the ratio r/d for every point P on a conic is equal to 
its eccentricity e. Hence, for the two points P and P, on the conic we 
have respectively, 


r h 
(a) eid and = Ka’ d=— and di = h ¥ 0. 
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From the figure, we see that 
(b) d; = d+rcosé. 


In (b), replace d and d, by their values as given in the last two equations 
of (a). There results 
wor h? 


(c) 7 "= K(i + cos 6)’ pee 


which is the same as (34.894). Additionally, we know from analytic 
geometry that if 


(d) e < 1, the conic is an ellipse, 
e = 1, the conic is a parabola, 
e > 1, the conic is an hyperbola. 


If e = 0, (34.894) becomes r = h?/K, which, in polar coordinates, is the 
equation of a circle whose radius is h?/K. 


Comment 34.896. We have thus proved that, if h ¥ 0, the orbit of 
a particle, attracted to a fixed point O by a central force which satisfies 
the inverse square law (34.81), is a conic section with one focus at the 
fixed point O. If e < 1, the conic section is an ellipse. Since one focus is 
at the fixed point O, which we also took to be the origin of our coordinate 
system, O cannot be the center of the ellipse. If therefore a particle, sub- 
ject to a force which satisfies the inverse square law (34.81), moves in an 
elliptical orbit, the central force is directed toward a focus of the ellipse 
and not toward its center. Contrast this result with that obtained in 
Lesson 34E. We found there that if F varies directly as the distance r 
from O, then the force is directed toward the center of the ellipse. 


Comment 34.8961. If h = 0, then by (34.84), 6 = 0. Therefore 
6 is a constant. Hence the particle must move on a line. By (34.85), 
with h = 0, the differential equation of motion simplifies to 


K 


f= —. 


r2 
For possible methods of solving it, see Lesson 35, also Exercise 35,7 
and 22. 


Comment 34.897. Determining the Constants of Integration h, 
e, 09 of (34.893). The path of the particle, by (34.893), with u replaced 
by its equal 1/r, is 


(a) * = Bit + ecos (0 — &)} 
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where h, e, and 69 are constants which were introduced by integrations. 
Assume that when the particle is at the point Po of its path, its distance 
from O is ro and that it is moving with a velocity vo in a direction making 


Figure 34.898 


an angle A with the line joining O to Po, Fig. 34.898. For convenience, 
we measure subsequent values of the angle 6 from this line OP». The 
initial conditions are, therefore, [for v,, v9 values see Fig. 34.898 and (34.2)] 


(b) r= 1o, 6=0, v = U9, A = angle shown in Fig. 34.898, 
Vy = Vo cos A = To, = Vo sin A= robo. 

The substitution of (b) in (a) gives 
1_ XK W? 

(() 7) {1 + e cos 60], € Cos 09 = AK 1. 


To = 
Let a be the angle measured from the radius vector to a tangent to a 
curve at P(r,0), Fig. 34.899. Let v be the velocity of the particle at P. 


Vv. P 
Vg =v sin a=r8 


P(r, 6) Up =v CO8 @=F 


Figure 34.899 


Therefore the components of v in the radial direction and in a direction 
perpendicular to it are respectively 


(d) vy = C08 a, vo = vsina. 
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By (34.2), v» = # and v = ré. Hence (d) becomes 

(e) * = vcosa, ré = vsina. 

By (34.84), ré = h/r. Therefore the second equation in (e) can be written as 
(f) h = sina. 

Hence when r = ro, v = v9 and a@ = A, we obtain, by (f) and (b), 

(g) h = rovo sin A = 1976p. 


Differentiation of (a) with respect to 6 gives 


(h) eeucen af — Fe sin (0 — 60). 


Also 
1 dr 1 dr dt 


—~-1a%? ay esse] 


_ rp cosa [by (e) above]. 


Hence, by equating this last expression with the right side of (h), we 
obtain 


(i) Fe sin (O20 eee we: 


Inserting in (i) the initial conditions @ = 0, v = v9, a = A, v9 cos A = 
#o, there results 


: Ke . . hy h 
(j) = sin (—8) = vocos A, —esin 0) = x cos A = Kio 


Squaring the second equations in (c) and (j) and adding them, we have 
2 2 2 4 2 
2_ (hv _ h, ) _ih 2h h? oe? 
(k) e =(% 1) leks = 73K rok + 1+ Ke cos” A. 
We can simplify (k) somewhat, by noting from (g) that 


(1) h? = ro’vo" sin? A, ——>z = 1 — cos”? A, 
0 
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Substituting the last equation of (1) in (k), we find 


nt 2h? h°v nt 
(m) o = Fake ~ rok + 1+ Re — pKa 
a] 2h? h2vg” 
roK K2 


By (g), we can determine h. By (k) or (m), we can then determine e; 
remember K is a proportionality constant and not a constant of integra- 
tion. With e and h known, we can determine 09 by the second equations 
in (c) and (j). After 69 is known, we can then choose our axes to make 
89 = 0, and thus obtain (34.894). 


Comment 34.9. Energy Considerations Related to the Inverse 
Square Law. In property D following Example 34.62, we showed that 
the sum of the kinetic and potential energies of a particle moving in a 
conservative field is a constant, see (34.66). Therefore, by (34.66), 


(a) dmv? -U= E, 


where we have replaced the constant c by the energy constant E, and the 

velocity eoniponents, 4,y,2, by v. In Example 34.62, we showed that if 
= —k/r?, then the force field is conservative and the potential energy 

function —U = —k/r. In the example of this Lesson 34F, F = —Km/r?, 


see (34.81). Hence the potential energy function —U = —Km/r. Sub- 
stituting this value of U in (a), it becomes 
(b) tm? — "= 


Inserting in (b), the initial values » = vg and r = ro, we obtain— 
remember £ is constant for all v and r— 


(c) dro? — Km _ 


To 
By (m) of Comment 34.897, 


a ee 
(d) : > rok K? 
Multiply (c) by —2h?/K?m. There results 
2h? 2h? ( P xe) _ hv? _, 2h? 
©) — Kam! = — Kam amo — 5) = — Ke + ak 


Since the right sides of (d) and (e) are the same, we can equate their left 
sides. We have thus shown that 


1-@=— fee -2(})'s 
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The mass m is a positive quantity; so also is (h/K)?. Hence we conclude 
from (f), that if # < 0, 


(g) 1—e?>0, e <1, e <1, 


and the particle, therefore, must move in an elliptic orbit. If E = 0, 
then 1 — e? = 0, e = 1, and the particle must move in a parabolic 
orbit; if Z > 0, then e > 1 and the particle must move in a hyperbolic 
orbit. We infer from all this that a particle in motion in a conservative 
field, whose orbit is elliptic, must initially have had negative energy. 
Conversely, if a particle with negative energy is projected into a conserva- 
tive field, it will move in an elliptic orbit. Analogous remarks can be 
made for the other two types of orbits. 


Remark. A particle will have negative energy initially, if its kinetic 
energy, which is the first term of (a), is less than the force function U = 
Km/r. 


Comment 34.91. Equation (34.894) gives the position r of a particle 
as a function of 6, h + 0. It would be desirable to express r as a function 
of ¢ so that we can know where the particle is at any moment. By (34.85) 
# = h?/r? — K/r?. As mentioned previously, two methods of solving 
this equation will be given in Lesson 35. (Also see Exercise 35,11.) Un- 
fortunately, use of either method gives ¢ as a function of r. The problem 
of solving the resulting equation for r as a function of ¢ turns out to be 
exceedingly difficult. 


EXERCISE 34F 


1. Verify the accuracy of the solution of (34.891) as given in (34.892). 

2. A body weighing 16 lb is 12 ft from a fixed point O. It is given an initial 
velocity of 6 ft/sec in a direction perpendicular to the x axis. Find its equation 
of motion if it is subject to a central force whose magnitude is equal to 120/r?, 
where r is the distance of the particle from O. Hint. Follow the method of the 
text. Initial conditions in rectangular coordinates are t = 0,2 = zo = 12, 
y = yo = 0, 0 = 0, Yo = vo = 6. In polar coordinates initial conditions 
aret = 0, r = ro = 12, 0 = 0 = 0, to = 0, 6 = 60 = v0/ro = 3 = 3. 
What is the eccentricity of the path? 

3. A body weighing 16 lb is 10 ft from a fixed point O. It is subject to a central 
force F whose magnitude is 100/r?, where r is the distance of the particle 
from O. What initial velocity should be given the particle, in a direction 
perpendicular to the x axis, in order that the particle may (@) move in an 
elliptic orbit of eccentricity 4, (b) move in a circular orbit (hint, orbit is 
circular if e = 0), (c) move in a parabolic orbit, (d) move in a hyperbolic 
orbit of eccentricity 2? 


In the problems below, we shall consider the motion of a satellite of 
the earth, where the satellite has been set in motion by being ejected from 
a rocket. These problems are central force problems, obeying the inverse 
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square law (34.81). The satellite will be attracted toward the center of 
the earth with a force inversely proportional to the square of the distance 
r of the satellite from this center. Call R the radius of the earth. 


4. In (34.81), replace F by ma, where a is the acceleration of the particle. 
(a) Show that 


(34.911) K = gR?. 
Hint. Whenr = R,a = —g. 
(b) Show that the equation of motion (34.892) becomes 
(34.912) u= a + C cos (6 — 4), 


and that (34.894) becomes 


a 
(34.913) ’ = [Rl + e(cos 8 — Oo)]’ 
where 
(34.914) h = 176. 


5. Assume in (34.918) that at ¢ = 0, 6 = 0, that the last rocket is fired at a 
distance r = ro from the center of the earth and that it has ejected the satel- 
lite with a velocity vo in a direction making an angle A with the radius vector 
joining the rocket to the center of the earth. See Fig. 34.898. Show that the 
constants h, e, and 09 in (34.913) are given respectively by 


(34.915) h = roo, 
34 2 2 2 2 
r) 6 
(34.916) eo = (ee aa 1) + ( r) ; 
1 (10°60 : oe ro"boto 
(34.917) cos 40. = (ae = 1); sin 09 = 1( gh? : 


where 7 and roo are the initial velocity components of vo in the radial direc- 
tion and in a direction perpendicular to the radial axis. Hint. With K = gR? 
as given in (34.911), equation (34.913) is the same as (a) of Comment 34.897. 
Make use of (g), (k), (c), and (j) of this comment. 

6. Show that the orbit of a satellite of the earth will be a circle if 


(34.918) 19°69? = gR? and to = 0. 


Hint. By (34.918), the orbit is circular ife = 0; by (34.916) e = Oif (34.918) 
holds. 

7. A satellite is ejected by a rocket into a circular orbit 300 mi above the earth’s 
surface. Find its period of rotation. Hint. The period of the satellite, by 
Definition 28.34, is T = 24/w, where w = 6 is its angular velocity. There- 
fore by (34.918), T = (24ro/R)V/r0/g. Here R = 4000 mi, ro = 4300 mi. 

8. If the satellite is very close to the surface of the earth so that ro is very close 
to R, then (34.918) can be written as 


(34.919) 6 = Vo/R. 
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Show that the period in this case, for a circular orbit, is approximately 85 min. 
See hint in problem 7 for period formula. [Compare with answer to Exercise 
28A and B, 2(c).] 

9. At a distance ro from the center of the earth, a rocket propels a satellite in a 
direction perpendicular to the radius vector joining the rocket to the center. 
The velocity of the satellite is v9. Hence to = 0, 69 = v0/ro and the angle A 
in Fig. 34.898 is 90°. 

(a) Show that if 69? < gR?/ro®, then 09 = 7. Hint. In (34.916), to = 0. 
Solve for e and, since the eccentricity is always positive, choose the proper 
sign to make e > 0. Substitute this value of e in (34.917). 

(b) Show that the orbit of the satellite is then 


roo" robo" 
r= aoe =l]— gh? 


>or 


70°60" 


~ GR2 — (gR2 — 703602) cos 0 


Hint. Use (34.913), (34.915), and (34.916). 

(c) Show that the satellite is farthest from the center of the earth, called 
the apogee of the orbit, when r = ro, 6 = 0, i.e., the apogee is at the 
point where the satellite is released. Hint. The distance r is largest when 
the denominator in equation (b) above is smallest. The denominator is 
smallest when the negative term in it is largest. This negative term is 
largest when 0 = 0, cos @ = 1. Solve for r with cos 6 = 1. 

(d) Show that the satellite’s perigee, i.e., the point of the satellite’s orbit 
nearest the center of the earth, occurs when 6 = 2, and that its distance 
from the center of the earth is then ro*692/(2gR2 — 703602). See hint 
in (c) above. 

(e) Show that the satellite will make a complete orbit without hitting the 
earth if 69? > 2gR3/[ro?(ro + R)]. Hint. The perigee of the orbit, as 
given in (d) above, must be greater than the radius FR of the earth. 

(f) Show that if 92 > gR2/ro3, then > = 0. See hint in (a) of this problem. 
Show that the orbit of the satellite is then 


4, 2 3 
= TO 60 a ro°6" As 
r= Rid cece ~ OR 1, or 
442 
TO 60 


gR? + (ro3bo2 — gR2) cos 6 


See hint in (b) above. Show that the perigee of the orbit occurs when 
r = ro, 9 = 0, ie., at the point where the satellite is released; that the 
apogee of the orbit occurs when 9 = = and that its distance from the 
center of the earth is then ro*6o2/(2gR2 — ro26o2), provided 2gR? > 
79°92. See hints in (c) and (d) above. Finally show that if 2gR? < 
70°60, the orbit will not have an apogee. Hint. The denominator of the 
apogee’s distance formula above will then be negative or zero. 

If 2gR? = ro%6o, then ro76o2 = 2gR2/ro. If the satellite is ejected 
at or near the surface of the earth so that ro = R, then the last equation 
becomes rofo = V2gR. But vo = robo so that v9 = 2gR which is 
the escape velocity of a body fired from the surface of the earth, see (i) 
of Example (16.36). 
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ANSWERS 34F 


2. h = rovo = 72,m = 4, mk = 120, k = 240, 
e = 0.8, r = 21.6/(1 + 0.8 cos 9). 

3. (a) 5.48 ft/sec. (b) 4.47 ft/sec. (c) 6.32 ft/sec. (d) 7.75 ft/sec. 

7. 5700 sec, approximately, or 95 min. The first satellite put into orbit in 1957 
by the U.S.S.R., known as the Sputnik, had a nearly circular orbit of 300 miles 
above the earth’s surface and a period of 96 min. 


LESSON 34G. Planetary Motion. Newton’s law of universal 
gravitation states that every two bodies in the universe attract each 
other with a force proportional to the product of their masses and in- 
versely proportional to the square of the distance separating them. Let 
M be the mass of the sun and m the mass of a planet. It can be proved 
that we do not commit a serious error if we consider the sun as fixed, its 
mass M as concentrated at its center, the planet as a particle, and sun 
and planet as isolated bodies. Then by Newton’s law of universal gravita- 
tion, 


(34.92) Fe — 


where r is the distance of a planet from the sun’s center, and G is a pro- 
portionality constant called the gravitational constant. Replacing the 
constant GM in (34.92) by a new constant K, it becomes F = —Km/r?, 
which is the same equation as (34.81) of Lesson 34F. Since this force F is 
directed toward a fixed point O, namely the sun’s center, it is a central 
force. Hence planetary motion is exactly the same as the motion of the 
particle discussed in Lesson 34F. We can therefore assert that: 


1. A planet moves in a plane. 
2. The orbit of a planet is a conic section whose equation, by (34.894), is 


h? 


"= Ki + ecos 6)’ a 


where h is the angular momentum of the planet per unit mass, e is the 
eccentricity of its orbit and K is the product of the gravitational con- 
stant G and the mass M of the sun. 

. The planets satisfy the law of the conservation of angular momentum. 

. The planets sweep out equal areas in equal intervals of time. 

. The force field in which the planets move is conservative; hence the 
planets satisfy the law of the conservation of energy. 

6. The sun is at. one focus of the planet’s orbit. [See Comment 34.896.] 


Comment 34.93. The Orbits of the Earth and the Other Planets of Our 
Solar System Are Ellipses with the Sun at One Focus. Hence for the planets 
of our solar system e < 1. This means, as we showed in Comment 34.9, 
that each planet, at the beginning of its existence, had negative energy. 


oe 0 
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The orbits of comets* which appear after long intervals of time are ex- 
tremely elongated ellipses whose eccentricity is near 1, almost close to 
parabolas. Those bodies for which e = 1 have parabolic or hyperbolic 
orbits. They leave the solar system and never return. 


EXERCISE 34G 


1. Find the equation of motion of a planet of mass m if its distance at perigee, 
i.e., its distance nearest the sun, is ro and its velocity there is v9. Hint. Take 
the axis of the ellipse through the perigee. Thenatt = 0,r = ro,9 = 6) = 0, 
* = 0,6 = v0/ro. See Fig. 34.898. 

2. Find the approximate equation of Halley’s comet. Hint. See footnote at the 
bottom of page: e = 0.967, a — c = 0.587, where a is the semimajor axis 
and c is the distance of the focus from the center of the elliptic orbit. 

3. A comet at rest at an infinite distance away from the sun is attracted toward 
the sun in accordance with the inverse square law. If its distance at perigee 
is ro, find the equation of its path and show that its orbit is parabolic. Hint. 
Take axis so that 69 = 0 in (34.892). Até = 0,0 = x,u = 1/r = 0. When 
6=0,u = 1/ro. 

ANSWERS 34G 
22 
~ K+ (rovo2? — K) cos 6 
2 


2 
x yo : 7 , 3 
2. 31641 + 20.54 1. Figures in astronomical units. 


= —27o__. 
~ 1+ cos 6 


Lor 


3. r Orbit is parabolic since e, the coefficient of cos 6, is one. 


LESSON 34H. Kepler’s (1571-1630) Laws of Planetary Motion. 
Proof of Newton’s Inverse Square Law. Kepler’s three laws of plane- 
tary motion are: 


1. Each planet moves in an elliptical orbit with the sun at one focus. 

2. The radius vector connecting sun and planet sweeps out equal areas in 
equal times. 

3. The square of the period of a planet is proportional to the cube of the 
semimajor axis of its orbit. 


We have already proved 1 and 2: see numbers 6 and 4 of Lesson 34G. 
We shall now prove 3. 


Proof of 3. By (34.894), the orbit of a planet is given by 


h? 
(a) "= K(1 + ecos 6)’ 


*The famous Halley’s comet has an elliptical orbit whose eccentricity is 0.967. Its 
period is 76 years. Its perigee is 0.587 astronomical units (an astronomical unit is the 
distance of the earth to the sun, approximately 92,900,000 mi). Since it last visited us 
in 1910, it will be again visible in 1986. 
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where one focus is at the origin of a coordinate system, called (0,0) in 


Fig. 34.94, and the semifocal width is h?/K, called L in the figure. Let 
(0,0) be the center of the ellipse. With respect to the center of the ellipse, 


(0,b) — (¢, L) 


(2,0) 


Figure 34.94 
let (c,0) be the coordinates of the focus, (2,0), (0,b), be the coordinates of 


the ends of the semimajor and semiminor axes respectively. The equation 
of the ellipse with respect to its center as an origin is, therefore, 


(b) St+h=1 


where c? = a? — b”. If 2? = c? = a? — b?, then y? = L?, and there- 
fore, by (b), 


a’ —d?  L’ Lb? b? 
(c) a pe oe ee 

The semifocal width L also equals h?/K. Substituting this value of L in 
the last equation of (c), we obtain 


bt 2 ah? 
(d) Z=a BHSs 


The first equation in (34.49) holds for every particle subject to a cen- 
tral force. It therefore holds for the planets. The last equation in (34.49) 
resulted when we took for our initial conditions A = 0, ¢ = 0. Hence if 
A=0,t=0, 


(e) A = tht, 


gives the area A swept out by a planet in time ¢. Call 7 the period of a 
planet’s orbit, i.e., the time it takes a planet to make a complete circuit 
of its orbit. When the planet has made a complete circuit, it has swept 
out the area of the ellipse, namely ab. Hence when A = wabandt = T, 
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we obtain by (e) 
4 2 252 
(f) r=, oes 


In (f), replace b? by its value as given in (d). There results 


| Preeti Tite coer he pees 
(34.95) ea 


Since K(= GM) is a constant, and a is the semimajor axis of the ellipse, 
(34.95) says that the square of the period of a planet is proportional to the 
cube of the semimajor axis of its orbit. 


Proof of Newton’s Inverse Square Law from Kepler’s Laws. We 
have proved Kepler’s three laws from Newton’s universal law of gravita- 
tion. Historically, however, Kepler preceded Newton and hence the 
former knew nothing of the law of gravitation. It is indeed remarkable 
that Kepler was able to deduce his three laws from an intensive study of 
the recordings of the positions of the planets made by direct observations. 
It was Newton who used Kepler’s laws as a hypothesis to develop his own 
universal law of gravitation. Part of his problem was thus the inverse of 
the one we solved. He assumed that a planet moves in an elliptical orbit 
with the sun at one focus, that it sweeps out equal areas in equal times, 
and then set out to prove that the planet must therefore be subject to a 
central force directed toward a focus, whose magnitude varies inversely 
as the square of the distance of the planet from the sun. The proof follows. 


Proof. By Kepler’s second law, dA/dt is a constant. Therefore by 
the second equation in (34.481), 


(a) $776 = 5 r76 = ¢, 


where c is a constant. Differentiation of the second equation in (a) and 
multiplying the result by a constant mass m, gives 


(b) m(2rr6 + r26) = 0, m(276+ rb) = 0. 


The second equation of (b), by (34.21), is mag = 0. But may is the com- 
ponent of force acting on a particle in a direction perpendicular to the 
radius vector. Since this component is zero, the force acting on a planet 
must be a central one; i.e., the force always acts along a radius vector 
toward or away from the sun. 

By Kepler’s first law, a planet moves in an elliptical orbit with the sun 
at one focus. We showed in Lesson 34F, that the equation of an ellipse 
in polar coordinates with one focus at the origin is 


A 
(c) "=T+ecos6’ 
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where e < 1 is its eccentricity and A is its semifocal width. Differentia- 
tion of (c) gives 
(a) _ __Aesin 0 = A? esin 84 

(1 + e cos 6)? (l1+ecos6)? A ~* 


Making use of (c) and (a), we can write (d) as 


(e) p= 7esn’ © _ Seine, 


Differentiating (e) and then using (a), we obtain 
c ce 
(f) f= A (e cos 0)6 = Ar? (e cos 6). 


Solving (c) for e cos 6, there results 


(g) ecos @ = a 


Substituting this value in (f), we obtain 


2 2 2 
Poca fara 0 ay Deeg 
(h) r= o( r y= Ar? 
The component of a force in a radial direction is, by the first equation 
in (34.21), 


(i) F, = ma, = m(# — 76°). 


In (i), replace # by its value in (h) and 6 by its value in (a). There results 


@) r= m[5— ga— S| = — ao 


We showed above that the force acting on a planet is toward or away 
from the sun. Since m, c?, and A are positive constants, (j) tells us that 
the force acting on a planet is directed toward the sun, and its magnitude 
is inversely proportional to the square of its distance from the sun. 


Comment 34.951. The inverse square law just proved is only part of 
the universal law of gravitation. Newton’s studies of the gravitational 
force of the earth plus his observations of the moon’s orbit about the 
earth, plus his own genius, enabled him to formulate his famous law of 
universal gravitation as stated at the beginning of Lesson 34G. 


Comment 34.96. In Lesson 34C, we proved that every particle sub- 
ject to a central force obeys Kepler’s second law, i.e., it sweeps out equal 
areas in equal times. Hence Newton’s inverse square law is only a suffi- 
cient condition for Kepler’s equal area law, not a necessary one. However, 
the inverse square law is a necessary and sufficient condition for Kepler’s 


496 Prositems: Systems. SpeciaL 2Np ORDER Equations Chapter 8 


first law: the orbit of a particle subject to a central force is an ellipse 
with the force directed toward a focus. Note that if F is proportional to 
r as in Lesson 34K, the orbit is also elliptical, but the force is directed 
toward the center of the ellipse. 


EXERCISE 34H 


1. (a) Take 240,000 miles as the semimajor axis of the moon’s orbit and its 
period as 27.3 days. Use Kepler’s third law to find the value of the 
proportionality constant k for the earth, where k replaces 442/K in 
(34.95). Use for units 1000 mi and hour. 

(b) In Exercise 34F,7, we found 7 = 95 min for the period of the circular 
orbit of a satellite of the earth 300 mi above its surface. Take 4300 mi 
for the semimajor axis of the satellite’s orbit and calculate k. Use for 
units 1000 mi and hour. 

(c) In Exercise 34F,8, we found 7 = 85 min for the period of the orbit of a 
satellite close to the earth’s surface. Take 4000 mi for the semimajor axis 
of the orbit and calculate &. Use for units 1000 mi and hour. 

Compare results in (a), (b), and (c). Ans. k = 0.031. 


Remark. Next time you read of an earth satellite which has been success- 
fully orbited, and its perigee and apogee are given, use this value of & and 
Kepler’s third law to calculate the period of the orbit and see if it agrees with 
the observed period. 


2. (a) Use Kepler’s third law to calculate the value of the proportionality con- 
stant k for the sun. Use for units 1,000,000 mi and day. Take the period 
of the earth as 365 days and the semimajor axis of its orbit as 93,000,000 
mi. Ans. k = 0.165. 
(b) Use this value of k to calculate the period of one of the other planets from 
its known distance from the sun, or calculate its mean distance from the 
sun from its known period. 


By (34.891), 
(a) cui ya, h #0. 
By (34.81) and (34.86), 
Hence (a) becomes 
(34.97) fy y= ___F, 


which is the differential equation, in polar coordinates, of the orbit of a par- 
ticle subject to a central force. For different values of the force F, there 
will be different orbits. Conversely, if the equation r = r(@) in polar 
coordinates of the orbit of a particle is known, (34.97) will give the cen- 
tral force F which causes the particle to move in this orbit. All one need 
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do to find F is to substitute in (34.97) the values of u and d?u/dé? and 
solve for F. (Remember u = 1/r.) 


Use the above facts and (34.97) to solve the following problems. Assume 
in all cases that F is a central force and that the fixed point O toward 
which the force acts is at the origin. 


3. The orbit of a particle is an ellipse with one focus at the origin. Show that the 
force F obeys the inverse square law. (Norsr. This assertion has already been 
proved in this lesson; see proof of Newton’s inverse square law from Kepler’s 
laws.) Hint. The equation of the orbit in polar coordinates is 


eee. eet 
a 1+ ecosé 
Therefore 
1+ ecos 0 d’u e 
U= A qe2 = — | 608 4. 


Substitute the last two values in (34.97). Solve for F. Remember that m, h, 

and A are constants. Ans. F = —mh?/Ar?. 

The orbit of a particle is a circle, with the origin a point of the circumference. 

Show that the force F is inversely proportional to the fifth power of the 

distance of the particle from the origin. Hint. The equation of the orbit in 

polar coordinates is r = 2a cos 6, where a is the radius of the circle. There- 

fore sec 6 = 2a/r = 2au. Also make use of the fact that sec? 6 = 1+ tan? 6. 

Ans. F = —8a?h?m/r5. 

The orbit of a particle is an ellipse with the origin at the center of the ellipse. 

Show that the force F is proportional to the distance of the particle from the 

center, see Lesson 34E. Hint. The equation of the orbit in polar coordinates is 

A 

2: oe 
~ 1 — e? cos? 6° 

Ans. F = —mh2(1 — e?)r/A4. 

The orbit of a particle is the spiral r = e®. Find the force F. 

Ans, F = —2mh?2/r°. 

7. The orbit of a particle is the lemniscate r? = a? cos 26. Find the force F. 
Ans. F = —8mh?a*/r7. 

8. The orbit of a particle is the cardioid r = a(1-+ cos @). Find the force F. 

Ans. F = —3mh?a/r4. 

The orbit of a particle is a circle with center at the origin. Find the force F. 

Hint. The equation of the orbitisr = a. Ans. F = —mh?/a3. 


4. 


oe 


r Follow suggestions in problem 3. 


nN 
b 


ad 


EXERCISE 34M 


MISCELLANEOUS TYPES OF PROBLEMS LEADING 
TO SYSTEMS OF EQUATIONS 


A particle moves in a plane. If the z and y components of its velocity are 
equal respectively to the y and x coordinates of its position, find the equation 
of its path. 

(a) Solve problem 1, if the word velocity is changed to acceleration. (b) Find 
the equation of its path if initially the particle is at the origin and has a 
velocity of 15 ft/sec in a direction whose slope is 3. 


1 


2 


e 
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3. Solve the following system of differential equations. They are used in certain 
problems of electron motion. 


d’x dy d’y dx 
m at eH a eH, ™ ae eH at 0, 
where m = the mass of the electron, 
e = the charge of the electron, 
H = the intensity of the magnetic field, 
E = the intensity of the electric field. 


Assume that initially the electron is at the origin and its velocity is zero. 


In Lesson 30M-C, we discussed the problem of a wire twisted by ro- 
tating a bob at one end, where the resulting torque or moment of force 
was proportional to the angle of twist, see (30.63), (30.64), and (30.67). 
For convenience we recopy (30.67). 


d’6@ 


(34.971) I Wz 


= —k6, 


where k is a proportionality constant, called the torsional stiffness 
constant, and 6 is the angle through which the wire has twisted from 
an equilibrium position. Make use of (34.971) to solve problems 4-6. 


4. Three disks are connected by shafts. The moment of inertia of the two end 
disks is I, of the middle disk 2/, Fig. 34.98. The torsional stiffness constant 
of each of the two shafts connecting the three disks is k. If a torque 275 sin wt 


ar 
9, 9, 9, 
Figure 34.98 


is applied to the center disk, find the angular motion of the disks. Assume no 
resistance and that initially the disks are at rest and the shafts are in their 
untwisted equilibrium position. Hint. Call 6, the angular displacement from 
equilibrium at time ¢ of an end disk and 62 the angular displacement from 
equilibrium of the middle disk. If the end disks are considered fixed at that 
instant, then at time ¢, the shafts connecting them to the middle disk have 
twisted through an angle, 62 — 6:. Hence the restoring torque acting on the 
middle disk is 2k(82 — 61). If the middle disk is considered as fixed, then the 
shaft connecting it to an end disk has twisted through an angle, —(62 — 61). 
Hence the restoring torque acting on an end disk is k(@1 — 62). Now make 
use of (34.971) taking into account the applied torque acting on the center 
disk. The differential equations can be found in the answer section. 

Three disks and a driving wheel are connected by shafts, Fig. 34.99. The right 
end disk is free. Each disk has the same moment of inertia J, and the three 
shafts have the same torsional stiffness constant, k. Set up the system of 


5 


. 
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4. 


differential equations for the angular motion 4;(é), 62(t), @3(é) of the three 
disks from their equilibrium positions due to an angular motion @ of the driv- 
ing wheel. Assume that initially the disks are at rest and the shafts are in 
their untwisted equilibrium position. (See hint given in problem 4.) 


Figure 34.99 


. Solve problem 5 if there is also a resisting torque operating on the disks 


proportional to the first power of their angular velocities. This proportionality 
constant is called the torsional resistance constant. Assume the torsional 
resistance constant for each disk is R. 


ANSWERS 34M 


x = cye'+ coe, y = ciet — coe; 22 — y? = ¢. 

(a) x = cie'-+ coe + cg cost + ca sin t, 

y = cie’+ coe — cz cost — casint. 
= 24(e¢ —e“) + $sint, y = Abe! — e-*) — Hsine. 
_ Em 1 He t E t Em . eH t 

v= 7H a OO8 ae > y= er 

They are the parametric equations of a cycloid. For the definition of a cycloid, 

see Exercise 28C,34. 


a6, 
Ia = —k(61 — 62), for each end disk, 
a6 
21 2 = —2k(62 — 6) + 270 sin ut, for the middle disk. 


Solutions are, 


F kT sin wt 
61 cat cat + og sin WV 2k/It + ca cos V2k/I t+ Fors oy 
02 = cy + cot — cg sin/2k/I1t — c4 cos VIET 4 + Tok = o°D) sin wt | 
Iw?(Iw? — 2k) 


Initial conditions are t = 0, 01 = 0, 62 = 0, 61 = 0, 62 = 0. 


? 


d’6 

I ory = —k(0, — 0) — k(@, — 62), 
02 

I 1 = —k(0e _ 63) i k(62 7 63), 
a6. 

I —3 = —k(63 — 62); 
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or 
(ID? + 2k)61 — k02 = k@(t), 
—k6; + (ID? + 2k)02 — k63 = 0, 
—k62 + (ID? + k)és = 0. 
Initial conditions att = 0 are 0, = 62 = 03 = 6; = b2 = 63 = 0. 

6. Add the term — R d6,/dt to the right side of the first equation of 5; —R d6e/dt 
to the right side of the second equation; —R d63/dé to the right side of the 
third equation. 


LESSON 35. Special Types of Second Order Linear and Nonlinear 
Differential Equations Solvable by Reduction to a 
System of Two First Order Equations. 


In previous lessons, we outlined standard methods by which solutions 
in terms of elementary functions could be obtained for certain types of first 
order differential equations and for linear differential equations with con- 
stant coefficients of order n > 1. For the nonlinear differential equation 
of order n > 1 and for linear equations with nonconstant coefficients of 
order n > 1, such standard methods are available only if the equation 
belongs to one of several special kinds. In Lesson 23 and Exercise 23, 18 
and 22, we discussed such special kinds of linear equations with noncon- 
stant coefficients. In this lesson we discuss three special types of nonlinear 
equations of order two for which a standard method of solution is avail- 
able. (See also Exercise 35, 23 for an additional type.) These same 
methods can, of course, also be used if the equation is linear. 


LESSON 35A. Solution of a Second Order Nonlinear Differential 
Equation in Which y’ and the Independent Variable x Are Absent. 
Equations of this type that we shall consider will be those which can be 
written in the form 


(35.1) y” = fy), 


where f(y) is defined on an interval J: a < y S b. Note that y’ and z 
are missing. The substitution u = y’, u’ = y’’ will change (35.1) into the 
equivalent first order system 


(35.11) Hou B= sy). 


The second equation in (35.11) can be solved for u as follows. Multiply 
it by 2u to obtain 2uu’ = 2uf(y). Replace 2uu’ by its equal (d/dx)(u?), 
and u by dy/dx. Hence 


(35.12) 2 (u?) = 2 WY ry), 
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Therefore 

(35.13) d(u?) = 2f(y) dy. 

Integration of (35.13) gives 

(35.14) uv? = 2 / f(y) dy = Fy) + «1. 
Substituting (35.14) in the first equation of (35.11), we have 
(35.15) oy = +VFQ) +a. 


If VF(y) + c, # 0, we obtain from (35.15) 
(35.16) + (aS = fe + ce. 

VFYy) + ¢1 
Remark. We do not wish to imply that (35.16) will always be in- 


tegrable in terms of elementary functions. In the example below, f(y) has 
been chosen carefully so that it will be. In general, it will not be. 


Example 35.17. Solve the nonlinear equation 
(a) y= 49, y #0. 


Solution. Following the method outlined above, we substitute u = y’, 
u’ = y” in (a) to obtain the equivalent first order system. 


~~ = —_ = —3 
(b) de dx qu: 
Multiplying the second equation in (b) by 2u, there results 
du gt, 42 _ god 
(c) 2u a 8y~~u, as (u*) = 8y ax’ 


d(u?) = 8y?dy, uw? = | By? dy = —4y? +c, ¢1 > 0, 


VJ : ns 
iSpy ete VS, ee ea. 


ory 
y Ver Ver 
Substituting this last value of wu in the first equation of (b), we have 
y dy 
(d) ——__— = ds. 
AVey? — 4 


Integration of (d) now gives 
(e-) + + Ve —4=2+ 02, AVey? — 4 = 2+ cjC2, 


ey? = (ct + eye)? +4, y > peg y< aoe ¢, > 0. 


Ver Vex 


502 Prostems: Systems. SPEcIAL 2ND ORDER Equations Chapter 8 


LESSON 35B. Solution of a Second Order Nonlinear Differential 
Equation in Which the Dependent Variable y Is Absent. Equa- 
tions of this type that we shall consider will be those which can be written 
in the form 


(35.2) y” = f(xy’). 
Note that y is missing. The substitution u = y’, u’ = y” will change 
(35.2) into the equivalent first order system 
du 
(35.21) dn dy I. 


The second equation is now a first order equation in u and hence may be 
solvable by the methods of Chapter 2. If it is and its solution is u = 
u(x) + c,, then by the first equation in (35.21), 


(35.22) y= iF [u(x) + ¢;] dx + ce. 
Example 35.23. Solve the nonlinear equation 


(a) y” = xy’). 


Solution. Following the method outlined above, we substitute u = y’, 
’ = y’’ in (a) to obtain the equivalent first order system 


dy _ du 2 
(b) az de 7 


If u ¥ 0, we can write the second equation in (b) as 


du 
(ce) or dx. 
Its solution is u = —2/(x? + c), which we write as 
_ 2 
(d) u=aaaF 


with the understanding that the plus sign is to be used if c > 0; the 
minus sign if c < 0. Substituting (d) in the first equation of (b), we have 


dy 2 _ dx 
(e) de x? + ,2’ a 2 + Cy?" 


By integrating (e), we obtain 


y= -2|2 Are tan (2 :) + o,| and y= — Atos (2=%) +e 
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If c; = 0, then by (e), 

(f) dy=—3dr, y=2+0, 2 #0. 

LESSON 35C. Solution of a Second Order Nonlinear Equation in 


Which the Independent Variable x Is Absent. Equations of this 
type that we shall consider will be those which can be written in the form 


(35.3) y” = fy’). 


Note that x is missing. If we let u = y’, then 
(35.31) yoseee eS rhs 


Substituting these values in (35.3) will change it into the equivalent first 
order system 
(35.32) Yin uM = Hyp) 

‘ dx : dy ee 
The second equation in (35.32) is now a first order equation in u and 
hence may be solvable by the methods of Chapter 2. If it is and its solu- 
tion is u = u(y) + ¢;, then by the first equation in (35.32), 


(35.33) (a ar = fax - = 2+. 
Example 35.34. Solve the nonlinear equation 
(a) yy” = + (y’)?. 


Solution. Following the method outlined above, we substitute u = y’, 


d 
y’ =u i in (a) to obtain the first order system 


ay _ au _ 43 2 
(b) de uy iy y? tu’. 
The second equation in (b) can be written as 


du 1) _ yay-t 
(c) 7 rile i , u#0,y #0, 


which is a Bernoulli equation. Hence, following the method outlined in 
Lesson 11D, we multiply (c) by 2u to obtain 


(a) 24 — au = 2y’, 
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which can be written as 

dp 2/2 2 
(e) dy H) — 7) = ay, ux#0,y #0, 


an equation linear in u?. Its solution by the method of Lesson 11B is 
(the integrating factor is e/—24v/v — e—? logy — ] /y?) 


(f) w= faa, u=styvV2y+e1, ux0,y #0, 2y+¢1 > 0. 


Substituting these values of u in the first equation of (b), we obtain 


dy dy 
(g) == tyV2y+c; ——— = sdz, y ¥0,2y+ce1 > 0. 
dar m yv 2y + c4 : 
The solution of the second equation in (g), if y ¥ 0, 2y + ¢; > 0, is 
gg Vay +e — Ver +e, — Ve _ 
(h) =+2+0¢2, ¢,>0 
va a : ‘ 
2 V2y +e 
Arc tan ———— = +24+ Ce, ¢, < 0. 
V—-¢1 V—C) 


If c; = 0, then (f) becomes u = -++/2 y?/?. Therefore by (b) 
(i) ay =AV2y?, 0 ty? dy = V2dz, F2y%? = V2r+ ee 
(V2 x = €2)"y =4 4 #0. 


Nore. The function y = 0 which we had to discard in order to obtain 
(h) and (i) also satisfies (a). It is a particular solution of (a) not obtain- 
able from the families (h) or (i). 


EXERCISE 35 
Solve each of the following differential equations. 

1. y!” = yy’. 6. (y+ ly” = 3(y’)?. 
2. y3y"” = k. 1% = —k/r?. 
3. yy” = (y')? — 1. (See Comment 34.8961.) 
4, 22y" + zy’ = 1. 8. = 2. 

(Note that the equation is linear.) 9. y” = ky. 
5. ay” — y! = 2%, 10. yy” + (y’)? — y’ = 0. 

(Note that equation is linear.) 

2 

ll, 7 = -4 =a (See Comment 34.91.) 


12. yy” + (y')3 — (y')? = 

13. yy” — 3(y’)? = 0. 

14. a + yy" + (y)?, +1l= 

15. (1 + 22)y” + 2zr(y' +1) = an (Note that the equation is linear.) 
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Find a particular solution of each of the following differential equations 
satisfying the given initial conditions. 


16. (y+ ly” = 3y/)?, yl) = 0, y(1) = —3. 
17. y” = y’e, (3) = 0, y/(3) = 


=], 
20. x2y” + ay’ = 1, y(1) = a ua (1) = 2. (Note that the equation is linear.) 
y'(1) = —1. (Note that the equation is linear.) 


22,7 = — a? r(0) = 1, ay = 0, 7(0) = —4. See problem 7 above. Hint. 
After finding tas a function of r in integral form, substitute either r = cos? u 
orr = wu?, 


23. A differential equation is said to be homogeneous in x, if by arbitrarily 
assigning degree n to x” and degree —n to y™, each nonzero term of the 
equation is of the same degree. In computing the degree of a term, the de- 
gree of each of its members is added. For example, x? is of degree 2; y is of 
degree zero; y” is of degree —2; x?yy’’ is of degree zero. Equations homoge- 
neous in x may be solvable by the substitutions, see also Exercise 23,18, 


dy _1dy) dy _ 1 (dy _ dy 
re 7 du2 du)’ 
etc., and then making use of one of the methods of Lesson 35. Verify that 
each of the following nonlinear differential equations is homogeneous in x 
and solve. 
(a) xyy”” — 2a(y’)? + yy’ = 0. 
(b) zyy”’ + x(y’)? — yy’ = 0. 
(c) xyy” — 2x(y')? + (y+ Dy’ = 


ANSWERS 35 
1. y = cy tan [c1(z + cg)]. 
2. cry? = (c12 + cyc2)? + k. 
3. cry = sinh (ciz + co). 


4.y = ee + c1 log x + ce. 


By = aa ar 
6. (y+ 1)7? = eit eg. 


Me eo ig 
7. t J 2k . a dr-+ co. To evaluate the integral, let r = u*. See 22. 


Vv es 
Oat oo se face Us, 


Vky* + c1 
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10. « = y+ ci log (y — c1) + cosy =. 


= Ly Re a k [exr® ¥ 2kr — he 
HS a cyr2 + 2kr — hi + Fara oe Bae a omer mera | 


12. y = x+ c1 log (coy). 

13. y-? = cit + ce. 

14, c12y = (c12 + 1) log (cz + 1) — cy + ©. 
15. y = c, Arctanz — z+ ce. 

16. (y+1)-? = z. 

17. y = —log (4 — 2). 


18. y = tan (+7): 


uy! 2 = 2 . 
19. é ae 


2 
20. y = (82) + glog2 +1. 


3 
z 


y= Ze +2. 


22. k = 4,c, = —1, aA 7a = ¥ (ArecosVr+Vr(1 — 7). 


Nore. Since the limits of eentn are from 1 to rand r < 1, use of the 
plus sign in the integrand will give a negative time; use of the minus sign 
will give a positive time. 

23. (a) y=! = ci logz+ ce. (b) y? = cx? 4+ 2. 
(c) 2 Arc tan (c1y) = ci log a+ ce. 


LESSON 36. Problems Giving Rise to Special Types of 
Second Order Nonlinear Equations. 


LESSON 36A. The Suspension Cable. A cable, chain, string, or 
similar object supported at two ends is called a suspension cable. It 
may support a load attached to it as in the case of a bridge, or it may 
hang under its own weight. We consider the latter possibility first. We 
shall determine for it the shape of the curve that the cable assumes. 

In Fig. 36.1, we have drawn a cable, assumed to be perfectly flexible 
and inextensible, supported at two ends, A, B, and hanging under its 
own weight. Whether the cable will have the appearance shown in Fig. 
36.1(a) or in Fig. 36.1(b) will depend on the length s of the cable relative 
to the length AB between the points of support. We consider the more 
general case shown in Fig. 36.1(a), where the cable at its lowest point 
does not necessarily have a horizontal tangent as it does in Fig. 36.1(b). 

Let P(z,y) and P,(x + Az, y + Ay) be two neighboring points on the 
curve AB, and call As the length of the arc between them. The forces 
acting on this piece of cable, considered as isolated from the rest of the 
system are [refer to Fig. 36.1(a)]: 
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P,(x + Ax, 
y+ Ay) 


(0, 0) (xo,0) x (0, 0) (xo, 0) x 
(a) (0) 
Figure 36.1 


1. A tension T at P directed along the tangent to the curve. 

2. A tension T, at P, also directed along the tangent to the curve but in 
a direction opposite to that of T. 

3. A force due to the weight of the cable of length As, directed downward. 
If we assume a homogeneous cable whose weight is uniformly dis- 
tributed and is w pounds per foot, then the weight of the cable of length 
As is w As. 


By hypothesis, the cable is perfectly flexible and inextensible. And 
since it is in equilibrium, the portion PP, of the cable will retain its 
shape under the action of the three forces 1, 2, 3 above, even if it were 
cut at P and P,, just as if it were a rigid body. But the condition for 
static equilibrium of the piece of cable PP, is that the algebraic sum of 
the components of the system of forces acting along an arbitrary direction 
be zero. Hence equating to zero, the algebraic sum of the horizontal com- 
ponents of the three forces 1, 2, 3 above, we obtain [keep referring to Fig. 
36.1(a)]. 


(36.11) 7 cos 6; — Tcos6 = 0, 


where 6 and 6, are the angles shown in Fig. 36.1(a). 
Equating to zero the vertical components of these forces, we obtain 


(36.12) T, sin 6; — T sin 6 — wAs = 0. 
The change in the horizontal tension (7' cos 6), is 


(36.13) A(T cos 6) = T, cos 6; — T cos 8; 


508 Propiems: Systems. SpeciaL 2np ORDER Equations Chapter 8 


the change in the vertical tension T sin @, is 
(36.14) A(T sin 0) = T, sin 6, — T sin 6. 


Substituting (36.13) in (36.11) and (36.14) in (36.12), we obtain respec- 
tively 
(36.15) A(T cos 6) = 0, A(T sin 0) = wAs. 


Dividing each of the equations in (36.15) by Az and letting Ax — 0, 
there results the system of equations 


d d F ds 
(36.16) En (T cos @) = 0, de (T sin 0) = w a" 
From the first equation in (36.16), we find that 
(36.17) T cos 6 = H, 


where H is a constant. Since T cos 6 is a constant and equal to H, we 
may write the second equation in (36.16) as 


d (7 sin ‘) w ds 


(36.18) dz \Tcos6/) H dx 


which simplifies to 


d ds 
(36.19) a (tan 6) =k ae ’ 
where 
w 
(36.2) k= Hz’ 


But tan @ is the slope y’ of the curve of the cable at P. Hence 


(36.21) inners eu 


Substituting (36.21) in (36.19) and recalling that the differential ds of the 
arc PP, of the cable is given by the formula ds = +/dx? + dy? so that 


a _ Sit wens, 


dx 
we obtain 
(36.22) dy = kvV1 + (dy/dr)2 
: aaa y 3 


This is a nonlinear second order equation of the type discussed in Lesson 
35B with y missing. Following the method outlined there, we let u = y’, 
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u’ = y” and thus obtain from (36.22), the system 


(36.23) ay =u, a = kvV1-4 w?, 
By the method of Lesson 6C, and with the constant of integration taken 
to be kzo, the solution of the second equation in (36.23) is 


(36.24) log (u + V1 + wu?) = kx — kao, 
ut Vi + a2 = bo), 


The second equation in (36.24) can be solved for u by the usual algebraic 
means. A simpler method, however, is the following. Take the reciprocal 
of each side of the second equation in (36.24) and rationalize the de- 
nominator of the resulting left side. There results 


(36.25) u— V1 + ut = — eh (t—20) 
Adding (36.25) and the second equation in (36.24), we obtain 


(36.26) u = Ffeh—*0) — @—Ke—*0)), 
By (18.9), we can write (36.26) as 
(36.261) u = sinh [k(x — zo)]. 


Replacing u in (36.261) by its value as given in (36.23) and k by its value 
as given in (36.2), we obtain 


(36.27) y’ = sinh la (x — 0) |. 
Integration of (36.27) gives 


(36.28) y= F cosh la (x — 0) | +e, 


which is the equation of the curve of a hanging cable supported at two 
points P and P,. Since the same form of equation (36.28) results if the 
points P and P, are taken anywhere on AB, (36.28) is the equation of a 
hanging cable supported at two ends A,B. Keep in mind that as P and 
P, shift, the values of H and z in (36.28) change. 

There are three constants in our solution (36.28), H, zo, and c. From 
(36.27), we see that y’ = 0 when x = 2o, (remember sinh 0 = 0). This 
means that %po is the x coordinate of that point on the curve (36.28) where 
its slope is zero. This point is, therefore, a minimum point of the curve. 
If when x = zo, we now choose our x axis so that y has the value H/w, 
then by (36.28), c = 0, (remember coshO = 1). In Fig. 36.1(a), we 
have shown the point (xo, H/w). If we now choose our y axis so that 
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Figure 36.29 


it goes through the point (xo, H/w), then x» = 0. With reference to 
these new axes, i.e., where the y axis goes through the lowest point of 
the curve (36.28), and the x axis is H/w units below this lowest point, 
see Fig. 36.29(a), (36.28) simplifies to 


H w 
(36.3) een cosh F r) ; 
and (36.27) simplifies to 
4 w 
(36.31) y’ = sinh F 2) ; 


A curve whose equation has the form (36.3) is called a catenary. 


Finally to find H we make use of the fact that the length AB of the 
cable is s. Let a be the x coordinate of the point A; b the x coordinate of 
the point B. Then from the calculus, we know 


b 
(36.32) s= i V1-+ (y’)? dz. 


By (36.31), we can write (36.32) as 


b 
(36.321) s= i. ait + sinh? (2 dx 
= i cosh FF de 


HA. ,w 
= 7 sinh Ft 
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Therefore 
(36.33) re # [sinh (70) — sinh (4a) ]. 


In (36.33), s, w, a, b are given constants. This equation therefore deter- 
mines H. 


Comment 36.34. Let us assume that s is sufficiently long so that the 
cable hangs as in Fig. 36.1(b). Hence the point (19,H/w) at which the 
curve has a horizontal tangent is a point of the cable. The tension 7' of 
the cable at that point is therefore also horizontal. But when the tension 
T is horizontal, the angle @ in Fig. 36.1(a) is zero. And when @ = 0, we 
see from (36.17) that T = H. Hence for this special case, H is the tension 
of the cable at its lowest point, see Fig. 36.29(b). And if a9 = 0, the length 
s of a catenary from its lowest point (0,H/w) to any point P(x,y) on it, for 
this special case, is therefore [in (36.33) take a = 0, b = a], 


H..w 
(36.35) s= . sinh H x. 
Example 36.36. A cable 50 feet long, weighing 5 lb/ft, hangs under 
its own weight between two supports 30 feet apart. Find: 


1. The equation of the curve. 
2. The tension at its lowest point. 
3. The sag. 


(0,0) 


Figure 36.37 


Solution (Fig. 36.37). If we choose the origin so that the y axis goes 
through the lowest point (0,H/w) of the cable, then by (36.3) the equation 
of the curve formed by the cable is 


igs 
AH > 
and by (36.35), the length of the cable from z = 0 tox = zis 


(a) y= F cosh 


(b) s= F sinh Yo. 
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Inserting in (b) the given conditions, w = 5, 2 = 15, s = 25, we find 
H.,5 125 ., 15 

(c) 25 = = sinh 7 15, Fp = sinh: 

Using a table of values of sinh xz, the approximate value of H which will 

satisfy (c) is 

(d) H = 40.8 lb. 

This is the tension of the cable at its lowest point. When H = 40.8 and 
= 5, we obtain from (a) 

(e) y = 8.16 cosh 


ae 

8.16’ 

which is the equation of the curve of the cable. From it we find that 

when x = 15, 

(f) y = 8.16 cosh 2 
° 8.16 

and that when x = 0, y = 8.16. Hence the sag of the cable is 26.28 — 

8.16 = 18.12 feet. 


Comment 36.38. If the specific weight of a body is not uniform but is 
a function of 2, then its total weight W from x = 0 to x = z is given by 


= 8.16(3.22) = 26.28 ft, 


(36.4) W= ‘) f(x) dz, 


where f(x) is the specific weight of the body, i.e., its weight per unit 
length. For example if f(z) = 50 + 2 pounds, then when xz = 10 feet, 
the specific weight of the body at that point is 60 lb/ft; when z = 10.1 
feet the specific weight at that point is 60.1 lb/ft. By (36.4), its total 
weight W from z = 0 to say x = 20 feet is 


20 22 ]20 
w= (50 + 2) dz = [502 + =| = 1200 lb. 
0 


Assume that a perfectly flexible cable of negligible weight supports, by 
means of vertical rods, a horizontal load such as a bridge, whose specific 
weight is f(z). The rods are equally spaced and close enough to form a 
continuous system. The weights of the rods are also negligible. We wish 
to find the equation of the curve formed by the cable. 

Following the steps used to arrive at the equation of the hanging cable 
with no load attached, we find that no changes occur until we reach 
(36.12). In this equation, wAs must be replaced, see Fig. 36.41, by f(x) Az, 
where f(x) is the specific weight of the horizontal load measured from the 
origin, which is taken to be the lowest point of the curve. Continuing 
from there on, and replacing wAs by f(x)Az, we obtain eventually, in 
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Figure 36.41 


place of (36.18), 
(36.42) 


i (F224) -@. 
‘0% 


d(tan 6) = i) dz, 


d (2) = 12 ay, 


Integrating the last equation and making use of the fact that when x = 0, 
dy/dx = 0, we have 


(36.43) wv i f fe) de. 


A second initial condition is z = 0, y = 0. By Comment 36.34, the H 
in this equation is the tension at the lowest point of the cable. 


Example 36.44. A perfectly flexible suspension cable, attached to two 
towers at the same level, 100 feet apart, supports a bridge (assumed rigid) 
by means of vertical rods connecting cable and bridge. The rods are 
equally spaced and close enough to form an approximately continuous 
system. The weights of cable and rods are negligible in comparison with 
the weight of the bridge whose specific weight is given by f(z) = 10 + 
x?/50 lb/ft. If the length of the cable is such that its sag is 25 feet when 
the bridge is horizontal, find the equation of the curve in which the cable 
hangs and the tension at its lowest point. Assume that the origin is taken 
at the lowest point of the cable. 


Solution. See Fig. 36.441. By (36.43) and the given specific weight 
f(z) = 10 + x?/50, we obtain 


dy _ “( 2) ae _ 
(a) ne — f 10 + 55) de tor + 


Integration of (a) gives 


(b) Hy = 52” + 560 + C1. 
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The substitution in (b) of the initial condition x = 0, y = O gives c, = 0; 
the substitution of the initial condition x = 50, y = 25, gives 


H a, 50° 
(50, 25) 
(0,0) (50,0) 
Figure 36.441 


which is the tension of the cable at its lowest point. Hence (b) becomes 


(a) y= 2a 5a? + a ; 
917 600 
which is the equation of the curve of the cable. 


EXERCISE 36A 


1. A cable of length 2s and uniform weight w lb/ft hangs from two supports 
on the same level, Fig. 36.45. The supports are 2L ft apart with L < s. 
The tension at the lowest point of the cable is H. 


ass 


(0,0) x 
Figure 36.45 


(a) Show that the sag d is given by 


H wL 
(36.46) d= ae (cosn oa = 1) ° 


Hint. Use (36.3). The sag is the difference in values when + = L and 
z=0. 
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(b) Show that the length s of the cable from t = 0 tox = Lis 


HA .. wh 
(36.47) ae sinh a 
Hint. Use (36.35) with = L. 
(c) Show that the tension 7’ at any point of the cable is given by 


(36.48) T = H cosh i 2 = wy. 


J dz? 2 
Hint. By (36.17) (see also Fig. 36.45) T = H sec 0 = H ver ae = 
HV 1-+ (dy/dz)2. Replace y’ by its value as given in (36.31). Remark. 
Since cosh x is an increasing function of x, the tension is a maximum 
when z is largest, i.e., at a point of support. 

(d) Show that the total weight of the cable is given by 


(36.49) W = 2H sinh (wL/H). 


Hint. Use (36.47) which gives the length of cable from z = 0, tox = L. 
(e) Show that the horizontal tension H is given by 


(36.491) elit = (s-+ d)/(s — @), 


wL 
* joglet Oe =o] 


Hint. In (86.46) and (86.47), change the hyperbolic functions to their 
exponential forms, see (18.9) and (18.91), and then show that the right side 
of the first equation in (36.491) simplifies to e”“/#, 

(f) Show that the horizontal tension H is also given by 


(36.492) H = w(s? — d?)/2d. 


Hint. Use (36.46), (36.47), and the fact that cosh? z — sinh? x = 1. 
2. A telephone wire, weighing 0.04 lb/ft, is attached to poles at intervals of 
300 ft. The sag at the center is 7.5 ft. 


(a) Find the tension at the lowest point of the curve. Hint. Use (36.46). 
Remember in this formula, the distance between supports is 2L. 

(b) What is the length of the wire between poles? Hint. Use (36.47). Re- 
member in this formula the length of wire is 2s. Use (36.491) or (36.492) 
to check your result. 

(c) What is the tension at the supports? Hint. Use (36.48) with z = 150. 

(d) Find the equation of the curve. Hint. Use (36.3). 


3. A cable 100 ft long, weighing 4 lb/ft, hangs under its own weight between 
two supports on the same level and 80 ft apart. Find: 


(a) The equation of the curve. 

(b) The tension of the cable at its lowest point; at a point of the cable mid- 
way between the lowest point and a point of support; at a point midway 
horizontally between the lowest point and a point of support; at a point 
of support. 

(c) The sag. 

(d) The slope of the curve at a point of support. 


For hints, see answer section. 
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4. A cable hangs under its own weight between two supports on the same level. 


5 


10 


The slope of the curve formed by the cable at a point of support is 0.2013. 
Its sag at the center of the cable is 12 ft. Find: 


(a) The distance between supports. 
(b) The length of the cable. 
(c) The equation of the curve. 


Hint. Use (36.31) to find wL/H and solve for H/w in terms of L. Then use 
(36.46), (36.47), (36.3) in that order. 


A chain 117.5 ft long hangs under its own weight between two supports on 
the same level 100 ft apart. 


(a) Find the sag of the chain. Hint. Use (36.47) to find H/w. Then use 
(36.46). 

(b) Find the equation of the curve. 

(c) Find the maximum tension if the chain weighs 2 lb/ft. Hint. See re- 
mark after (36.48). Use (36.48). 


. A chain hangs under its own weight between two supports on the same level 


100 ft apart. Its sag is 7.55 ft. 


(a) Find the length of the chain. Hint. Solve (36.46) for H/w. Then use 
(36.47). 
(b) Find the equation of the curve. 


. A cable hangs under its own weight between two supports on the same level 


50 ft apart. The slope of the curve formed by the cable at a point of support 
is 0.5211. Find: 


(a) The length of the cable. 

(b) The sag. 

(c) The equation of the curve. 

(d) The tension of the cable at its lowest point if it weighs 0.5 lb/ft, i.e., 
find H. 


Hint. Use (36.31) to find w/H. Then use (36.47), (36.46), (36.3) in that 
order. 


. A cable, 100 ft long, hangs under its own weight between two supports on 


the same level. Its sag at the center is 10 ft. 


(a) Find the distance between the supports. 
(b) Find the equation of the curve. 


Hint. Use (36.491) to find wl/H. Then use (36.46) or (36.47). 


. A cable 200 ft long hangs under its own weight between two supports on the 


same level. Its sag at the center is 20 ft. Its maximum tension, see remark 
after (36.48), is 60 lb. Find its weight w per foot. For hints, see answer 
section. 

Start with the general equation of the hanging cable as given in (36.28). 
It contains three constants, zo, c, H. By choosing our origin in a special 
way, we were able to make xo = 0,c = 0. H was then determined by using 
the given length s of the cable. This time let us take the origin at the lower 
point A of the hanging cable and call (x1,y1) the coordinates of the higher 
point B, see Fig. 36.493. Show that the values of the three constants can be 
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B(% 1591) 
H w 
y == cosh |2 (x —x9)| +¢ 
A(0,0) oooh | 
f+, 
H —P 


Figure 36.493 


obtained from the equations 


H 
(A) 0 = = cosh F 20 + ¢, 
H w 
(36.494) yu =— sp coh E (t1 — x)| +e, 


B) of V1i+ (y’)2 = 2 [sion ¥ (er — 20) + sinh ¥ 20] 


2H w(t1 — 220) |. 
- 2H ion Bt oH cosh =o | 


By subtracting (A) from (36.494), show that 


_ w(t1 — 0) wro 

(36.495) ear [cosh ae ame cosh - | 
_ 2H |... wer. w(t1 — 2x0) | 
=. [sian on sinh a aa | 


Finally show by (B) and (36.495)—square both equations and then sub- 
tract the second from the first— 


a 
aoe yi? = —— sinh *(wet), 
np (VL 2 2 
(36.496) sinh (3 7H) 7 on Ve — yn. 


Following the hint given after (36.48), show that the tension at any point 
of the cable is given by 


(36.497) T = Heosh > ri (t — 20) = wy — ce), 


where c is a constant of ee whose value is given by (A) and (36.494). 
11. Using the equations found in 10, solve the following problem. See Fig. 

36.493. A cable of length 100 ft and uniform weight of 2 lb/ft hangs fram 

two supports A and B, whose horizontal distance is 50 ft apart. Support 

B is 20 ft higher than A. Find: 

(a) The equation of the hanging cable. [Hint. Use (36.496), (36.495), and 

(36.494) in that order.] 
(b) The coordinates of its lowest point, i.e., the point where y’ = 0. 
(c) The tension at both supports and at its lowest point. 
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In problems 12-16, assume the weights of the cable and rods are neg- 
ligible in comparison with the weight of a horizontal supported load, that 
the cable is perfectly flexible, that the rods are equally spaced and close 
enough to form a continuous system, and that the origin is at the lowest 
point of the cable. 


12. A suspension bridge is 27 ft long and is supported by vertical rods. The 
weight of the bridge is uniformly distributed and is w lb per unit horizontal 
distance. Find the equation of the curve formed by the cable. Hint. In 
(36.43), f(x) = w. 

13. Show that the tension T at any point of the cable of problem 12 is given by 


(36.498) T = VJSH2 + wee?, 


See (36.48) and hint following; here y’ is obtained from problem 12. 

14. A suspension bridge is 200 ft long. The supporting ends of the cable are 50 ft 
above the bridge and the center of the bridge is 10 ft below the center of the 
cable. The weight of the bridge is uniformly distributed and is wlb per unit 
horizontal distance. 


(a) Find the tension at the lowest point of the cable, ie., find H. Hint. 
In the solution to 12, use the fact that x = 100, y = 40. 

(b) Find the equation of the curve formed by the cable. 

(c) What is the tension at the supports? Hint. See (36.498). 

(d) What is the slope of the cable at the supports? 


15. A suspension bridge is 2L ft long. The weight of the bridge is uniformly 
distributed and is w lb/ft. The supports of the cable holding the bridge are 
a ft above the origin. 


(a) Find the tension at its lowest point, i.e., find H. Hint. In the solution 
to problem 12, use the fact that when z = L, y = a. 

(b) Find the equation of the curve. 

(c) What is the tension at the supports? Hint. See (36.498). 


A suspension bridge is 200 ft long. The sag at its center is 50 ft. The specific 
weight of the bridge is given by f(z) = 100-++ z?. Find: 


(a) The tension at the lowest point, i.e., find H. 
(b) The equation of the curve formed by the cable. 


16 


° 


17. A uniform, flexible cable weighing w: lb/ft supports a horizontal bridge. 
The weight of the bridge is uniformly distributed and is we lb/ft. The weight 
of the supporting rods is negligible. Show that the differential equation of 
the curve of the cable is given by 


2 


(36.499) oe = wr 1+ (dy/dz)? + we. 


Hint. Combine equations (36.22) and (36.42) withk = wi/H and f(z) = we. 


18. If the rods in problem 17 are not of negligible weight and weigh ws lb/ft, 
show that the differential equation of the curve of the cable is given by 


2 
(36.4991) H oe = wiV'1 + (dy/dz)? + we + way, 
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19 


20. 


where y is the length of a rod. Assume that the rods are so close together as 
to form an approximate continuous system. Hint. The weight due to a rod 
of width Az is way Az. 

Holes are bored in the ends of slender uniform rods of varying lengths and 
the rods are then strung on a cord of negligible weight. Assume that the rods 
just touch each other, that each weighs w lb/sq ft and that their other ends 


Figure 36.4992 


lie on a horizontal line, Fig. 36.4992. Find the equation of the curve formed 
by the cord. Take the origin at a distance a feet below the lowest point of 
the curve. Hint. In (36.15), replace wAs by wy Az. Initial conditions are 
z=0,y = a, dy/dz = 0. 

For a nonhomogeneous hanging cable whose weight is a function of its 
distance from its lowest point, show that the differential equation of the 
curve formed by this hanging cable is 


2 
(36.4993) H ay = p(s)V'1 + (dy/dz)?2, 


21. 


22. 


where p(s) is the specific weight of the cable, i.e., its weight per unit length 
at a distance s units from the lowest point of the cable. Hint. In (36.15), 
replace w by p(s). 

If in (36.4993), p(s) = aH/(a? — x?), and the origin is taken at the lowest 
point of the cable so that « = 0, y = 0, dy/dz = 0, show that the curve 
formed by the hanging cable will be an arc of the circle. 


a? + (y — a)? = a?. 


An arched bridge is to be built of stone of uniform density. The weight of 
the stone is w lb for each square foot of facing. The bridge is so constructed 
that at each point of the arch the resultant tension due to the weight of the 
stones above it acts in a direction tangent to the arch, see Fig. 36.4994. Find 
the equation of the arch. Take the x axis at the top of the bridge, the y axis 
through the highest point of the arch, the origin as indicated in the figure 
and the positive direction downward. Hint. Since the tension at each point 
acts in a direction tangent to the curve, equations (36.15) apply with w As 
replaced by wy Az. Initial conditions are z = 0, y = h, dy/dz = 0. 


23. 


wre 


WO SNADR MP 


11. 


23. 


Figure 36.4994 


Assume a road is built on top of the masonry of problem 22. The weight 
of the road is distributed uniformly and weighs kw Ib per linear foot. Find 
the equation of the curve. Hint. In (36.15) replace w As by wyAz + kw Az. 


ANSWERS 36A 


. (a) 60 Ib. (b) 300.5 ft. (c) 60.3 Ib. (d) y = 1500 cosh (7/1500). 
. (a) Use (36.47) to find H. Then use (36.3). (b) Use (36.35) to find x 


when s = 25. Then use (36.48) with x equal successively to 0; its value 
when s = 25; 20; 40. (c) Use (36.46). (d) Use (36.31) with z = 40. 


. (a) 239.3 ft. (b) 240.9 ft. (c) y = 598 cosh (7/598). 

. (a) 27.2 ft. (b) y = 50 cosh (2/50). (c) 154.3 Ib. 

. (a) 101.5 ft. (b) y = (500/3) cosh (32/500). 

. (a) 52.11 ft. (b) 6.38 ft. (c) y = 50 cosh (2/50). (d) 25 Ib. 

. (a) 97.3. (b) y = 120 cosh 0.00832. 

. Use (36.492) to find H/w. Use (36.47) to find L. Use (36.48) with z = L 


(write H = w(H/w) and solve for w); w = 3/13 lb/ft. 
(a) H = 23.35 approx., 79 = 22.6 approx., c = —41.3 approx., 


y = 11.7 cosh (25,2) — 41.3. 


(b) (22.4, —29.7). (c) 82.7 lb at A, 122.7 lb at B, 23.35 lb at its lowest 
point. 


2 
.y= pal a parabola. 


H 2 


. (a) H = 125w. (b) y = 22/250. (c) T = 25wV4i. 


(d) Slope = +0.8. 
(a) H = wL?/2a. (b) y = at"/L?. (ce) (wL/2a)V/L2 + 4a2. 


4 
. (2) H = 530,000/3. (b) y = (3/530,000) (02? + *). 
Lys 5 (eVelHe 4 e Vulitzy = acoshvV w/H zx. 


Same as in 19 with a replaced by h. Since the tension at each point of the 
bridge is tangent to the curve, it follows that no mortar will be needed if 
the bridge has the shape of a catenary. 


y = (h-+ k) cosh Vw/H x — k. 
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LESSON 36B. A Special Central Force Problem. 


Example 36.5. A particle weighing 16 pounds and 10 feet from a 
fixed point is given a velocity of 15 ft/sec in a direction perpendicular to 
the x axis. The particle is attracted to the fixed point by a force F whose 
magnitude is inversely proportional to the cube of its distance from the 
point. If the proportionality constant is 8, find the distance of the particle 
from the fixed point as a function of the time. 


Solution. Let us take the origin of a coordinate system at the fixed 
point. We have already proved in Lesson 34C that a particle subject to a 
central force moves in a plane. Since the force F acts only in a direction 
along the radius vector, the components of F are, with the proportionality 
constant equal to 8, 


(a) F, = ~ 3 = ma, F, = 0 = ma. 


Here the mass m = 4§ = 4. Hence by (34.21), (a) becomes 


la _ 7) - 8, le; = 
(b) 5 (F — r6°) = ml (276 + ré) = 0. 
After multiplication by 27, the second equation in (b) is equivalent to 
G 2g) 
(c) a (r?6) = 0, 
from which we obtain 
(d) r?6 = ¢}. 


The initial conditions are t = 0, r = 10, v9 = 15. Therefore, by the sec- 
ond equation of (34.2), rd@/dt = 15. Substituting these values in (d), we 
find c, = 150. Hence (d) becomes 


() =>. 


In the first equation of (b) replace 6 by its value as given in (e). There 
results 


1 150 8 1507 — 16 22,484 


an equation which is of the type discussed in Lesson 35A. As suggested 
there, we let u = dr/dt and obtain the system 


22,484 
rr 


(g) f=4, c= 


Following the procedure outlined in Lesson 35A, we multiply the second 


522 Prositems: Systems. SpPeciAL 2np ORDER Equations Chapter 8 


equation of (g) by 2u. The remaining steps are given without further 
comment. 


(h) oun 22, ee oe 2,4 i, 
22,484 an 484 
d(u?) = mt w= — acre + Ce. 


At t=0, r= 10, u=7f= 0. Substituting these values in the last 
equation of (h), we find cp = 22,484/100. Hence by (h) and (g), 


: a ee 1 — 100 
(i) un = f = —22,484 (4- 700 = asst (a 10072 


at 2 = 100r? 
dr) ~ 22,484(r2 — 100)’ 


’ 


ae a 
149.9V/r2 — 100 
Integration of (i) gives 
At t= 0,7 = 10. Therefore cz = 0. Hence (j) becomes 
(k) (14.991)? = r? — 100 
= 100 + 224.842? 


r = V 100 + 224.8412, 


Comment 36.51. Note that for this special central force problem, we 
were able to find r as a function of t relatively easily. In Comment 34.91, 
we remarked on the difficulty in finding r as a function of ¢ in the case of 
a particle moving subject to the inverse square law. 


EXERCISE 36B 


1. A particle of mass m is attracted to a fixed point O by a force F that varies 
inversely as the cube of the distance r of the particle from O. Initially the 
particle is a units from O and is given a velocity vo in a direction perpendicular 
to the z axis. Find: 


(a) € as a function of r. 
(b) ras a function of t. 
(c) 7 as a function of 0, where @ is the polar angle. 


Take mk for the proportionality constant. Hint. In (c), after you obtain 
an equation for #2 divide the equation by 6? = a2v9?/r4 and note that #/6 = 
dr/d6. Initial conditions are t = 0,r = a, 6 = 0,7 = 0, v0 = abo. 

2. Solve problem 1 if the particle is repelled from instead of being attracted 
to 0. 
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3. A particle of mass m is attracted to a fixed point O by a force F that varies 
inversely as the fifth power of the distance r of the particle from O. Take 
k?m for the proportionality constant. Initially the particle is a units from O 
and is given a velocity v0 = k/(a®4/2) in a direction perpendicular to the 
x axis. Find r as a function 6. See also Exercise 34H,4. Hint. You should 
obtain #2 = —k?/(2a2r2) + k?2/(2r*) and 6? = k?/ (2a2r4), Divide #? by 6? 
and note that 7/6 = dr/d@. Initial conditions aret = 0,r = a,9 = 0,# = 0, 

= abo = k/(a2/2). 


ANSWERS 36B 
a 
lL @) P= Fo — 0), 
2 2, av —k 2 
(b) =a +—Z—?, 
(ec) r= asec V Tt — Eg, 


Note that there are three different possible orbits depending on whether & 
is less than, equal to or greater than v9. 


a ay tee 
are hl Reg 
V a2v92 + k 
aa near 


3. r = acos 6, which is the equation of a circle through the origin. 


LESSON 36C. A Pursuit Problem Leading to a Second Order 
Nonlinear Differential Equation. In Lesson 17, we solved pursuit 
problems leading to a first order differential equation. We shall now solve 
a@ pursuit problem which leads to a second order nonlinear differential 
equation. 


Example 36.6. A fighter pilot sights an enemy plane at a distance 
and starts in pursuit, always keeping the nose of his plane in the direction 
of the enemy plane. Assume the enemy plane is flying in a straight line 
at Vz miles/hour, and the fighter plane is flying at Vr miles/hour. Find 
the equation of the path of the fighter plane as seen by an observer on the 
ground. Nors. This is the same type of problem as the relative pursuit 
problem of Lesson 17B. Here, however, the origin is fixed in space and 
does not move with the enemy plane. 


Solution (Fig. 36.61). Let the origin be the position of the enemy 
plane, and Po(zo,yo) be the position of the fighter plane, at time ¢ = 0. 
Let the x axis represent the line of flight of the enemy plane. Then at the 
end of ¢ seconds, the enemy plane has gone a distance equal to Vzt miles 
along the x axis, and the fighter plane, which is now at P(z,y), a distance 
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Vrt miles along the arc of his path. Hence the fighter plane’s distance in 
time ¢ is given by 


YY Y 
(a) v= — ff V1+ (dx/dy)? dy, i--if V1+ (dx/dy)? dy. 


(The minus sign is necessary since yg > y.) At P the fighter’s direction 
is toward the bomber’s position (Vgt,0) and is tangent to the curve of pur- 


Po(X0s Yo) 


(0,0) (Vs t,0) Xx 
Figure 36.61 


suit there. Hence the slope of the curve at P is y’ = tan 0= —y/(Vgt — 2). 
Therefore at P 


dy _ y : dx __ «— Vrt, =7(- dz\ 
(b) dx «—Vrt’ dy y ! ba Tee Y dy 
Equating the values of ¢ in (a) and (b), we obtain 
y 

1 dx 1 

2a cot gp Pe ees V1 + (dz/dy)? dy. 
() He (2-v#) = — bf vit era ay 
Differentiation of (c) with respect to y gives, by (9.15), 

1 [dx d’z dx Es ; 7Vit Gay, 
@ we % mee ae 


which simplifies re with Vz/V > replaced by a new constant k, 
= 2 <= NEE 
(e) yo ay ; kV/1 + (dx/dy)?2, k Ve 


This equation is of the type discussed in Lesson 35B, with x and y inter- 
changed. Following the procedure outlined there, we let 


dz du dx 
o 8 ay dy a 
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Substituting these values in (e), we obtain the system of first order equa- 
tions 


(g) ay Ge oeiee. 
The solution of the second equation in (g) is 


(h) log (u + VI + u?) = klog y + log ci, 
which we can write as 

(i) VI + v2 = cyy* — u. 
Squaring (i) and simplifying the result, we obtain 

(j) 1 = ¢,2y?* — 2e,y*u. 


Replacing u by its value in (f), we have 
de _ oy = 1 1 »_v). 
(k) dy = =%3 cy 


If k = Vz/Vr, is not equal to one, i.e., if the velocities of fighter and 
bomber are not the same, then integration of (k) gives 


ys 
- C1 kl _ Ve 
()) t= alec 1a =o atalt at, 1. 


At t= 0, t = 20, y = Yo, dy/dz = yo/xo, which implies, by (f), that 
u = dx/dy = %o/yo. Substituting these values in (1) and (k), we obtain 
respectively 


Gn) F =3| C1 yy RL yo" |+e 
o=3lk+1"° ae= DI 
(n) 20: exyo™ — 1 
Yo 2c1Yo® 


With the aid of equations (m) and (n), we can obtain, in a particular 
problem, the values of c; and cz. The curve of pursuit is given by (1). 
If k = 1, then by (k) 


(0) 
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EXERCISE 36C 


1. A dog sees @ cat and starts in pursuit always running in the direction of the 
cat. The dog’s speed is vg ft/sec, the cat’s v, ft/sec. Assume that initially 
the dog is at (0,a), the cat at (0,0) and that the cat runs straight for a tree 
located on the z axis. 


(a) Let k = v-/vg. Determine the equation of the dog’s path if k # 1 and 
if k = 1. Hint. Follow the method of Example 36.6. Initial conditions 
aret = 0,2 = 0,y = a,u = dz/dy = 0. 

(b) Show that if k < 1, ie., if the cat’s speed is less than the dog’s speed, 
the cat will reach the tree in safety provided the distance of the tree from 
the origin is <ak/(1— k?). Hint. Show that when y = 0, 
xz = ak/(1 — k*) and therefore that dog and cat would meet at this 
distance from the origin. 

(c) When will the dog reach the cat, assuming the tree’s distance is 
>ak/(1 — k?)? 

(d) Show that ifk > 1,27 © asy > Oandifk = 1,27 © asy > 0. 
In both cases, it is evident that the dog cannot reach the cat. 


2. A fighter plane, located at (0,0), sights a bomber at (a,0) and starts in pursuit 
always keeping the nose of his plane in the direction of the bomber. Assume 
the bomber is flying parallel to the y axis at vg mi/hr, and the fighter plane’s 
speed is at vp mi/hr. 


(a) Let & = vp/vr. Find the equation of the fighter’s path if k ~ 1, and if 
k = 1. Hint. Follow method of Example 36.6. Initial conditions are 
t=0,2 =0,y = 0, dy/dz = 0. 

(b) Show that if k = vp/vr < 1, i.e., if the bomber’s speed is less than the 
fighter’s speed, the fighter will reach the bomber at z =a, y = 
ak/(1 — k?). Hence show that the fighter will reach the bomber in time 


eRe oe Ed, 
va(1 — k2) vp? — vp? 


(c) Assume a = 2 mi, vr = 300 mi/hr, vg = 200 mi/hr. When will the 
fighter reach the bomber? 


Y 
y=fa) P(X, Y) 
Y-y 
Q(x, y) 
F(X, Y)=0 
(0,0) X 
Figure 36.7 


3. Assume that the pursuéd object does not move along one of the axes, but 
along a given curve F(X,Y) = 0, and that at time ¢, its position is P(X,Y), 
Fig. 36.7. The pursuer, as usual, always moves toward the position P of the 
pursued object. If the pursuer’s position at time ¢ is Q(z,y) and the equation 
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of his path is y = f(x), we have, for the equation of the line PQ, 


(36.71) (X — 2z)y = Y—y. 
With Q(z,y) considered as fixed, the differential of (36.71) is 
(36.72) (X — x) dy’ + y' dX = dY. 
The differential of 
(36.73) F(X,Y) = 0 
is 
oF 


OF 
(36.74) dX + ay dY =0. 


ox 
If the speed of Q is k times the speed of P, we have [speed = |»| = |ds/dt| = 
V (dzx/dt)? + (dy/dt)?, |ds| = dx? + dy?) 


(36.75) Vidz? + dy? = kvV/dX2 + dY2. 


With the help of equations (36.71) to (36.75), solve the following problem. 
A pursued plane P flies in a straight line making an angle of 45° with the x 
axis. Find the equation of the path of the pursuing plane Q if its speed is 
twice that of the pursued plane P. Choose the origin on P’s path. Hint. Here 
(36.73) is X — Y = 0, (36.74) is dX — dY = 0, (86.75) is 


(36.76) V1-+ (y)2 dz = 2/1 + (d¥/dX)2dX = 2/1+1dX = 2/24ax, 


(36.71) is (X — z)y’ = X — y, (86.72) is (X — 2) dy’ = (1 — y’) aX. 
(z — X) dy’ 


— © — A) ay oe oe ~Y_,._~3277 
Now show that dX = et and y 1 Yoru 1 rafX’’ 
= = , 
z2—-X= 7 = S . Hence dX = raat . Substitute this value of dX 
in (36.76) to obtain 
@ 
(36.77) / — VIF OF = 22 — 2) FF. 
To solve (36.77), make the substitution 
= du _ dy dy dul dy _ du 
(36.78) u=y—aZ, Ge ae 1, dn 1+ a’ a? ~ de 


There should result 
du\? du\? ay 
(36.79) (#) 1+ ( + *) = W/2u aa 


Since (36.79) does not contain the independent variable z, the method of 
Lesson 35C is applicable. 


ANSWERS 36C 
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2 2 
2=}/¥ bl — alog k= 1. 


ava 


a 
(c) ¢ = mall — B) —B = 2 oa 72 sec. 


1[ (a — z)'** ve 9) ak 
20-3 Say Saat bet 
1 a 2(% — 2a) 
y~ 3 [ete 2+ 2a |: 
(c) ¢ = 43.2 sec. 
3/2 
8. 22a = 2arVy — — vi —2) YS + a, 


LESSON 36D. Geometric Problems. In Lesson 13, we solved geo- 
metric problems which gave rise to a first order differential equation. In 
this lesson, we shall solve a geometric problem giving rise to one of the 
specific types of second order equations discussed in Lesson 35. 

In rectangular coordinates the radius of curvature R of a curve 
y = f(x) at a point P(z,y) on it is given by the formula 


213/2 
(36.8) rabtw. 
Y R Y 
y>0; also 
y" >0 since 
the curve is 
concave up 
at P(x,y) e 
¥y <0; also 
y" <0 since 
the curve is 
concave down 
at P(x,y) 
(a) (b) 
Figure 36.81 


If a normal to the curve is drawn from the point P to the z axis, then it 
and the radius of curvature have: 


1. Opposite directions when y and y’’ have the same signs, see Fig. 36.81(a) 
and (b). 

2. The same directions when y and y” have opposite signs, see Fig. 36.82(a) 
and (b). 
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y> 0; also ; 
y" <0 since y< “A also 
the curve is y" > 0 since 
concave down the curve is 
at P(x, y) concave up 

e4 at P(x, y) 

Y 
(a) (b) 
Figure 36.82 


Example 36.83. Find the family of curves whose radius of curvature 
is twice the length of the normal segment from a point on the curve to 
the x axis, (a) if normal and radius of curvature have opposite directions, 
(b) if the two have the same directions. 


Solution. The length of the normal segment from a point on the 
curve to the x axis is [see (i) of Exercise 13,1] |y/1 + (y’)2|. Hence by 
(36.8) and the hypothesis of the problem, 


1\ 2138/2 
(a) ES yl = sai FOF, 


where the plus sign is to be used when normal and radius of curvature 
have opposite directions, the minus sign when they have the same direc- 
tion. Division of (a) by [1 + (y’)?]"/? gives 

(b) 1+ (y’)? = +2yy", 


an equation which is of the type described in Lesson 35C. In (b), we there- 
fore make the substitutions 


d 
(c) y = 4, y= uae 
thus obtaining 
2 du 2u du ats dy . 
(d) Le eae Tee Sy 
The solution of (d) is 
(e) log (1 + u?) = log y + log cy. 


From (e) and (c), we obtain the equation 


(f) 1+u? = cy, W  aVey—1, — 
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when normal and radius of curvature have opposite directions, and the 
equation 


(g) Ifu=%, =+,°—# ea Jee = th, 
Ver — y 


when they have the same directions. The solution of the last equation 
in (f) is 

2 
(bh) FVey—1= +(@+e),  4(cry — 1) = e1°(@ + 0), 
which is a family of parabolas with vertices at (—c2,1/c,) and axes parallel 
to the y axis. The solution of the last equation in (g) is (substitute u = ~/y) 


(i) c, Arcsin Vy/ce} — Vy(c1 — y) = 424+ ©2, 


which is a family of cycloids. (For definition of a cycloid, see Exercise 
28c, 34.) 


EXERCISE 36D 


1. Find the family of curves whose radius of curvature is equal to the length of 
the normal segment from a point on the curve to the z axis and has the same 
direction as the normal. Identify the family. 

2. Solve problem 1, if the radius of curvature and normal have opposite direc- 
tions. Identify the family. 

3. Find the family of curves whose radius of curvature has a constant value k. 


ANSWERS 36D 


1. (« — c1)? + y? = ce. A family of circles with centers at (ci,0) and radius 


C2. 
2. c1y = cosh (+ciz -+ ce). A family of catenaries. 
3. (x — c1)? + (y — ca)? = B. 
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Series Methods 


Introductory Remarks. As we have repeatedly emphasized, few 
differential equations have solutions which can be expressed explicitly or 
implicitly in terms of elementary functions. When a solution cannot be 
expressed in this way, the problem of finding a solution of a differential 
equation is not entirely hopeless. There are available graphical methods, 
some of which were described in earlier lessons, numerical methods which 
will be discussed in the next chapter and series methods which we shall 
consider in this chapter. Furthermore, it is frequently true that an im- 
plicit solution in terms of elementary functions is less useful than a series 
solution or a numerical one. Implicit solutions are usually such compli- 
cated expressions that it is extremely difficult to find values of the de- 
pendent variable for given values of the independent variable. 

For a clearer understanding of the subject matter of this chapter, it 
will be necessary to have a knowledge of Taylor series and to know certain 
definitions and theorems from analysis. Hence, before beginning a discus- 
sion of series methods for solving differential equations, we shall first re- 
view this needed material for you. 


LESSON 37. Power Series Solutions of Linear 
Differential Equations. 


LESSON 37A. Review of Taylor Series and Related Matters. A 
series of the form 


(37.1) ao + ai(x — x0) + ao(z — x0)? + ag(z — to)? +---, 


where Qo, @1, Go, °+* , Xp are constants and z is a variable is called a power 
series. A power series may: 


1. Converge only for the single value x = 2p. 

2. Converge absolutely for values of x in a neighborhood of zo, i.e., con- 
verge for |x — xo| < h; diverge for |z — ro| > h. At the end points 
Zo + h, it may either converge or diverge. 

3. Converge absolutely for all values of 2, i.e., for —o <x < oo. 

531 


532 Serres Metuops Chapter 9 


In cases 2 and 3, the set of values of x for which the power series con- 
verges is called the interval of convergence-of the series. In case 2, for 
example, if a series also converges for z = 29 + h, then its interval of con- 
vergence is zp —h Sx S Xo +h, if it converges only for + = rp + h, but 
not for x = x 9 — h, then the interval of convergence is 7 —h < 2x S 
Zo +h; etc. In case 3, the interval of convergence is the entire real axis. 


Comment 37.11. Interval of Convergence. In the calculus you were 
taught certain tests by which you could determine an interval of con- 
vergence of a power series. A simple one and one which is frequently used 
is known as the “ratio test.” It states that the series 


Uy + Ug + Ug tees +p tes: 
converges absolutely if 
(37.12) lim im |“ett| = =k<1. 


We give below examples of each of the three types of series. For con- 
venience we have taken %) = 0. 


Example 37.13. Determine the interval of convergence of the power 
series 


(a) 1+ lle + Qe? 4+ 8? +--+ 4+ nke™+--- 
Solution. Here u, = n!z", un41 = (n + 1)!2"t!. Therefore 
Untr} _ | (m+ Ut oP *h) 


For each x ¥ 0, |(n + 1)z| > 0 as n— oo. Since this limit ~ k < 1, 
the series (a), by Comment 37.11, converges only for x = 0. 


Example 37.14. Determine the interval of convergence of the power 
series 


1 
(a) Ltatgert gar te pattie, 
Solution. Here un = 2", Un41 = 2"*}. Therefore 
(b) tim || = tim |e) 2") _ hy 
nao] Un n—0 n an 5 


Hence, by Comment 37.11, the series (a) converges absolutely for each x 
whose absolute value is less than one. The interval of convergence, how- 
ever, is —1 < x < 1, since the series converges for r = —1, but diverges 
forz = 1. 
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Example 37.15, Determine the interval of convergence of the power 
series 


a? at 8 (— ici 
(a) l-ata att en He Ot 
: nl) 22” 
Solution. Here jun| = Qn — 23)! ’ jun+a| <= @n)i . Therefore, 
2n 2 
~ |Ung1| 4, 2” (2n — 2)! iy. x = 
() bai Un | no (2n)! 22n-2 0 in Qn(2n — 1) 0, 


for each x. Hence, by Comment 37.11, the series (a) converges absolutely 
for all x. Its interval of convergence is therefore the entire real axis. 


We now state a number of relevant theorems in connection with power 
series. 
Theorem 37.16. If a power series (87.1) converges on an interval I: 


|x — xo| < R, where R is a positive constant, then the power series defines 
a function f(x) which is continuous for each x in I. 


Comment 37.17. If one writes a power series, say 
(a) I+etartaht---, 


which is convergent on I: —1 < x < 1, then by Theorem 37.16, the 
series (a) defines a function which is continuous on this interval. The 
question naturally arises: which function? This question is, in general, 
not easy to answer although it is for (a), because the series is a geometric 
one. This series, for each x for which |x| < 1, converges to 1/(1 — 2). 
Hence, 


() fe) =; 


1 
For example, when x = 3, then f(4) = ae = 2 and the geometric 


1 


SH lteter tai te, jz] < 1. 


series on the right converges to 2. Butifz = 2, then f(x) = 1/(1 — 2) = 
—1, and the series on the right of (b) certainly does not converge to —1. 
Now consider the power series 


xz 2° x ner ye"! 
(c) Bie gt a eee ee eee), pee er g 


whose interval of convergence is also —1 < x < 1. Hence by Theorem 
37.16, it defines a function f(z) which is continuous on this interval. In 
this case only one familiar with series might recognize that the series (c) 
defines the function Arc tan x. It is a fact, however, that many conver- 
gent power series cannot be linked to elementary functions for the very 
good reason that many convergent power series do not define elementary 
functions. 
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The converse of the question raised above is somewhat easier to answer, 
ie., given a continuous function on an interval J, is there a power series 
which defines it? We shall state certain theorems below which not only 
will give us the answer to this question, but also will show us at the same 
time how to find the defining power series, if the function has one. 


Theorem 37.2. If f(x) ts defined by a power series, 1.e., if 


(37.21) f(x) = ao + a(x — 20) + ae(x — 29)? 
+ as(a — ao)? ++-:, I: |x — xo| < R, 
then 


(37.22) f’(x) = a, + 2ae(x — x9) + 8a3(a — 2)? +°-, 

I: |x — xo| < R, 
t.e., the power series obtained by differentiating each term of (37.21) defines 
(or converges to) the derivative of f(x) on the same interval I. 

Theorem 37.23. If f(x) and g(x) are defined by power series, t.¢., if 
(37.231) f(x) = ao + a,(@ — x) + a2(@ — ao)? +--+, [2x —atol < R 
and 
(37.232) g(x) = bo + bi(w — 2) + bo(t — 2%)? +--+, |e — xl < R, 
then f(x) = g(x) if and only if 
(37.233) Qo = bo, a, = bi, a2 = be, 

Theorem 37.24. If f(x) is defined by a power series, 1.e., if 


(37.25) f(x) = ao + ay(% — 2) + a2(t — a)? + --- 
+ an(x — to)" +---, |x — tol < R, 


then 
(37.26) a9 = f(o), a1 = F'(20), 
a> = 1@0),... = £@o),... 
a | ae ee a 


Proof. By Theorem 37.2, the successive derivatives of (37.25) are 
(a) f’(x) = a, + 2ag(% — x9) + 8a3(x — to)? +--+ 
+ nan(t — ao)" +++, 
f'"(@) = ag + Blag(x — xo) + -+++ n(n — 1)an(e — to)? +--+, 
SM (@) = Blag ++ +++ n(n — 1)(n — 2an(e — mo)"“F +++, 


SY 


f(a) = nlan + (m+ 1)!ang1(@ — 20) +++. 
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In (37.25) and (a), set x = 29 in each equation. There results 


(b) f(@o) = 40, = f'(@o) = 1, ~—f’" (0) = laze, 
f'" (wo) = 3!az, +--+, — f*(to) = nian. 
Hence by (b), 
(c) G = f(to), a1 = f' (£0), 
a” mw (n) 
a, = Lo), ag = 0)... a, = LG), 


, 


If f(x) is defined by a power series, then by (37.25) and (37.26), 


(3727) fle) = feo) + £"(e0) (a — 20) + G2 (we — 29)? 
+ FG) (a — 24) + 


(n) 
+ LOGO (@ — ag $e, fe — ad < B. 


If xo = 0, then (37.27) becomes 
(37.28) fl) = fO +F'O2+ TO 2400 4. 


(n 
ge igo 


Definition 37.3. The series on the right of (37.27) is called the Taylor 
series expansion of f(x) in powers of (x — zo), or in a neighborhood of zo. 


Definition 37.31. The series on the right of (37.28) is called the 
Maclaurin series expansion of f(x) in powers of x, or in a neighborhood 
of zero. 


Example 37.32. Assume the function f(z) = sinz is defined by a 
Maclaurin series (37.28) on some interval. Find the series and its interval 
of convergence. 


Solution. Taking successive derivatives of f(x) = sin x and evaluat- 
ing them at x = 0, we obtain 
(a) f(x) = sing, f0) = 9, 
f'(x) = cos 2, f'0) = 
f(z) = —sinz, f’(0) = 90, 
f(z) = —cosz, f’’(0) = —1, 
f"(@) =sinz, f%(0) = 0, 
f®(2) = cosz, f(0) = 1. 
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Substituting the right-hand values of (a) in (37.28), there results 


. - xz? 2° ty 22" 
(b) sinz= 2 — Spt eps + (-1" Gn got: 
Here [up| = 2?*—*/(2n — 1)!. Therefore 


zt! (2n — 1)! 


Un+1 
mm | Q@n+D! +1)! 22-1 


Un 


= lim 


no 


(c) lim |=0, 


no 


(2n) zm + 1) 
for each x. Hence by Comment 37.11, the series (b) converges for all x. 


Comment 37.33. Theorem 37.24 says that if f(x) is defined by a 
power series, then the coefficients in the series are given by (37.26). But 
it does not tell us whether f(x) can be defined by a power series. Perhaps 
it cannot. Here is an example of a function which cannot be thus defined. 
Let 


(a) f(z) = ec"? ot £0 
=0, rc=0. 


iy 


The function f(z) is continuous at zx = 0. Its derivatives at x = 0 are 


[use the definition of the derivative f’(0) = lim f(r) — f fh) = 10) 


(b) f'(0) = 0, f’() = 0, f’"(0) = 0, ---. 
Substituting these values in (37.28), we obtain 


() fe) =O0F0r+ Fe + Ate =0F04F04-%, 
—o <2 < ow. 


For an x ~ 0, the right side of (c) certainly does not converge to the 
function f(x) defined by (a). For example, if = 0.1, then by (a), f(0.1) = 
e~/0-01. The series on the right side of (c), however, converges to zero 
for all x. 

If therefore we start with a continuous function f(x) and obtain a 
power series whose coefficients are given by (37.26), we still need a theorem 
which will tell us whether the power series thus obtained actually defines 
or converges to the given function f(z). For this purpose we introduce the 
following theorem. 


Theorem 37.34. Taylor's Theorem. If a function f(x) has derivatives 
of all orders on an interval I: |x — xo| < h, then 


(87.35) f(a) = flee) + F'(ao)(z — 20) +0) (a — 2)? + 


+ LEO) (a — 29)" + Bala), 
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where R,(x), the remainder term or the sum of all terms after the (n + 1) 
term, is given by 
_ fete — x)"t" 
(37.36) R,(2) = in Fil , 
and X is between xo and x. 


If Ry(z) — 0 as n — oo, then and only then is 


(87.37) fle) = flee) + F"(eo)(e — 20) +E (@ — 20)? + +>, 
|z — tol < h, 
t.e., the infinite series on the right actually converges to and defines the func- 
tion f(x) on I: |x — aol < h. 
Remark. The series on the right of (37.35) is called a Taylor series 


with remainder. 


Definition 37.4. A function f(x) is said to be analytic at a point 
2 = Zo if it has a Taylor series expansion in powers of (x — po) valid 
for each x in a neighborhood of zo. 


Definition 37.41. A function f(x) is said to be analytic on an in- 
terval if it is analytic at each point of the interval. 


Examples of Analytic Functions. It has been proved that each of the 
functions listed below is analytic on the interval indicated. Its Taylor 
series expansion is given by the series on the right. 


2 3 

(37.42) fm ltstotrate, —0 <2 <0; 
cee =1—- Sth Hy... —0o <2 < 0; 
dine 2—S+5—H4e, —0o <2 < 0; 

Aretang =2—% ee 4 -Ils27s1l. 


Comment 37.43. Because of (37.26), an analytic function has one 
and only one Taylor series expansion. This fact implies that the same 
series results no matter what method is used to obtain it. Verify, for 
example, that the series 1/(1 — 2) = 1+2+2?+4+---, [2] <1, can 
be obtained by Theorem 37.24 as well as by ordinary division. 


LESSON 37B. Solution of Linear Differential Equations by Series 
Methods. The series methods we shall describe in this lesson are espe- 
cially well suited for finding a solution of the linear differential equation 
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with nonconstant coefficients, 


(37.5) y™ + fas(z)y®—? + +++ + fila)y’ + foxy = Q(z). 


We shall therefore consider this class of equations first, and then proceed 
to a discussion of other types of differential equations and to systems of 
differential equations. 

In Theorem 65.2, we state and prove a sufficient condition for the 
existence and uniqueness of a solution of (37.5) satisfying n initial condi- 
tions. Here we merely state, without proof, a sufficient condition for the 
existence of a power series solution of (37.5). 


Theorem 37.51. If each function fo(x), fi(z), +++, fn—i(%), Q(x) in 
(87.5) is analytic at x = Xo, 1.e., if each function has a Taylor series expan- 
sion in powers of (x — xo) valid* for |x — xo| < 1, then there is a unique 
solution y(x) of (87.5) which is also analytic at x = xo, satisfying the n 
initial conditions 


(37.52) y(Xo) = ao, y' (xo) = @1,°°", yo) = An—-1; 


t.e., the solution has a Taylor series expansion in powers of (x — xo) also 
valid for |x — xo| < r. 


Comment 37.53. A polynomial is a finite series. Hence the series is 
valid for all x. If therefore the functions fo(z), f(x), -> +, fa—1(x), Q(z) of 
(37.5) are each polynomials, then, by Theorem 37.51, every solution of 
(37.5) has a Taylor series expansion valid for all =. 


Comment 37.54. An existence theorem tells you only whether a solu- 
tion of a differential equation exists. It does not tell you how to find the 
solution. 


First Series Method. By Successive Differentiations. We shall 
illustrate by examples the first method of finding a power series solution 
of a linear differential equation. 


Example 37.541. Find by series methods, a particular solution of the 
linear equation 


(a) y" — (@+ Dy +2%y= 2 
for which y(0) = 1, y’(0) = 1. 


Solution. Comparing (a) with (37.5), we see that fo(v) = x7, fi(z) = 
—x — 1, Q(x) = «. Since all these functions are polynomials, the series 
solution we shall obtain, by Comment 37.53, is valid for all 2. Because 


*We shall use the word “valid” to mean that for each x in a neighborhood of zo the 
series expansion of the function converges to the value of the function. 
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we have been given values of the solution and its derivative when x = 0, 
we seek a solution in the form of the Maclauirin series (37.28). With f(z) 
replaced by y(x) it becomes 


0 (1) 
(b) v(e) = (0) + vx + LO ot + V0) 43 
y 
i at + 
By the initial conditions, z = 0, y = 1, y’ = 1. Substituting these values 


in (a) gives, 
(c) y"(0) -1=0,) y"0) = 1. 


In (b), we now know, by the initial conditions and (c), the values of 
y(0), y’(0), y’’(0). To find the values of succeeding coefficients, we take 
successive derivatives of (a) and evaluate them at (0,1). The next two 
derivatives are 


(d) yy!” — wt ly” — y + xy + Qay = 1, 
Rec: (2 + ly” — Qy" + ? y+ Any’ + 2y = 0. 


Hence when z = 0, y = 1, y’ = 1, y” = 1, we obtain from (d) 
(e) y"(0) = 3, (0) = 3. 
Substituting in (b), the initial conditions, (c) and (e), we have 
v2? ot 
() y@)=ltretytaet et, ~e << om, 
which gives the first five terms of a series solution of (a) satisfying the 


given initial conditions. 


Example 37.55. Find by power series methods, a particular solution 
of the linear equation 


x 1 
(a) fea = SS = 9, lz| > 1, 


for which y(0) = 1, y/(0) = 1. 


Solution. Since the initial conditions have been given in terms of 
x = 0, we seek a series solution in powers of x. Comparing (a) with 
(37.5), we see that fo(x) = —1/(1 — x”), fi(x) = 2/(1 — 2), Q(z) = 0. 
The Maclaurin series expansion of —1/(1 — 2?) is 
0) pepe tet tatt ef tee, el <i. 


x 
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The Maclaurin series expansion of x/(1 — x”) is also valid for |z| < 1. 
Hence by Theorem 37.51, each solution of (a) has a power series expansion 
which is valid for |z| < 1. By the initial conditions, x = 0, y = 1, 
y’ = 1. Substituting these values in (a) gives 


(c) y(0) = 1. 


In the Maclaurin series (37.28), namely 


0 yy" 0 
(da) ya) = v0) + Ox + OO 4 vO) , 2O WO) oh pe: 
we now know, by (c) and the initial conditions, the values of (0), y’(0), 
y’(0). To find the values of succeeding coefficients, we multiply (a) by 
(1 — x), then take its successive derivatives and evaluate them at 
(0,1). The next two derivatives are 


(e) (a 2% x?)y!" <= zy” = 0, (1 —z 2\y (4) __ 3xy!” — y” = 0. 
Hence when «x = 0,y = 1, y’ = 1, y” = 1, we find from (e) 
(f) y’"(0) _ 0, y™(0) = 1. 


Substituting in (d) the initial conditions, (c) and (f), we obtain 
x? xt 
(g) y@)=ltetytogti, —-l<2z<i1, 


which gives the first five terms of a series solution of (a) satisfying the 
given initial conditions. 


Example 37.56. Find by power series methods a particular solution 
of the linear equation 


1 1 
(a) y" +oy —my=9, x #0, 


for which y(1) = 1, y’(1) = 0, y’(1) = 1. 


Solution. Since the initial conditions have been given in terms of 
x = 1, we seek a series solution in powers of x — 1. Comparing (a) with 
(87.5), we see that fo(x) = —1/x?, f,(z) = 1/x, Q(x) = 0. The series 
representation of 1/2? in powers of x — lis 1 — 2(x — 1) + 3(z — 1)? — 
4(x — 1)? +--+, whichis valid for0 < x < 2. The series representation 
of 1/z in powers of (z — 1) is 1 — (x — 1) + (@ — 1)? — (@ — 1)?+ 
which is also valid for 0 < x < 2. Hence, by Theorem 37.51, each solu- 
tion of (a) has a Taylor series expansion in powers of x — 1, valid for 
0 <x < 2. By the initial conditions, r = 1, y= 1, y’ = 0, y’ = 1. 
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Substituting these values in (a) gives 

(b) Y"Q+O0-1=0 yOH=1. 

In the Taylor series (37.27), namely 

© y@ =) tvMe—-n+42e-y+40e@-y 
+ 4O @— 14+ 4M @—yste-., 


we now know the values of y(1), y’(1), y’(1), y’’"(1). To find the values 
of succeeding coefficients, we multiply (a) by x”, then take its successive 
derivatives, and evaluate them at (1,1). The next two derivatives are 
(d) xy + zy + ay" +y'—y =0, 

zy” + ae + y” = 0, ry + 3y + yl" = 0. 


Whenz = ly=1,y' =0,y" = 1,y” = 1, we find from (d) 
(e) yl) = —3, (1) = 8 
Substituting in (c), the initial conditions, (b) and (e), we obtain 
ath 4 @—1)' 1 (c — ane (x — 1)° 


6: 4 eae 
O<2< 2, 


which gives the first six terms of a series solution of (a) satisfying the 
given initial conditions. 


Second Series Method. Undetermined Coefficients. We outline 
a second method of obtaining a series solution, one which does not depend 
on taking derivatives. This method will therefore be more useful than the 
preceding one whenever it becomes too difficult to obtain successive 
derivatives. 


Example 37.6. Find by power series methods a particular solution of 
the linear equation 


(a) y—@+ Dy ta%y=2 
for which y(0) = 1, y’(0) = 1. 


Solution. This example is the same as 37.541. Hence we know that 
(a) has a series solution in powers of x valid for all z. A series solution in 
powers of x has the form 


(b) y(xz) = ao + ayx + anu? + age? + agzt +--- 
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By Theorem 37.2, its two successive derivatives, also valid for all x, are 
(c) y'(x) = ay + 2agx + 3agx? + dag? +---, 
y’'(x) = Zaz + 6agz + 12agz? +--+. 
Substituting (b) and (c) in (a), we see that y(x) will be a solution of (a) if 
(d) 2aq + 6agx + 12a4x? + --- 
— (@ + 1)(a, + 2age + 8agx? + '4agx* + -- -) 
+ 2?(ao + aya + agx? + age? + age* +--+) = x. 
Carrying out the indicated operations in (d) and simplifying the result, we 
obtain 
(e) (2a2g — a) + (6a3 — 2a2 — ay — 1)x 
+ (12a, — 3a3 — 2a_ + ao)a? +--+ = 0. 
Because of Theorem 37.23 [take g(x) = 0 + Ox + Ox? + ---], equation 


(e) will be an identity in x if and only if each coefficient is zero. Hence we 
must have 


(f) 2a, — a, = 0, a2 = 3. 

6a3 — 2ag — a, —1=0, ag = tant) 

12a, — 3a3 — 2a + ao = 0, cal ia 2 st 
By (37.26) and the initial conditions y(0) = 1, y’(0) = 1, we know, with 
wo = 0, that 
(g) m=yO=1 a=y(0)=1. 
Hence by (f), 
1-1 1 

(h) a=% o=4 ag=tttotl. 


Substituting (g) and (h) in (b), we obtain 


; 2 2? of 
(i) y@)=ltetytaot et —_ eo <z< ow, 
which agrees with (f) of Example 37.541. 


Example 37.61. Find by power series methods a particular solution 
of the linear equation 


OF ih ns a eg 
(a) Dee EO ee 0 


for which y(0) = 1, y’(0) = 1. 
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Solution. This example is the same as 37.55. Hence we know that 
(a) has a series solution in powers of x valid for |x| < 1. A series solution 
in powers of x has the form 
(b) Y = do + ayx + aor? + ager? + agzt +--+. 


By Theorem 37.2, its two successive derivatives, also valid for |z| < 1, 
are 


(c) y'(e) = a, + 2agr + Bagz? + 4agx* + 5asx* +--+, 

y" (x) = 2aq + Gagx + 12agx7 + 20asx2 +---. 
The function y(zx) of (b) will be a solution of (a) if the substitution of (b) 
and (c) in (a) yields an identity in z. Multiplying (a) by (1 — x), then 
making these substitutions and simplifying the result, we obtain 
(d) (2ag — ao) + 6agr + (12a, — ag)x? + (20a, — 4a3)z2? +--+ = 0. 


Because of Theorem 37.23, equation (d) will be an identity in z, if and 
only if each of its coefficients is zero. Hence we must have 


(e) a2 = 5 ao, a3 = 0, a = 2, as = Bree 
By (87.26) and the initial conditions y(0) = 1, y’(0) = 1, we know, with 
Zo = 0, that 
(f) q=—yO=1, a=y(O=1. 
Hence by (e) and (f) 
(g) a2= 4, a3=0, a=, as=0,--- 
Substituting (f) and (g) in (b), we have 
(h) yoitet eg daty.., lel <1, 
24 


which agrees with (g) of Example 37.55. 
Example 37.62. Find by power series methods a particular solution of 


, 1 1 
(a) YoPey ~ = 9, 


for which y(1) = 1, y’(1) = 0, y’(1) = 1. 


Solution. This example is the same as 37.56. Hence we know that 
(a) has a series solution in powers of (x — 1) valid for0O <2 <2. A 
series solution in powers of (z — 1) has the form 


(b) y= ao+a;(x — 1) + ae(x — 1)? +. ag(z — 1)? 4+ g(x — 1)*+---. 


544 Serres Metuops Chapter 9 
By Theorem 37.2, its three successive derivatives, also valid for 0 < x < 2, 
are 


(c) y’ = a, + 2ae(x — 1) + 8ag(x — 1)? 
+ 4a4(x — 1)? + 5as(x2 — 1)4+---, 
y” = 2a + 8!lag(x — 1) + 3- 4a4(x — 1)? 
+4:+5as(x — 1)? +---, 
y'”” = B8lazg + 4lag(e — 1) + 60a5(x — 1)? + 
Substituting (b) and (c) in (a), we obtain, after multiplication by x?, 
(d) x*[8!lazg + 4!a4(x — 1) + 60a5(2 — 1)? +--+] 
+ aa, + 2a9(z — 1) + 3a3(x — 1)? 
+ 4a4(a — 1)? + 5a5(a — 1)*+---] 
—[ao + ay(x — 1) + ag(z — 1)? +---] = 0, 


It will be easier to equate coefficients of like powers of x to zero, if we 
express x” and x in powers of (x — 1). Their respective series are, see 
(38.25), 


(e) x? = 1+ 2(¢ — 1) + (x — 1), 
z=1+(@-— 1). 
Substituting (e) in (d), and simplifying the resulting expression, we have 


(f) (6a3 + a1 — ao) + (24a, + 12a3 + 2a2)(x — 1) 
+ (60a5 + 48a, + 9a3 + ae)(z7 — 1)? +---=0. 


Equating each coefficient in (f) to zero, we obtain 
(g) a3 = on » A= xt (—12a3 — 2az), 
= gy(—48a, — 9a3 — ap). 
By (37.26) and the initial conditions, we know, with zo = 1, that 
(bh) a= yl) =1, a =y¥(I)=0, ae = hy"(1) = 4. 
Hence by (g) and (h) 
G@) aa=$, ag=X(-2—-1)=-4, a= H(6-—F-HN= He. 
Substituting (h) and : in (b), we have 


4 — 1/5 


’ 


0<2 <2, 
which agrees with (f) of Example 37.56. 
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Example 37.621. Find by power series methods, a general solution of 
the linear equation 
(a) y” + (sin z)y’ + e*y = 0. 


Solution. All coefficients in (a) are analytic at x = 0. We shall 
therefore seek a series solution of the form 


(b) y = do + ayx + agx? + agr? + agz* + asz®+--- 
Since, by (37.42), 
: 2, 2? 
(c) a aaa se car —0o <24< ow, 
x? 
=1+2+5 eee oe —0o <24< ow, 


each series solution of (a), by Theorem 37.51, is valid for all x. By Theo- 
rem 37.2, the two successive derivatives of (b) are 


(d) y’ = a; + aot + 8agxr? + 4agx*® + 5asr* +---, 
y”’ = 2a + Gagr + 12agx? + asx? + --- 


Making the substitutions (b), (c), and (d) in (a), we obtain 
(e) (2a + 6bagx + 12a4x? + 20a5r° + -- -) 
3 5 
+(2 _ ieee als ) (a; + 2age + 3agx” + 4agx® + 5a5x*+---) 
2 3 
ieee st) 
X (ap + ay + age? + age? + agxt + agz5 +--+) = 0. 


Performing the indicated operations in (e) and simplifying the result, we 
have 


(f) — (2az + ao) + (6a3 + 2a; + ao)x + Gon + 8a, + a, + =) x? 
+ (2005 + daa +ar+ +S) ae +. 


Equating each coefficient in (f) to zero, we obtain 


(g) i aes i ana“ ae eR 
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— — 93 __ 4 _ 1 _ = 
~~ 5 20° 60 120 
ed or) ee ao) a1 ag 
5\ 3 6/  20\ 2/7 60 120 
a 1, 
20 * 30 


Substituting these values of the a’s in (b), there results 


(h) y = ao(l — $x? — fx? + pya* + dye? + 
+ ay(x — 40° — Fort t+ Ai +--), -—0o <2 < ow, 


which gives terms to order five of a general solution of (a). Here ap and 
a, are arbitrary constants. 


Comment 37.63. In finding a series solution of a differential equa- 
tion, it will usually not be easy to write the general term of the series. 
In fact, it will, in most cases, be very difficult if not impossible. However, 
in each of the above examples where we stopped with a finite number of 
terms, it should be evident to you that for each zx in the interval of con- 
vergence of the series, y(x) can be computed to a desired degree of accuracy 
by using sufficient terms, just as e* or sin x can be computed to a desired 
degree of accuracy from their respective series. 


EXERCISE 37 


1. Find the interval of convergence of each of the following series. 
2" 


wrters ae +2) pets 


(b) es ee asi: pa hoe se 


<i 
gape ete + et3a— ae 


2. Obtain the first three nonzero terms of the Maclaurin series for each of the 
following functions. (a) cos x. (b) e%. (c) tan z. 


Obtain terms to order k of the particular solution of each of the follow- 
ing linear equations, where k is the number shown alongside each equation. 
Use both methods of this lesson. Also find an interval of convergence of 
each series solution. 


3% y' —azyt+22 =0, y(0) = 2,k = 5. 
4, x2y” =2+1, yQ) = 1,y'(1) = = 
5. ty bay! —2y=0, y(1) = o yl) = 1 
6. y+ Bay’ + ery = 22, (0) = 1, y/(0) = 
7. vy” — Qay’ + “(og zy = 0, y(1) = 0, y'(1) 5. 

8. (1 — xy!” — Qay’ + 8y = 0, y(0) = 1,9’) = —1,y"(0) = 2,k =6. 
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Obtain terms to order k, in powers of (x — 2) of the general solution 
of each of the following equations, where k and zo are shown alongside 
each equation. Also find an interval of convergence of each series solution. 

9. y” — ay’ +2y = 0, k = 7,20 = 0. 

10. 2(2? + 8)y” + Qry’ + (x +2)y = 0, k= 4,20 = 0. 
11. xy!’ + 2?y’ — 2y = 0, k = 4,20 = 1. 

12. y” — ay’ —y = sinz, k = 5,20 = 0. 


ANSWERS 37 
l(a) —~o <t< mw. (b) [2] <t (0) —4< 2 < —2. 
2 xt x 
2(@)l—-gtaac (b) lt+a+ 5 t+ 


2 22° 
(pet tote 


3 4 4b 
Ry = 2te —Zte ie t , ~O KBE 
3 4 
4y=1+( yp GUY GD... occa 
5.y =2—1— He — 1)? +4@—1)? — He —DtEt---, O< ez < 2. 
2 
6 yal-2—-S4+ 345-2, —o <a < om, 
hy = Fe—1I+4e—1? +32 — 18 — meat a care 
O<z<2 
3 4 5 6 
yet Sees Hee » ~l<2z<il 


3 5 7 
wt 4-5 saat) —o <r < ow, 


a 6 120 1680 
(.-3 -)ta(e-$-5+--) 
10. y = ao ee ee +a t—oy- ato: ’ 
—2/2 <2 < 22 
3 4 
igre tess te ee Uy.) 


4 
Haleris @ Ge ey SESE I iat 


4 3 5 
heen ere 
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LESSON 38. Series Solution of y’ = f(x,y). 


The two methods outlined in the previous lesson for finding a series 
solution of a linear equation carry over without change to the finding of 
a series solution of a general first order equation 


(38.1) y’ = f(x,y). 


However, the determination of the interval of convergence for which the 
series solution is valid is a more difficult task. We shall first give a defini- 
tion and then state without proof the relevant theorem we shall need in 
this connection. 


Definition 38.11. A function f(x,y) is analytic at a point (x0,yo) if it 
has a Taylor series expansion in powers of (x — 2) and (y — yo), valid 
in some rectangle |x — xo| < b, ly — yo| < ¢, ie., f(x,y) is analytic at 
(0,Yo) if 


(38.12) f(x,y) = doo + [aio(z — 20) + aoily — yo)] 

+ [a2o(% — to)? + ai1(% — 20)(y — Yo) + do2(y — yo)*]+°-°, 
is valid for each (x,y) in the rectangle |z — ao| < b, ly — yo| < ¢ which 
has (%9,Yo) at its center. 


Comment 38.121. The method for finding the coefficients a,; in 
(38.12) is essentially the same as that used in Theorem 37.24 to find the 
coefficients a; in (37.25). These values of a;; are 


(38.13) doo = f(o,Y0); 


ates af (xo,Yo) __ Of(Zo,Yo) . 
10= "oe a1 = Oy ’ 
Beoicece 87f(£o,Yo) _ 2 d*f(zo,Yo) 
20-31 aez 71 : 


“21 dxéy 
— 1 d?f(eoyo) . 
a2 = 21 ay? , 
ut eel a*f(xoryo) , gets a*f(xo,Yo) , 
30" 3! a8 21°" 31 dx? dy 
3 d3f(to,¥o) | — 1 a°f(eoyo) . 
3 31s’ 


i 


The symbol d"f(xo,yo)/dx” means evaluate d"f(x,y)/dx" when x = Zo, 
y = Yo. Similarly, the symbol d"f(x0,yo)/dy” means evaluate d"f(x,y)/dy” 
when + = 20, Y = Yo. 


In Theorem 58.5, we state and prove a sufficient condition for the exist~ 
ence and uniqueness of a particular solution of (38.1) satisfying an initial 
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condition. Here we merely state without proof a sufficient condition for 
the existence of a power series solution of (38.1). 


Theorem 38.14. If the function f(x,y) of (8.1) ts analytic at (xo,yo), 
t.e., of f(x,y) has a Taylor series expansion in powers of (x — 2) and 
(y — yo), valid for |x — xo] <1, ly — yol < 17, and if for every (x,y) in 
this 2r X 2r rectangle which has (xo,yo) at its center, 


(38.15) lf(z,y)| S M, 
where M is a positive number, then there is a unique particular solution 


y(x) of (38.1), analytic at x = xo, satisfying the initial condition y(xo) = yo, 
1.¢., the solution has a Taylor series expansion 


(88.16) yz) = ylz0) + y"(e0)(e — 20) + PE (we — 29)? 


+ UG) (@ — ag) +--+, 


3! 
valid in an interval about xo. This interval is at least equal to 
: r 
(38.17) I: |e — 2o| < min (- 3) ; 


where r is given above and M is given in (88.16). 


Remark. This theorem is a special case of the more general theorem 
on systems stated in Lesson 39. See Theorem 39.12. 


Comment 38.18. Formula (38.17) gives a minimum interval on which 
the series in (38.16) converges to the solution y(z) satisfying y(ro) = yo. 
The actual interval of convergence may be larger. 


Example 38.2. Find by series methods a particular solution of the 
nonlinear first order equation 


(a) yarty’, 
for which 
(b) y(0) = 1. 


Solution. Here f(z,y) of Theorem 38.14 is 2? + y? and x = 0, 
Yo = 1. In Comment 38.21 below, we show how to obtain the Taylor 
series expansion of x? + y” in powers of x and (y — 1). This series is 


(c) fey) = 2? + y? = 14 %y — 1) +2?+ (y — 1)? 


Since the series is finite, it is valid for all x and y. We may therefore choose 
for r of Theorem 38.14 any value we please. For an arbitrary r and with 
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|z} <r, ly — 1| < 1, (c) becomes 
(d) jx? + y?| <1 2r+ 7? +7? = 2? 4 24-1, 


which is the maximum value of x? + y? for all (x,y) ina 2r X 2r rectangle 
which has (0,1) at its center. It is therefore the M of (38.15). Hence, by 
the theorem there is a unique particular solution y(x) of (a), analytic at 
x = Xo = O, satisfying (b), ie., the solution has a series representation 
of the form (38.16), namely 


(e) y(z) = y(0) + y'(0)e + 2 y"(0) AO 2420 yO) a ee 


valid in an interval about x = 0. By (38.17), this interval is at least 
equal to [here r is arbitrary, M is given by (d)] 


: r 
(f) LE: |x| < min(, TL ETD) . 


To maximize I, we let u = r/(3(2r? + 2r + 1)]. Taking its derivative 
with respect to r, and setting the result equal to zero, we obtain 


1 
(g) O= 2? 4+2r4+1—r(4r+2), —2? +1=0, r=—- 
‘ V2 
For this value of 7, the interval (f) becomes 
1 1 
(h) I: |z| << ———__—_- = ———— . < 0.069. 


aV21+V24+1) 611+ V2) 


By Theorem 38.14, we now know that the series solution we shall obtain 
is valid for at least |x| < 0.069. We shall find this series solution by the 
two methods of Lesson 37B. 


First Method. By Successive Differentiations. By (b), the initial condi- 
tions are x = 0, y = 1. Equation (a) and its next three successive de- 
rivatives, evaluated at (0,1), are 


@ y=2'+y’, y(0) =O+1= 
y!! = 2x + 2yy’, y’(0) =04+2-1-1=2; 
yf" = 2+ Qyy” + 2y')?, y'"(0) = 24+2-1-24+2-1=8; 
y = Qyy'" + by'y”, y*(0) = 2-1-8 +6-1-2 = 28. 


Substituting (i) in (e), we obtain 


(j) y(z) =1l+te+a?+4r2 + 4+4+.--, 
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which gives the first five terms of the series solution of (a) satisfying (b), 
valid at least in the interval (h). 


Second Method. Undetermined Coefficients. Since ro = 0, we seek a 
power series solution of the form 


(k) y = do + ayx + agx? + age? + agz*+---, 
Its derivative, by Theorem 37.2, is 
(1) y’ = a, + 2agr + 8agx? + 4agx® + 5asr*+---. 
Substituting (k) and (1) in (a), it becomes 
(m) a, + 2aor + 3agz? + 4agx? + 5asz* +--- 
= 2? + (ag + aye + aan? + age? + +++)? 


= 2? + ao? + 2agayx + (2apa2 + a,7)x? 
+ (2aoa3 + 2a,a2)"2 + ---. 
By Theorem 37.23, (m) will be an identity in x, if the coefficient of each 
like power of x is zero. Hence we must have 
(n) a, — ao” = 0, 
2a2 — 2aoa, = 0, 
3a3 —1—- 2aoae2 aaa ay? = 0, 


4aq — 2apa3 — 2a\a2 = 0. 


The initial condition is y(0) = 1. Therefore by (37.26), with rp = 0, 


(0) a = y(0) = 1. 

By (n) and (0) 

(p) 4=1, a,=1, 
wth aad(s)=§ 

Substituting (0) and (p) in (k), there results 

(a) y=ltete?+ oo 4+ Potts, 


which is the same as (j) above. 


Comment 38.21. We shall obtain the series representation of f(x,y) = 
z? + y?, as given in (c) above, in two ways. First we shall obtain it by 
use of (38.13). This is a standard method. Starting with f(z,y) = 2x? + y?, 
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we take the successive partial derivatives called for in (38.13). These are 


(38.22) fay =2+y? 
of _ of _ 
x — ? oy om 2y, 
ats Tiesg: OF 25 


ox? 2, ézdy’—s Ay? 


All additional derivatives are zero. Hence by (38.13) and (38.22), with 
Zo = 0, yo = 1, we find 


(38.23) ao =O0+1=1, 
a19 = 0, a1 = 2, 


1 1 
20 = 5y (2) = 1, a1, = 0, Gor = 5 (2) = 1. 


Substituting these values in (38.12), we obtain with rp = 0, yo = 1, 
(38.24) f(xy) = 2? +y?=14+2%y—1)+27+(y— 1)? 


which is the same as (c) above. 

A second method of obtaining (38.24) for this particular function 
x? + y?, one which is much quicker and simpler, is to observe that x? is 
already in powers of x and that 


(38.25) y? = (y — 1)? + 2y —1 = (y— 1)? 4+ Ay — 1) +1. 


Comment 38.26. An easy way to find M in the above example, 
without the need of (c), is to observe that 


(38.27) jz? + y?| S |2?| + ly? 
If therefore |x| < rand |y — 1| < rso that |y| < r+ 1, then by (38.27), 
(38.28) jx? + y?| <r? + (r+ 1)? = 27? + Or + 1, 


which is the same as (d) above. 


Example 38.29. Find by power series methods a general solution, in 
powers of x, of the nonlinear equation 


(a) y=rr—y’, 
Find an interval of convergence of the series. 


Solution. We shall seek a series solution of the form 


(b) Y = ao + ayx + age? + age? + agr* +-->. 
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The derivative of (b), in its interval of convergence is, by Theorem 37.2, 
(c) y' = a, + 2agr + Bax? + dager? + ---. 

Substituting (b) and (c) in (a), we obtain 


(d) a; + 2agr + B3agx? + 4agr? +--+ = x? — ag? 
— 2apayx — (2agag + ay”)? — (2agag + 2ayag)z2 — --- 


Equating coefficients of like powers of x, we have 


(e) a, = —ap’, a= —a9"; 
2a2 = —2aodi, Az = —Apa, = ag’; 
3a3 = 1 — 2aoa2 — a1”, a3 = $(1 — 2ag* — ao*) = § — a4; 
4ag = —2aa3 — 2a,a2, a4 = 2[—2a9($ — ao*) — 2(—ao”)(ao°)] 
= —$Fap + a). 
Substituting (e) in (b), there results 
(f) y! = ao — ao*a + aga? + (4 — ao*)x? + (—Jao + ao*)z* +--+, 


which gives the first five terms of a series solution of (a). Here ao is the 
arbitrary constant. By (37.26), it is, for a particular solution, y(0). To 
find an interval of convergence of the series solution, we proceed just as 
we did above in Example 38.2. Here f(z,y) = x? — y?, 29 = 0, yo 2 Ois 
arbitrary. The Taylor series expansion of x? — y” in powers of x and 
(y — Yo) is, see (38.25), 


(g) flay) = 2? — y? = x? — [(y — yo)? + 2yoly — yo) + yo"). 


Since the series is finite it is valid for all z and y. We may therefore choose 
for the r of Theorem 38.14, any value we please. For an arbitrary r and 
with |z| <r, ly — yo| < 1, (g) becomes 


(hb) [f@y)| = |z? — y?| S [27] + IY — yo)? 
+ 2yoly — yol + yo? < 7? +7? + 2yor + yo" 
= 2(r? + yor) + yo", 
which is an upper bound of x? — y? for all (z,y) in a 27 X 2r rectangle 


which has (0,yo) at its center. It is therefore the M of Theorem 38.14. 
Hence, by (38.17), there is an interval J, at least equal to 


: ; r 
ean (. 6(r? + yor) + wa)’ 


on which the series (f) converges. 
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EXERCISE 38 


1. Find a series representation of f(x,y) in powers of x and y if (a) f(z,y) = 
zsin y, (b) f(zy) = ye*. 

2. Find a series representation of f(x,y) in powers of (x — 1), (y — 1) if 
(a) f(zy) = zy, (b) f(zy) = y log z. 

Obtain terms to order & of the particular solution of each of the fol- 
lowing differential equations, where k is the number shown alongside each 
equation. Use two methods. Also find an interval of convergence of each 
series solution. 


3 y! = 2? — y*, (0) = 1,k = 4. 
4.y = 22 —y*?, y() =1,k = 4. 
5.’ = y? —zy, y0) = 2k =4. 
6. y! = x? an siny, y(0) = 2/2, k = 3. Hint. Replace sin y by its series 


expansion in powers of y (for undetermined coefficient method). 

7% y =ax+te, y(0) = 0,k = 4. Hint. Replace e” by its series expansion 
in powers of y (for undetermined coefficient method). 

8 (1 —z—y)y’ =1, y(l) = —2,k = 4. Hint. Write (1 — 2 — y)y’ as 
[—(z — 1) — y]y’ (for undetermined coefficient method). 

9. y’ = sin (zy) + 22, y(0) = 3,k = 4. 

10. y’ = log (zy), y(1) = 1,k = 5. 


ll. y’ = cos(z+y), yO) = 7/2,k = 8. 

12.7 = y?+e-!, y(1) = Ae k = 3. 

13. y) =V1+cy, y(0) = a 

14. y = 14+ zy’, (0) = 1, 7. = 

15. y' = cosz+siny, y(0) = ae = 5. Hint. Replace cos x and siny by 


their series expansions. 


Obtain terms to order k, in powers of x, of the general solution of each 
of the following differential equations, where k is shown alongside each 
equation. 

16.y =zt+y*, k= 3. 
ny =2+ ; k = 4. Hint. Write the equation as yy’ = zy+ 1. 


ANSWERS 38 


3 5 
1. @ «(y- ee (b) y(ite+3 +5 ae =i 
2. (a) (¢ —)Y)y—-1)+@—-)+y—-—)HY)41. 


2 3 
(b) at@—ife—» eae) eee 


By =1—2+ 2? — §23+4 Sct —---, |z] < 0.069. 
3 4 
4yeit@—y?-S=V 4S) _..., jz — 1] < 0.04. 
4 
5p Sa aettizs 24 Py EL, [| < 0.029. 


12 
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6 pee dead 2] < =~ r arbitrary fej eds 
: 2 6 , 3(r2 + 1) % 6 


3 
= 2,2 ,5¢ eon : 
wy =atat 5 + 12 + » 2 30 be) r arbitrary. 


a 79 


4 
64 jong? ~ eee 


gy = 24254436 - 0+ Ge-v + 
9 y = 3+ 2+ ye — Bot eee, 
10. y = 1+ 4(¢ — 1)? + ee — 14 — hole — 54+. 
2 3 
nv x zx 
Ly * Gg ges 
12. y = 1+ 22 — 1) + $@ — 1)?-+ @ — 13 ++. 
4 
core 


2 3 
x 2 x 
13. y = ltet+ {tye 
2 3 4 
x 22 x 
My=ltetotryatat: 
2 4 5 7 
by = 2+ > -—- = +---, [2] < 7 arbitrary. 


16. y = ao + ao*x + (4+ a0%)x? + ($a0 + ao*)z? +--+, 
r 


lel < 358 CLE Qyaye + worl’ Srey: 
3 3 3 
= 1 ao 1 2,383—ao 3, 7ao —15 4 
Wy = ate a+ 2008 a+ 6a08 a+ Qhag? a+ i 


LESSON 39. Series Solution of a Nonlinear Differential 
Equation of Order Greater Than One and of a 
System of First Order Differential Equations. 


LESSON 39A._ Series Solution of a System of First Order Differ- 
ential Equations. In Theorem 62.12, we state a sufficient condition for 
the existence and uniqueness of a solution of a system of first order equa- 
tions 


d 
(39.1) OF = falbyaa,*** 1 Un), 


d 
a = fo(ty1,¥2, ntey Yn)s 


d 
a ao n(t,Y1,Y2, ear Yn), 
satisfying the initial conditions 


(39.11) Yilto) = 41, —-Ya(to) = Ga, +--+, Yn(to) = an. 
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We now state without proof a sufficient condition for the existence of a 
power series solution of (39.1) satisfying (39.11). 


Theorem 39.12. If each function fi, fe,-++, fn of the system (89.1) is 
analytic at a point (to, @1, G2, +**, Gn), t.e., if each function has a Taylor 
series expansion in powers of (t — to), (yi — 41), °**, (Yn — Gn), valid 
for |t — tol <1, [yi — a1] <7, +++, [yn — Gal <7, and af for every 
point (t, y1, Yo, °**,) Yn) in this (2r)"*1-dimensional rectangle which has 
the point (to, @1, G2, °**, Gn) at tts center, 


(39.13) filt, Y1, Y2,""", Yn)| <M, += 1,2,--:,n, 


where M is a positive constant, then an interval I exists on which there is one 
and only one set of functions, y;(x), ye(x), ---, Yyn(x), each analytic at 
t = to, satisfying the given system (89.1) and the initial conditions (39.11), 
t.e., each function has a Taylor series expansion in powers of (t — to), namely 


(39.14) y(t) = a1 + aii — to) + aia(t — to)? + aia(t — to)? +---, 
yo(t) = a2 + aailt — to) + azelt — to)? + aeg(t — to)? +---, 


i 


Yn(t) = dn + dni(t — to) + Qna(t — to)? + ana(t — to)? +--+, 
valid in an interval about to. This interval is at least equal to 
F r 
(39.15) I: |t — to| < min (- wan) ’ 


where r is given above, n is the number of equations in the system (39.1) and 
M is given in (89.13). 
The coefficients in (39.14) are given by 
xe) 
(39.16) aij = ui Me). 


For example, the coefficient a2 is, by (39.16), yi/"(to)/2!. Note that it 
agrees with the coefficient of (x — xo)? in Taylor series (37.27). The 
coefficient of az3 is, by (39.16), ye’’(to)/3! which agrees with the coeffi- 
cient of (x — 29)? in (37.27). 


Remark. If we look at the first order equation dy/dz = f(x,y) as if 
it were a system of one equation dy,/dt = f,(t,y1), we see that Theorem 
38.14 is only a special case of Theorem 39.12. 


Example 39.17. Find by power series methods a particular solution 
of the first order system 


(a) gn a = 
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for which 
(b) z0)=1, yO) = 


Solution. Comparing (a) with (39.1) and (b) with (39.11), we see, 
with z and y taking the places of y; and ye, that 


fi = yt, fo = zy, to = 0, a, = 1, a, = 1. 


By Theorem 39.12, we must find series expansions of f; and f2 in powers 
of ¢, (2 — 1), (y — 1). These are respectively 


(C) fr=y=ty—1) +4 
fe= sy = (e@-1yY-Dt+e+y-1 
=(@—-)y-N)+@-N+yY-—NH41. 


Since these series are finite, they are valid for all ¢, z, and y. We may 
therefore choose the r of Theorem 39.12 arbitrarily. Hence when |t| < r, 
jz — 1] <r, ly — 1] < 1, we have by (c), 


(d) fil < ret, 
fel <r? +trt+r+1l=r?4+2r4+1. 


For r > 0, (r? + 2r-+1) > r?+ 7. Therefore r? + 2r + 1 is the M of 
(39.13). Hence, by Theorem 39.12, there is a unique pair of functions 
a(t), y(t), each analytic at ¢ = 0, satisfying the system (a) and the ini- 
tial conditions (b), i.e., each function has a series expansion of the form 
(39.14), valid in an interval about ¢ = 0. By (39.15), this interval is at 
least equal to [here n = 2, M is given by the second equation in (d), and 
r is arbitrary] 

‘ r 
(e) q: \¢| <min (- een») . 
We find, in the usual manner, that the maximum value of J occurs when 
r = 1. Hence J will be a maximum if 


() I: |t| < dy = 0.0625. 


We shall find a series solution of (a) by the usual two methods of Lesson 
37B. 


First Method. By Successive Differentiations. Here the independent 
variable is ¢, the dependent variables x and y. Since the initial conditions 
are given at t = 0, we seek series expansions of x(t) and y(é) of the form 
(37.28), namely 


(g) x(t) = 2(0) + x'(0)t Big Ne) a! =O » +20) Fe 


x! OF 


+—=- Hee, 


Lo cio vores Le Ee 
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Starting with each equation in (a) and taking its successive derivatives 
with respect to ¢, we obtain 


/ 


(h) x’ = yt, y! = ty; 
es yt th’, y! = ay! + yt’; 
"= 2y’ + ty”, y”" = zy” + Qy'x’ + yx"; 
zg —_ 3y” + ty’”, y” _ sy” + 3y"x! + 3y'x"" + yal": 


i 


We know from the initial conditions that 
(i) x(0)= 1, y(0)=1. 


To find the values of succeeding coefficients in (g), we evaluate the de- 
rivatives in (h) in the order 2’, y’, x’, y’’, etc. These are with ¢ = 0, 
z=1y=1, 
(j) z’(0) = 1-0=0, y(0) = 1-1=1; 
2’(0)=1+0=1, y"0)=1-1+1-0=1; 
7"0) =24+0=2, y”"0) =14+04+1=2; 
290) =3+0=3, y#0) =24+0434+2=7; 


, 


Substituting (i) and (j) in (g), there results 
i? eB t* 
(k) eQmlt+stgtyte: 
2 3 4 
wo =1te+ Sooo Eee, 


which give terms to order four of a series solution of (a) satisfying (b), 
valid at least in the interval J of (f). 

Second Method. By Undetermined Coefficients. Since the initial condi- 
tions are given at ¢ = 0, we seek series expansions of the form 
(1) a(t) = ao + ayt + act? + ast? + agit +---, 

y(t) = bo + dit + bet? + bgt? + batt +---. 
Differentiating (1) with respect to ¢ and setting each resulting equation 
equal to the respective right side of (a), we obtain 
(m) a, + 2act + 3agt? + 4agt? +--+ = yf, 

bi + bat + 3b3¢? + 4b4t? + coo = LY. 


In (m), replace x and y by their values in (1). Hence (m) becomes 
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(n) a, + act + 3agt? + 4agt3 +--+ = t(bo + dit + bet? + bgt? +--+), 
by + 2bet + 3bgé? + 4b42 + .--- 
= (ao + ayt + agt? + agt® + ++ +)(bo + bit + bot? + +++). 


The pair of functions in (1) will be a solution of (a) if we choose the a’s 
and b’s so that each equation in (n) is an identity in ¢. Performing the 
indicated expansions in (n) and equating for each equation separately, 
coefficients of like powers of t, we obtain 


(0) a, = 0, bi = aobo; 
2a2 = bo, 2b = Qob1 + abo; 
3a3 = 6), 3b3 = aobe + a:b; + aabo; 
4ag = be, 4b4 = aobg + abe + Geb, + agbo. 


By (b) and Theorem 37.24, 
(p) af{= 20)]}=1, bo [= y(0)] = 1. 


Hence from (0) and (p), we obtain, calculating the coefficients in the order 
a, bi, a2, be, etc. 


(q) a1 =0, b:=1; a= hbo=4, be = (14+ 0) = 3; 
a3 = $b, = 3, bs = $(4$ + 0+ 4) = 4; 
a= thee =t &B=2(4+04+44+4H)=-% 


Substituting (p) and (q) in (1), we find 
Pt ot 
(r) t=ltgtgtget, 
aa ae So 
y(t) = It+ttgtgtot 
which is the same as the solution (k) obtained previously. 
LESSON 39B. Series Solution of a System of Linear First Order 
Equations. In Theorem 62.3 we state and prove a sufficient condition 


for the existence and uniqueness of a solution of a system of linear first 
order equations 


(39.2) Yt = firlOyr + five +--+ + Sanu + QO, 


oe = fei(yr + fool)y2 + +++ + fon(yn + Q2(), 


PY 


Bn = fyx()us + Salve + +++ + San(Otm + Onl), 
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satisfying the initial conditions 
(39.21) yrlto) = 41, —-ya(to) = a2, +++, Yn(to) = an. 


We now state without proof a sufficient condition for the existence of a 
power series solution of (39.2) satisfying (39.21). 

Theorem 39.22. If, in (89.2), each function f;;,t = 1,+++,n,j = 1, 
+++, 2 and each function Q;, 7 = 1, --+, n, 78 analytic at t = to, 2.e., if 
each function has a Taylor series expansion in powers of (t — to), valid for 
| — to| < 1, then there is a unique set of functions, y;(t), yo(t),- ++, yn(?), 
each analytic at t = to, satisfying the given system (39.2) and the initial 
conditions «(89.21), t.e., each function has a Taylor series expansion in 
powers of (¢ — to), namely 


(39.23) yi(t) = a1 + ai1(t — to) + aia(t — to)? + ais(t — to)? +---, 
yo(t) = a2 + aei(t — to) + azo(t — to)? + aog(t — to)? +---, 


Yn(t) = Gn + Gni(t — to) + ano(t — to)? + ana(t — to)? +-:-, 
valid for |t — to| <r. The coefficients in (89.28) are given by 


i) 
(39.24) a;; = 4 . (i) 
m ; 
[For example, ai; = sitet age us (to) : ct.| 


Example 39.25. Find, by power series methods, a particular solution 
of the first order linear system 


(a) & = 2 cost, ay = ty, 
for which 
(b) 2(0)=1, y(0) = —1. 


Solution. Comparing (a) and (b) with (89.2) and (89.21), we see, 
with x and y taking the place of y; and ye, that 


(c) fir= cost, foo=t?, t=0, a=1, ag=—l. 


Since f1; and feo have Maclaurin series expansions, valid for all ¢, it 
follows by Theorem 39.22, that there is a unique pair of functions z(t), 
y(t), each analytic at ¢ = 0, satisfying the system (a) and the initial con- 
ditions (b), i.e., x(¢) and y(f) each has a series expansion in powers of ¢ 
valid for all ¢. 
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There are the usual two methods available for finding a series solution 
of (a) satisfying (b). These have been described in Example 39.17. We 
shall use the more difficult one, in this case, of undetermined coefficients. 
By Theorem 39.22, the pair of functions x(¢), y(t) have series expansions of 
the form (39.23). With to = 0, these become 
(a) a(t) = ao + ayt + aot? + agi? +---, 

y(t) = bo + bit + bet? + bgt? + ---. 
Differentiating (d) with respect to t, and setting each resulting right side 
equal to the respective right side of (a), we obtain 
(e) @1,+ 2act + 3agt? + 4agt? +--+ = zcost, 
by + 2Qbeat + 3b3t? + 4b4t® + ead ty. 

In (e) replace x and y by their values in (d), and replace cost, see 
(37.42), by its Maclaurin series expansion. There results 
(f) ay + 2act + 3agt? + 4agt? + --- j 

et 
as (ay + art + ax? +--9(1 op tay ), 
by + Bot + Bbgt? + 4b4t? + --- = t2(bo + byt + bot? + bgt? +--+). 
The pair of functions defined in (d) will be a solution of (a) if we choose 
the a’s and b’s in (f) so that each equation is an identity in ¢. Performing 


the indicated operations in (f) and equating for each equation separately, 
coefficients of like powers of ¢, we obtain 


(g) a, = a, b, = 0, 
2a2 = a, 2be = 0, 

ao 
3a3 = ag — 3° 3b3 = bo, 


4a4 = a3 — a1, 4bs = bi. 
By (b) and Theorem 37.24, 
(h) M = (0) = 1, bo = y(0) = —1. 


Hence we obtain from (h) and (g), calculating the coefficients in the order 
a, bi, a2, be, etc., 


(i) a, = 1, b; = 0, a2 = 4, be = 0, a3 = 4(4 — 4) = 0, 
b=t-D=-%, a= 2-H) =-4, b146= 30) =0. 
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Substituting (h) and (i) in (d), we find 


2 4 
(j) a) =1tt+ 5 -—Ete., 
3 
Oe ke eae 


which give terms to order four of a series solution of (a) satisfying (b), 
valid for all ¢. 


LESSON 39C. Series Solution of a Nonlinear Differential Equa- 
tion of Order Greater Than One. In Theorem 62.22, we state and 
prove a sufficient condition for the existence and uniqueness of a particular 
solution of an nth order differential equation 


a” = 
(39.3) oe = fayy yy”, meas y” ny. 
satisfying a set of initial conditions 


(39.31) y(Zo) = Yo, = (0) = M1, 
y" (xo) = Ya""°, y"—) (x9) = Yn—-1- 


The proof consists in showing how every nth order differential equation 
with given initial conditions can be changed to an equivalent first order 
system with equivalent initial conditions. Hence Theorem 62.22 is a by- 
product of Theorem 62.12 relating to first order systems. Analogously, 
the sufficient condition we now state for the existence of a power series 
solution of (39.3) satisfying (39.31) stems from Theorem 39.12 for a first 
order system. 


Theorem 39.32. If the function f of (89.3) is analytic at a point 
(X0,Yo:Y1, °°, Yn—1), 1-€., of f has a Taylor series expansion in powers of 
(x — x0), (y — yo), (y’ — yi), °° +, (Y™~? — Yai), valid for |x — xo| <r, 
ly— yl <r ly —ml<rnee-, ly — Yn—i| < 7, and if for every 
point (x,y,y’,°++,y@—) in this (2r)"*t!-dimensional rectangle which has 
this point (20,Yo,¥1; ee Yn—1) at tts center, 


(39.33) \fyy’, eras or) < M, 


(n—1 


where M is a positive constant, then there is a unique particular solution of 
(89.3) analytic at x = 29 satisfying (39.31), 7.¢., the solution has a Taylor 
series expansion in powers of (x — Xo), namely 


(39.34) y(z) = u(00) + uf (eo)(@ — 20) + AE ( — 29)? 


+ Fo) (a — 26)® too, 
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valid in an interval about x = Xo. This interval is at least equal to 


(39.35) dale ol man (. @ti au): 


where r is given above, n is the order of the equation (39.8) and M is given 
in (39.88). 


Example 39.36. Find by series methods a particular solution of the 
nonlinear equation 


(a) yl” a 2 + y? 
for which y(1) = 1, y’(1) = 0, y(1) = 2. 


Solution. Comparing (a) with (39.3) we see that n = 3 and f = x? 
+ y?. A comparison of the initial conditions with (39.31) shows that 
Zo = 1, yo = 1, y1 = O, and yo = 2. The series expansion of f in powers 
of (x — 1), (y — 1), y’, (y” — 2), by (38.25), is 
(b) 2? +y? = 24 2(@ —1)4+2y— 1) 4+ @— 1)?4+ (y— 1)? 


Since the series is finite, it is valid for all x and y. We may therefore 
choose any value we please for r of Theorem 39.32. For an arbitrary r 
and with |x — 1| <r, |y — 1| < 1, (b) becomes 


(c) |x? + y?| < 2424 2+ r274 7? = 2r? + QW + 1), 


which is the M of (39.33). 

Hence by Theorem 39.32, there is a unique particular solution y(x) of 
(a), analytic at + = 1, satisfying the given initial conditions, ie., the 
solution has a Taylor series expansion of the form (39.34), namely 


@) yy) = 91) +¥M@— DN 
+4 @- 7 + 4M @—ye--., 


valid in an interval about z = 1. By (39.35), this interval is at least 
equal to [here n = 3, M is given by (c) and r is arbitrary] 


(e) I:|z —1| < 
To maximize I, we let 


r 
(f) “= 100? + 2r +1) 


r 
5[2(r2 + 2r + 1] 


Taking its derivative with respect to r and setting the result equal to 
zero, we obtain 


(g) 0 = (r? 4+ 2r +1) — r(2r +2) = —r? +1, r=1. 
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For this value of r, the interval J of (e) becomes 
(h) la — 1] < py = 0.025. 


By Theorem 39.32, we now know that the series solution we shall obtain 
is valid for at least jz — 1| < 0.025. We shall use the usual two methods 
to find a series solution. 


First Method. By Successive Differentiations. In (d), we know by the 
initial conditions that 


(i) yQ)=1, yx =0, x") = 2. 


To find the values of succeeding coefficients in (d), we evaluate (a) and 
its successive derivatives at (1,1). These are, with zs = 1,y = 1, y’ = 0, 


y" = 2, : 

Go yao ty, vy") = 1+ 1= 2; 
yP = 2x + 2yy’, yA) =2+0= 2; 
y= 2+ Qyy” + Ay)’, YPM) = 2+2-2+0 = 6; 
y = Qyy!” + 6y’y”, y(1) = 2.2 + 6-0-2= 4; 


Substituting (i) and (j) in (d), we obtain 
(kt) y= 1+ (@— 1)? 4+ 4@ — 174+ ee — 1) 

+ dole — 18 + rho — + ---, 
which gives the first seven terms of a series solution of (a) satisfying the 
initial conditions, valid at least in the interval (h). 


Second Method. By Undetermined Coefficients. Since the initial condi- 
tions have been given in terms of x = 1, we seek a series solution of the 
form 


(1) y = do + ay(x — 1) + ao(x — 1)? + g(x — 1)? +---. 
Its next three successive derivatives are 


(m)  y/ = a; + 2ae(x — 1) + 3a3(x — 1)? + 4a4(x — 1)3 
+ 5as(z — 1)*+---, 
y” = 2az + 6ag(x — 1) + 12a4(z — 1)? + Was(z — 1)? +---, 
y’” = 6as + 24as(x — 1) + 60a5(z — 1)? +---. 


Substituting (1) and the last equation of (m) in (a), we obtain 


(n) 6a3 + 24a4(x — 1) + 60as(z — 1)? +--- 
= 27+ [a9 + ai(x — 1) + ae(x — 1)? +--+]? 
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It will be easier to equate coefficients of like powers of 2, if we find the 
series expansion of x? in powers of (x — 1). By (38.25), 


(0) x? = 1+ 2(24 — 1) + (x — 1)?. 


In (n) replace x? by its value in (0), perform the indicated multiplication 
on the right, and then equate the coefficients of like powers of (x — 1). 
There results 


(p) 6a3 = ao? + 1, 
24a4 = 2 + 2a0a4, 
60ag = 1 + 2agaz + ay?. 


By Theorem 37.24 and the initial conditions, 

(q) a=1, a=0, ag=¥=1, 

Therefore by (p) and (q) 

() a3 = $= 4, a= oe(2) =r 45 = ae(l + 2) = de. 
Substituting (q) and (r) in (1), we obtain 

(8) y=1+@—1)?+4@—1?94+ 4 —1)*+H@—-—)F4+---, 
which agrees with (k) to terms of order five. 


Comment 39.37. As explained in Comment 38.26, we can find M 
without the need of (b), by observing that |x? + y?| s [x7] + ly’. 
Hence if |x — 1| <r, so that |r| <7r-+ 1 and if |[y — 1] < 1, so that 
ly] <r+1, then |z? + y?7| < (+1)? 4+ (7+ 1? = 2(r? + 27 + 1) 


as in (c) above. 


Example 39.38. Find by series methods, a particular solution of the 
nonlinear equation 


(a) y" = («—1)?+y?+y —2 
for which 
(b) y(1) = 1, y'(1) cea 0, y(1) = 2. 


Solution. Comparing (a) with (39.3) we see that n = 3 and f = 
(2 — 1)? + y?+ y’ — 2. Comparing (b) with (39.31), we see that 
Zo = 1, yo = 1, y1 = 0, yo = 2. The series representation of f in powers 
of (c — 1), (y — 1), (y’ — 9), (y” — 2), by (88.25), is 


(c) f(xyy’) = @ — 1)? +14+2y—-—1)4+(—1)?+y — 2, 
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which is a finite series, and therefore valid for all x, y, y’. We may there- 
fore choose r of Theorem 39.32 arbitrarily. Hence when |x — 1| <1, 
ly — 1] <r, |y’| < 7, we have by (c) 

(a) | f(x,ysy’)| <r? + [—1) + 27 + 7? +r = 27? 4 3r +1, 


which is the M of (39.33). 

Hence, by Theorem 39.32, there is a unique particular solution y(z) of 
(a) analytic at x = 1 satisfying (b), i.e., the solution has a Taylor series 
expansion of the form (39.34), namely 


(@) ve) = vl) + ¥A)@ — 1) 
+20 @ — 7+ 4M @ rte, 


valid in an interval about x = 1. By (39.35), this interval is at least 
equal to [here n = 3, M is given by (d) and r is arbitrary] 


‘ 
(f) I:\e— 1 < soap arpa’ 


To maximize J, we let u = r/5(2r? + 3r + 1), take its derivative with 
respect to 7 and set the result equal to zero. We thus obtain 


(g) O= (2r? + 8r+1) — r(4r+ 3) = —2r? +1, r= 1/V2. 
For this value of 7, the interval J of (f) becomes 
(h) I: |z — 1| < 0.034. 


We shall use the usual two methods of finding a series solution of (a) 
satisfying (b). 


First Method. By Successive Differentiations. In (e), we know by (b) 
(i) yI=1 yYQ=0, wy) =2. 


To find the values of succeeding coefficients in (e), we evaluate (a) and its 
successive derivatives at (1,1). These are, with x = 1, y = 1, y’ = 0, 
y" = 2, 
Gj) y¥”W=@-1?4+y¥4+y—-2 y"Q=1-2=-1. 

yi? = We — 1) + yy ty", PC) = 2. 

y = 2 + 2yy"” + 2(y’)? + y"”, y(1) = 2 + 4—1=5. 


Substituting (i) and (j) in (e), we obtain 
(k) y=1+(@—1)?-3e-—139+h@-—)D*+k@—1)84---, 
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which are the first six terms of a series solution of (a) satisfying (b), valid 
at least in the interval J of (h). 


Second Method. By Undetermined Coefficients. Since the initial condi- 
tions have been given in terms of s = 1, we seek a series solution of the 
form 


(Q) y= ao + a;(% — 1) + ao(x — 1)? + ag(z — 1)8 +---. 
Its next three successive derivatives are 


(m) y/(a) = a; + 2ae(x — 1) + 8a3(x — 1)? + 4a,4(2 — 1)8 
+ 5as(z — 14 +-°-, 
y!"(x) = 2a2 + 6ag(z — 1) + 12a4(x — 1)? + 20a5(2 — 1)? +--:, 
y'" (e) = Gag + 24a4(2 — 1) + 60a5(z — 1)? +---. 


Substituting (1) and the first and last equations of (m) in (a), we obtain 


(n) 6a3 + 24a4(2 — 1) + 60a,(x — 1)? +--- 
= (& — 1)? + [ao + ai(e — 1) + aa(z — 1)? +--+]? 
+ a; + 2ae(x — 1) + 3a3(x — 1)? +--- — 2. 


Equating coefficients of like powers of (x — 1) in (n), we have 


(0) 6a3 = ao” + a; — 2, 
24a, = aoa; + 2az, 
60a5 = 1 + 2aoae + a1? + 3az. 


By (b) and Theorem 37.24, we know that 
(p) a = 1, a, = 0, a = 1. 
Therefore by (0) and (p), 


(q) a3 = 41 —F 2) => —4, a= gz(2) = tn 
@65=ee01+2-—) = & 


Substituting (p) and (q) in (1), we obtain 
() y@)=1+@—-1)?-te—18§ +4 —1)*+A@—1F+:-, 


which is the same as that obtained previously in (k). 
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EXERCISE 39 


Obtain terms to order k of the particular solution of each of the follow- 
ing systems of differential equations, where & is the number shown along- 
side each equation. Use two methods. Also find an interval of convergence 
of each series solution. 


a. d: = 
La ety ame fig 2(0) = 0, y(0) =0,k = 4. 

dx . dy _ 2 x = Cs _ 7 
2 a = ysing at =t-+4g2, (5) -2,9(£) =1k=4. 
3. atte? ney 2(0) = 0,y(0) =1,k = 4 

* dt : dt y; ry , . 

dx : dy _ _ _« . 
4.5 =ytsint, = 2+ cost, 2(0) = 0,40) =Frk=4 


5. See (33.22), population problem. 


as = hx — key, ay = kxzy — py, where h, k, and p are constants, 


and (0) = 1, y(0) = 1,k = 3. 


dz 2 2 dy 

6. an +2", aa yt, 2«(0) = —1,y(0) = 1,k = 4. 
dz _ dy _ = en a 

1. 2 ayt, “77 +t, «(0) =1,y(0) = —1,k = 4. 


Obtain terms to order k of the particular solution of each of the follow- 
ing differential equations, where k is shown alongside each equation. Use 
two methods. Find an interval of convergence. 

8. y"” = 2? — y?, y(0) = 1, y'(0) = 0,k = 6. 
9 y” = zy — (y’)*, (0) = 2,y(0) = 1k = 4. 
"= at+tsiny, y0) =5,y'0) = 1k = 5. 
= cost+siny, y(0) = 0,y/(0) = 1,k = 4. 
12. y'” = yy’ + zy, y(0) = 0,y'(0) = 1,y"0) = 2,k = 5. 
13. y” = y'logy+2, y(0) = 1,y'(0) = 3,k = 4. 
y= yPlogzty’, yl) =1,y) =0,y"1) = 1k = 5. 
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LESSON 40. Ordinary Points and Singularities of a Linear 
Differential Equation. Method of Frobenius. 


LESSON 40A. Ordinary Points and Singularities of a Linear Dif- 
ferential Equation. As remarked previously, power series methods are 
especially well suited for finding solutions of linear differential equations 
with nonconstant coefficients. These methods, however, cannot be applied 
indiscriminately. For example, if we tried to find a power series solution of 


(40.1) vy" + ty’ + (2? — dy = 0 
in the form 
(40.11) y(x) = do + ayx + ar? + asx? +---, 


by the method of successive differentiations, we would run into trouble. 
By (87.26), a2 = y’’(0)/2!, and when x = 0, we see from (40.1) that y” 
and, therefore, a2 do not exist. If we tried to use the method of undeter- 
mined coefficients, we would find aj = 0, a; = 0, ag = 0,°°-. 

The trouble arises because after division by x? in (40.1), the coefficient 
of y’ which becomes 1/z is not analytic at x = 0, ie., it does not have 
a Maclaurin series expansion in powers of x. Hence the hypothesis of 
Theorem 37.51 is not satisfied. We distinguish between points x9 which 
satisfy the hypothesis of Theorem 37.51 and those which do not by 
means of Definitions 40.2 and 40.22 which follow. 


Definition 40.2. A point = 2g is called an ordinary point of the 
linear differential equation 


(40.21) y™ + Fyr_i(x)y*~? + +++ + Fi(z)y’ + Fo(x)y = Q(a), 


if each function Fo, F1,--++, Fa—i, and Q is analytic at x = x9. (Remem- 
ber this means each function has a Taylor series expansion in powers of 
2 — 2 valid in a neighborhood of 2p.) 


By Theorem 37.51, if x = xo is an ordinary point, then (40.21) has a 
solution which is also analytic at x = Zo, i.e., the solution has a Taylor 
series representation in powers of (x — zo) valid in a neighborhood of zo. 


Definition 40.22. A point x = 2 is called a singularity of (40.21), 
if one or more of the functions Fo(x), --+, Fnr—1(z), Q(x) is not analytic 
at x = Zo. 


By Definition 40.22, the point = 0 is therefore a singularity of (40.1). 


For the remainder of this lesson, we shall confine our attention to a 
second order linear equation 


(40.23) y” + Fy(x)y’ + Fe(x)y = 0, 
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where F, and F2 are continuous functions of x on a common interval I. 
Its singularities, if there are any, have been divided into two kinds, regular 
singularities and irregular singularities. 

Definition 40.24. If x = xo is a singularity of (40.23) and if the 
multiplication of F(z) by (x — zo) and of F2(x) by (x — xo)? result in 
functions, each of which is analytic at x = xo, then the point z = Zo is 
called a regular singularity of (40.23). 


Example 40.25. Show that x = 0 and x = 1 are regular singularities of 


(a) (z — ly” + y’ — 24y = 0. 
Solution. Dividing (a) by (x — 1), we obtain 

(b) Wty yaya. 

Comparing (b) with (40.23), we see that 

(c) A@= yoy Pe) =- > 


By Definition 40.22, x = 0 and x = 1 are singularities of (b). 

Consider first the point x = 0. Following the instructions in Definition 
40.24, we multiply F,; by (x — 0) and Fe by (x — 0)?. There results 
respectively new functions 1/(z — 1) and —2z?/(x — 1), each of which 
is analytic at x = 0. Their Taylor series expansions are in fact 


(d) a 


2a? 2 3 4 
poi = 2@ +ta%+a2*+---), [2] <1. 


= —-(lt2+274+--), 


Hence by Definition 40.24, + = 0 is a regular singularity of (b) and 
therefore of (a). 

Second we consider the point s = 1. Multiplication of F, by (2 — 1) 
and of F, by (x — 1)? give respectively 


(e) * and —2(x — 1), 


both of which are analytic at x = 1. Their Taylor series expansions are 
respectively 1 — (« — 1) + (4 — 1)? — (2 — 1)3+---, and —2(a — 1). 
Hence by Definition 40.24, = 1 is a regular singularity of (b) and there- 
fore of (a). 


Definition 40.26. If x = xo is a singularity of (40.23) and if the 
multiplication of Fy(x) by ( — zo) and Fe(x) by (2 — zo)? result in 
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functions one or both of which are not analytic at + = 2x, then the point 
XZ = Zo is called an irregular singularity of (40.23). 


Example 40.27. Show that « = 0 and x = 1 are irregular singulari- 
ties of 


(a) (oe — 1)" + Fy + 2y =0. 
Solution. Division of (a) by (x — 1)? gives 
(b) ot ay t+ oS =0 
YT Re — 1)? @—n2y~” 


By Definition (40.22), x = 0 and x = 1 are singularities of (b). Consider 


first the point x = 0. Here F, = Multiplication of F, by 


x?(x¢ — 1)?" 
(z — 0) gives 1/x(x — 1)?, which is not analytic at x = 0. Hence by 
Definition 40.26, x = 0 is an irregular singularity of (b) and therefore of 
(a). Second, consider the point x = 1. Multiplication of F, by (x — 1) 
gives 1/x7(x — 1) which is not analytic at x = 1. Hence x = 1 is an 
irregular singularity of (b) and therefore of (a). 


LESSON 40B. Solution of a Homogeneous Linear Differential 
Equation About a Regular Singularity. Method of Frobenius. If 
the linear equation 


(40.3) y” + Fi(a)y’ + Fe(x)y = 0 


has an irregular singularity at x = 2p, then the problem of finding a series 
solution is too difficult for discussion here. If, however, (40.3) has a 
regular singularity at x = 2p, then we shall describe a method for finding 
a series solution, valid in a neighborhood of zo. It is known as the method 
of Frobenius. The series solution which Frobenius obtained, namely 


(40.31) y = (x — 2o)™[ao + ai(z — 29) 
+ ae(x — x)? + ag(z — xo)? +--+], a #0, 


is known as a Frobenius series. 

Note that when m = 0 or a positive integer, the series becomes the 
usual Taylor series. However, for negative values of m or for nonintegral 
positive values of m, (40.31) is not a Taylor series. A Frobenius series, 
therefore, includes the Taylor series as a special case. 

Assume Zo is a regular singularity of (40.3). It therefore follows by 
Definitions 40.22 and 40.24, that F, or F2 or both are not analytic at 
2 = Lo, but that (x ~ x9)F, and (x — 2xo)?F2 are. This means that F, 
has (x — 2p) in its denominator and/or F2 has (x — 29)? in its denomina- 
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tor. Hence either Fy (x) = f;(x)/(x — xo) or Fo(x) = fe(x)/(x — 20)? or 
both F, and F2 have these respective forms. In any event, multiplication 
of (40.3) by (x — xo)? will transform it into an equation of the form 


(40.311) (x — x9)?y” + (« — xo)filz)y’ + fo(x)y = 0, 


in which both f,(x) and f(x) are now analytic at + = 2. 
The relevant theorem which will assure the existence of a Frobenius 
series solution (40.31) of (40.3) is the following. 


Theorem 40.32. Let xo be a regular singularity of (40.311). Then 
(40.811) has at least one Frobenius series solution of the form (40.31). It ts 
valid in the common interval of convergence of f\(x) and fe(x) of (40.311), 
except perhaps for x = Zo, 1.¢., if each Taylor series expansion of f(x) and 
fe(x) is valid in the interval I: |x — xo| < 1, then at least one Frobenius 
series solution is also valid in I: |x — xo| < r except perhaps for x = Xo. 


No loss in generality results if, in (40.311), we take zo = 0 since by a 
translation of axes we can always replace an expansion in powers of 
(x — 2%) by one in powers of x. With this understanding, we rewrite 
(40.311) as 


(40.33) xy” + afi(x)y’ + felx)y = 0, 


where the functions f,(x) and f2(z) are analytic at x = 0. Hence each has 
a Taylor séries expansion in powers of x valid in a neighborhood of x = 0. 
Let 


(40.34) filz) = bo + bit + box? ++--, 
fo(t) = eo tee + cot? +-:-, 


be their respective series expansions. 
The Frobenius series (40.31) and its next two derivatives are, with 
to = 0, 


(40.35) y = a(ao + a2 + age? +-+++ a,2"+-->) 
= agt™ + aya™t! + aga™t? 4 +++ anr™t™+--+, ao #0, 
y’ = agmaz™—! + ay(m + 1)a™ + ae(m + 2)a™t1 +... 
+ an(m + natn} fees, 
y= agm(m — 1)e™—? + aym(m + 1)2™7} 
+ a2(m + 1)(m + 2)a™ 4+ +-> 
+ an(m + n — 1)(m + njamtn—? 4. es, 


The function y(x) will be a solution of (40.33) if it satisfies the equation. 
Hence substituting (40.35) in (40.33) and replacing at the same time the 
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functions f;(x) and f2(x) by their series expansions in (40.34), we obtain 


(40.36) «?[agm(m — 1)x™—? + aym(m + 1)2"-1 + --- 
+ aa(m + n — 1)(m+ njamtn-? + ..] 
+ a(bo + bit + ber? +.-+ +) 
X [ayma™—? + ay(m + L)e™+ +++ + an(m+ njemtr—t +... 
+ (co + ez + cox? +--+) 
X (agz™ + aya™t! +--+ + aga™**® 4 «+ ) = 0. 


Expanding (40.36) and collecting coefficients of like powers of x, there 
results 


(40.37) — ag{m(m — 1) + bom + eo]z™ 
+ fay[(m + 1)m + bo(m + 1) + co] + aolbim + cs) }2™*} 
+ {as[(m + 2)(m + 1) + bo(m + 2) + co] + ailbi(m+ 1) +1] 
+ ao[bem + ce] jan 
+ {ag[(m + 3)(m + 2) + bo(m + 3) + eo] + az{b1(m + 2) +4] 
+ ay[bo(m + 1) + ce] + aolbgm + cg] }a™t8 

+ fanl(m + n)(m +n — 1) + bo(m +n) + eo] 

+ dn—i[bi(m +n — 1) +e] 

+ Gn—2[bo(m + n — 2) + co] +--- 

+ aolbam + cn] }a™t" +--+ =0. 


Equation (40.37) will be an identity in 2, if each of the coefficients of x*, 
k = m,-++,m-+ nis zero. Since we have assumed ay + 0, the first co- 
efficient in (40.37) will be zero only if 


(40.38) m(m — 1) + bom + co = 0. 


This equation has been given a special name. It is called the indicial 
equation. Since it is a quadratic equation in m, it has two roots. Let 
us call these roots m, and mz. These roots may be: 


1. Distinct, and their difference not equal to an integer. 
2. Distinct, and their difference equal to an integer. 
3. The same. 


We shall consider each of these possibilities separately. 


Case 1. The roots m; and mz of the indicial equation (40.38) are 
distinct and their difference is not an integer. Each of the roots 
m = m4, and m = me of the indicial equation (40.38) will make the first 
coefficient in (40.37) zero. We concentrate on the root m,. Substituting 
it for m in the remaining coefficients in (40.37) and setting each equal to 
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zero, will enable us to solve each of these equations respectively for a}, 
Go, ***, Qn, +++ in terms of ao. [Remember the b’s and c’s are constants 
given by (40.34).] Since for this m, and for this set of values of a,,---, 
an, each coefficient in (40.37) is zero, (40.37) is an identity in x. Hence 
the substitution of this m, and this set of a’s in the first equation of (40.35) 
will make y(x) a solution of (40.33). 

Following the same procedure outlined above, using the second root m2 
we obtain a second set of values of a), @2, +++, Gn, +++ in terms of ay which 
with m2 will make each coefficient in (40.37) zero. Hence the substitution 
of this second set of values of the a’s and mg in the first equation of (40.35) 
will make y a second solution of (40.33). 


Comment 40.381. Not every equation of the form (40.33) has two 
independent Frobenius series solutions. Some, as we shall show later, 
have only one. If, however, (40.33) has two Frobenius series solutions, 
then the following relevant theorem, stated without proof, supplements 
Theorem 40.32. 


Theorem 40.39. The two Frobenius series solutions of (40.88) are 
linearly independent. Each solution is valid for every x in the common in- 
terval of convergence of f;(x) and fo(x) except perhaps for x = 0. 


Comment 40.391. Theorem 40.39 can also be stated as follows. 
Each Frobenius series solution will converge for every x, except perhaps 
for « = 0, in a circle in the complex x plane, whose center is at 0, and 
whose radius extends at least to the next nearest singularity of (40.33), 
ie., each solution is valid at least for 0 < |x| < a, where a is the nearest 
singularity to 0. 


Example 40.392. Find the interval of convergence of the series solu- 
tion of 


200 ae oe _ 
(a) ay +i — 8y = 0. 

Solution. Division of (a) by x? and application of Definitions 40.22 
and 40.24 shows that + = 0 is a regular singularity of (a). Comparing 
(a) with (40.33), we see that 

1 
(b) f(x) Taq —a+at—aot---, bel <1, 
fo(z) = —38, —0 <a<o. 


Hence, by Theorem (40.39), each Frobenius series solution of (a) is valid 
for |x| < 1, except perhaps for x = 0. 


Remark. You can verify that +7 are also regular singularities of 
(a). Since +7 are singularities, it follows by Comment 40.391, that each 
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Frobenius series solution will converge for every x, except perhaps for 
xz = 0, in a circle in the complex z plane of at least unit radius. This 
fact may help make clear why the interval of convergence of the series 
representation of 1/(1 + x7) is |z| < 1. Since the function is continuous 
for all real x, it would seem that it ought to have a series representation 
valid for all real x. 


Example 40.393. Find a Frobenius series solution of 
(a) ay” + x(x + d)y’ — (@? + dy = 0. 


Solution. Division by x? and application of Definitions 40.22 and 
40.24, shows that z = 0 is a regular singularity of (a). We therefore 
seek a Frobenius series solution of the form (40.31), namely 


(b) y = 2™(ao + ayx + age? +--+), ap #0. 


If we wish, we can differentiate (b) twice to obtain y’ and y’’, substitute 
these values in (a) and then equate the coefficient of each like power of x 
to zero. But since we already did this work in obtaining (40.37), we may 
as well make use of this equation. To use it, we need to know the values 
of the b’s and c’s in it. By (40.34), these are the coefficients in the series 
representation of f;(x) and f2(x). Comparing (a) with (40.33) we see that 


(c) fiz) = 4+ and felt) = —$— 2’, 


both of which are already in series form. Hence comparing (c) with 
(40.34), we have 


dd) b= B&=1 em=-h Gg =0, ec = —1. 


All remaining 6’s and c’s are zero. With these values of bo and co, the in- 
dicial equation (40.38) becomes 


(e) m(m —-1)+4m—4=0, 2m? —~m—1=0, 


whose roots are m = 1, m = —4. Since these roots are distinct and do 
not differ by an integer, the method of this case is applicable. Following 
the method outlined above, we substitute the root m = 1 in the re- 
maining coefficients in (40.37) and solve each for a,, a2,-+-, in terms of 
do. The most effective way to use (40.37) is to set the coefficient of «”t” 
equal to zero. When you do this, keep in mind that m = 1, bo, bj, co, ¢1, C2 
have the values in (d) and that be, b3, --- , cg, C4, - > are zero. Substituting 
these values in the coefficient of x”*", we obtain 


(f) af +nl+tn—1)+414+n) — 4 
+ an—i[1(1 + n — 1) + 0] + a,_,[0 — 1] = 0. 
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Solving for an, there results 


2 
(g) ont 3s Gn = —NOn—1 + An—2. 


Formula (g) is a recursion formula. It will give the value of a, for each 
n 2 2. Before we can use it, therefore, we must find a). Setting the second 
coefficient in (40.37) equal to zero, we have, with m = 1 and the values 
of bo, co, 61, c, a8 given in (d), 


(h) a,[(2)(1) + $11 + 1) — $]) + afl + 0]= 0, a, = —Bap. 
We can now use (g) and (h) to obtain, when 
(i) 
n= 2: 
4 9 

Taz = —2a + a9 = $9 + do = do, a2 = 35 Go; 
n=3: 

Lee Ries Soles aa a a2 a 

2 3 = 2 ) eer 35° 5 0 35 0) : a ~~ 945 0; 
n=A4: 


571 571 
Bag = —4ay + ap = Fee ao+35 0 = 945% = 94 = 5 799 20" 
J 


Substituting the value m = 1, and the above values of the a’s in (b), we 


have 
; = _2,,9,2 8 ole. 
(i) nn = aoe (1 5° +357 — ga5® + 597007 ), 


which are the first five terms of one series solution of (a). To obtain a 


second solution, we use the root m = —4 and proceed as above. The re- 
cursion formula, obtained from the coefficient of 2”+” in (40.37) becomes, 
with m = —4 and the values given in (d), 


(k) — anl(n — 4)(n — §) + 3(n — 4) + (—9)) 
+ Gn—i[n a §] + Gy —2[0 —-i= 0, 
which simplifies to 


2_ 
(1) Pr 8 ay = —(n — 3) on + Onn n= 2. 


As before, we find a, by setting the second coefficient in (40.37) equal to 
zero. There results 


(m) ai[3(—4) + (4)(4) — 4] + ao(—4) = 0, a1; = —ap. 
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Hence from (1) and (m), we obtain, when 


(n) m= 2: ag = —$a, + ao = faq + Ao = $a; 
n = 3: $a3 = —$a2+ a) = —$ao — ao = —4Pao, a3 = —}ao; 
n= 4: 10aq = —$ag + ae = $8a0 + Zao = AAPay, a4 = F8a0. 


Substituting m = —4 and the values of the above set of a’s in (b), we 
obtain for the first five terms of a second series solution of (a) 


(0) ya = age "21 — 2 + Bo? — $e + Heget — - 


By Theorem 40.39, the two series solutions are linearly independent. 
Hence by Theorem 19.3 and Comment 19.41, a general solution of (a) is 
a linear combination of (j) and (0), namely 


= ae ao Pree Le a 
() y= ( wan 35 + 99,790 * ) 
1/2 is 3 -z 119 eee 
+ cox ( +3 x a + sae ), 


where do has been incorporated into the arbitrary constants c, and cg. 

We observe from (c) that f(z) and fe(r) are polynomials. Hence, by 
Comment 37.53, their series representations are valid for all x. Therefore, 
by Theorem 40.39, each Frobenius series solution is valid for all x except 
perhaps for + = 0. In this example the solution (j) is valid for all x. The 
second solution (0), because of the presence of x~'/?, is valid for all z 
except z = 0. Hence the general solution (p) is valid for 0 < [2] < o. 

Note that for x < 0, the second series in (p) isimaginary. We can make 
it real by choosing co = cz, where c is real. 


Case 2. The roots m,, mz of the indicial equation (40.38) differ 
by an integer. If the two roots of the indicial equation (40.38) differ by 
a nonzero integer, we can write them as m and m- N, where N is a 
positive integer. Since m + N is a root of (40.38), it satisfies this equa- 
tion. Hence, 


(40.4) (m + N)(m + N — 1) + bo(m + N) + 9 = 


Now compare the left side of (40.4) with the coefficient of a, in the last 
term of (40.37). They both will be exactly the same if nis replaced by N. 
This means that if we use the smaller root m in (40.37) to find a set of values 
for the a’s which will make the coefficient of each x* zero, we will be 
stopped when we reach the term in which ay appears, since its coefficient 
will be zero. Hence we cannot solve this equation for ay in terms of previ- 
ous a’s unless by accident, the remaining terms in the equation also add 
to zero. In this case, the equation will be satisfied for any arbitrary value 
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of ay. We can then continue to determine values of succeeding a’s, i.e., of 
On 41, On+2,°°+ in terms of ao and ay. 

If therefore the roots of the indicial equation (40.38) differ by a positive 
integer N, two possibilities may occur. Each is considered separately in 
Cases 2A and 2B below. 


Case 2A. The coefficient of ay in (40.37) is zero and the remain- 
ing terms in the coefficient of x”*% also add to zero. In this case the 
larger root m + N will determine, by (40.37), a set of values of the a’s in 
terms of ao; the smaller root m will determine two sets of values of the a’s, 
one in terms of ap and the other in terms of ay. However, the Frobenius 
series solution obtained by the larger root in terms of ag will not be linearly 
independent of the one in terms of ao obtained by the smaller root. Hence 
the smaller root alone will give, in this case, two independent solutions, 
whose linear combination will be a general solution of (40.33). It will have 
two arbitrary constants a9 and ay. These solutions will be valid in the 
same intervals given in Theorem 40.39. 


Example 40.41. Find a general solution of 


(a) wy” + ay! + (= _ #) y = 0. 


[Norr. This equation is known as the Bessel equation of index 4. A 
discussion of the general Bessel equation of index n will be found in Lesson 
42.] 


Solution. By Definitions 40.22 and 40.24, it can be verified that 
x = 0 is a regular singularity of (a). Hence we seek a Frobenius series 
solution of the form 


(b) y = 2™(ao + ayx + aox? +---). 
Comparing (a) with (40.33), we see that 
(c) fi@e) =1 and fe(z) = —4+ 2’, 


both of which are already in series form. Hence comparing (c) with (40.34), 
we have 


cO=-% «1=90 c= 1. 


All remaining b’s and c’s are zero. Therefore the indicial equation (40.38) 
becomes 


(e) mm —1)+m—4=0, m?—}4=0, 


whose roots are m = 4 and m = —4. These roots differ by the integer 1. 
Hence for this example N = 1. When m = —3, which is the smaller 
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root, we obtain, by setting the second coefficient in (40.37) equal to zero 
(f) a,[(4)(—4) + $ — 3] + a9(0) = 0, Oa, + Oay = 0. 


The coefficient of a, is zero, but the other term in its equation is also zero. 
Hence this Case 2A is applicable. (Nore. Since N = 1, ay = a;. We 
therefore could have anticipated from what we said above, that the co- 
efficient of a; would be zero. We could not of course have anticipated 
that the coefficient of a) would also be zero.) Any values of ao and a, will 
satisfy the last equation in (f). The remaining a’s, namely ae, az, --- 
obtained by equating each subsequent coefficient in (40.37) to zero, will 
now be solvable in terms of an arbitrary ao and an arbitrary a. 

With m = —4, the recursion formula obtained by setting the co- 
efficient of the general term x”*” in (40.37) equal to zero, becomes, with 
the help of (d), 


(g)  anl(—4 + 2)(—$ 4+ 2) + (—$ +2) — $+ Gn—100) + an_-2(1) = 0, 
which simplifies to 
(h) (n? — n)an = —Gn_2, n = 2. 
From it we find (remember do and a, are now arbitrary) when 
(i) n= 2: ag = —4$ao, n= 3: a3 = —}ay, 
n= 4: ag = —qzyOe = gqM, n= 5: a5 = —gyd3 = rhe, 
n = 6: ag = —go4 = —73040, n= 7: Ay = —gyds = —sGzpth. 


Substituting m = —4 and the values of the above a’s in (b), it becomes 
: sd ee oe ee, eee 
(j) Y = Aor ( g% tagt — 79% + ) 


oe ae, 18 
+ ayel ( -"4+55- gt) 
\ 

which are the first seven terms of a general series solution of (b). We ob- 
serve from (c) that f;(x) and fe(x) are polynomials. Hence, by Comment 
37.53, their series representations are valid for all 2. Therefore, by Theorem 
40.39, each Frobenius series solution converges for all x, except perhaps 
for x = 0. Here the first series converges for all x except x = 0, the 
second for all 2. The general solution (j) converges for 0 < || < o. 
Note that for x < 0, the first series is imaginary. We can make it real 
by choosing @9 = ci where c is real. 


Case 2B. The coefficient of ay in (40.37) is zero, but the remain- 
ing terms in the coefficient of x”*% do not add to zero. In this case 
only the larger root m + N of the indicial equation (40.38) will determine 
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a set of values of the a’s in terms of ao. There will therefore be only one 
Frobenius series solution of (40.33). 


Comment 40.5. A second independent solution of (40.83), it has 
been proved, will be of the form 


(40.51) yo(z) = u(x) — bwyi(x) logz, x > 0, 


where N is the positive integral difference between the roots of the indicial 
equation (40.38), y: is a Frobenius series solution of (40.33) obtained with 
the larger root m + N, and u(x) is a Frobenius series of the form 


(40.52) u(x) = 2™(bo + byx + bor? + ---). 


In (40.52), m is the smaller of the two roots of (40.38). By substituting 
(40.51), (40.52), and the necessary derivatives in (40.33), you will find 
that y2 will be a solution of (40.33), if (see Exercise 40, 14) 


(40.53) wu” + afyu’ + fou = byl2zyi’ + (f1 — Iya. 


If, in (40.53), you now substitute u and its derivatives as determined by 
(40.52), the Frobenius series solution y; and its derivative, then the 
resulting equation will enable you to find the values of the b’s in (40.52). 
We shall, however, not discuss this matter further since logarithmic 
solutions, as these solutions are called, have limited applications. See 
Exercise 40, 14-17. 


Example 40.531. Find a solution of 
(a) zy” — (2 — z)y' + (2+ 2%)y = 0. 


Solution. Division by x? and application of Definitions 40.22 and 
40.24 shows that z = 0 is a regular singularity of (a). Hence we seek a 
Frobenius series of the form 


(b) y = 2™(do + aye + dor? tee), 
Comparing (a) with (40.33), we see that 
(c) fit) = —2+2 and fa(z) = 2+ 27, 


both of which already are in series form. Hence, comparing (c) with 
(40.34), we find 


(d) bo = —2, b, = 1. 
Co = 2, Cc, = 0, cg = 1. 


All the remaining b’s and c’s are zero. The indicial equation (40.38) be- 
comes 


(e) mim —1)—2m+2=0, m* —3m+2=0, 


whose rootsarem = landm = 2. These roots differ by an integer N = 1. 
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Using the smaller root m = 1 and the values in (d), we obtain by setting 
the second coefficient in (40.37) equal to zero, 


(f) a,(2— 4+ 2) + ao(1+0)=0, Oa; + ap = 0. 


The coefficient of ay = a, is zero, but the coefficient of ap is not. Hence 
this root m = 1 will not lead to a solution. As remarked at the outset 
of this lesson, only the larger root in this case will give a solution. 

Therefore using the larger root m = 2, we obtain by setting the second 
coefficient in (40.37) equal to zero, 


(g) a,(3-2— 2-342) + 2a9 = 0, a, = —ay. 


The recursion formula, obtained by setting the coefficient of "+" in 
(40.37) equal to zero becomes, with the help of (d), 


(bh) aal(2 + n)(1 + n) — 2(2 + 2) + 2] + (1 + nani + Gn_2 = 0, 
which simplifies to 
(i) (n? + nan = —(n + lan) — Gre, n = 2. 
By (g) and (i), when 
do 


Gj) n=2: 6a2 = —3a, — ap = 3a9 — Qo, dg = 3? 


= 3: a Nor Soe Aa a3 = 


= 20; 
3 36 


Substituting m = 2 and the above values of the a’s in (b), we have 
2 3 
x 
(k) n=on*(1-2+5-F—...), 


which are the first four terms of a Frobenius series solution of (a). By 
(c), f1 and fz are polynomials. Their series representations are there- 
fore, by Comment 37.53, valid for all z. Hence, by Theorem 40.32, y, is 
also valid for all zx. 

By Comment 40.5, a second solution of (a) will have the form [here N, 
the difference of the roots of (40.38), is one] 


(1) y2(x) = u(x) — biyi(z) logz, x > 0, 
where u(x) is a series of the form 
(m) u(x) = x(bo + bit + bor? +--+). 


See Exercise 40, 15. 
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Case 3. Roots of indicial equation (40.38) equal. If the roots of the 
indicial equation (40.38) are equal, it is evident that only one set of a’s 
and therefore only one Frobenius series solution of (40.33) can be obtained 
from (40.37). 


Example 40.6. Find a general solution of 
(a) zy” + xy’ + xy = 0. 


(Nots. This equation is known as Bessel’s equation of index zero. A fuller 
discussion of the general Bessel equation of index n will be found in Lesson 
42.] 


Solution. Division by x? and application of Definitions 40.22 and 
40.24, shows that x = 0 is a regular singularity of (a). Hence we seek a 
series solution of the form 


(b) y = 2™(ag + aye + aor? + -->). 
Comparing (a) with (40.33), we see that 
(c) fi(z) = 1, fo(x) a ba 


both of which are already in series form, valid, by Comment 37.53, for 
all x. Comparing (c) with (40.34), we find 


(d) bo = 1, Co = 0, cy = 0, C2 => 1. 


All the remaining b’s and c’s are zero. The indicial equation (40.38) 
therefore becomes 


(e) mm —1)+tm=0, m?=0, 


whose roots are m = 0 twice. Hence we can expect only one Frobenius 
solution from these roots. 
Using the root m = 0, we obtain from the second coefficient in (40.37), 


(f) a,(1 + 0) + 49(0) = 0, a, = 0. 


Setting the coefficient of x™*" in (40.37) equal to zero, we obtain, with 
the help of (d), the recursion formula 


(g) a,[(n)(n — 1) + (1)(n)] + an—1(0) + Qn—a(1) = 0, 
which simplifies to 


—An— 
(h) Qn = —On—2, Oy = —3—, n ZB 2. 
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From (f) and (h), when 


: 1 
(i) n=2: ag = — 32 40 
n= 3: a3 = — eu = 0, 
1 
n= 4: aq = — F342 = 93, G2 Am 
n = 8: as = — 25a; = 0, 
1 1 
cla ai ama OO as 


Substituting in (b) these values of the a’s and m = 0, we obtain the 
Frobenius series solution 


5 x? xt e a 
(i) n=0(1- 545g — ate te 42.62.92  ‘J° 


By Theorem 40.32 this series is valid for all x. 

A second solution of (a) can be found by means of the substitution 
(40.51), with N = 0. (Remember N is the difference between the roots.) 
This solution is the coefficient of co in (k) below. Hence the general solu- 
tion of (a) is 


2 
(k) y= ein + 00(% — me ot PERTH Sy... 


1 1 
oe n ’ 
—y)"t! 
+ (-1) ~42 ae m4. sigies)) z> 0, 
where y; is given in “ye 
EXERCISE 40 


1. Determine the singularities of each of the following differential equations. 
Also indicate whether they are regular or irregular singularities. 
(a) (@ — 1)3x?y"” — 2(¢ — 1)ay’ — 8y = 
(b) (@ — 1)?aty” + 2@ — 1)ay’ — y = 0. 
(c) (@+ 1)9y” + ay’ — (@ — ly = 0. 

Verify that the origin is a regular singularity of each of the equations 
2-6 and that the roots of the indicial equation (40.38) do not differ by an 
integer. Find, by the method of Frobenius, two independent solutions of 
each equation and ee of Creare 


é "i 

4, xy!’ + ead 1)y’ + 3y = 0. 

5. 2e2y”’ — xy’ + (1 — 2?)y = 0. 

6. 2(x? + 23)y” — (x — 32%)y’ + y = 0. 


Lesson 40—Exercise 585 


Verify that the origin is a regular singularity of each of the equations 
7-9 and that the roots of the indicial equation (40.38) differ by an integer. 
Each equation, however, has two independent Frobenius series solutions. 
Find these solutions and intervals of convergence. 

7. xy” — x?y’ + (2? — 2)y = 0. 
8. 22y" + (1+ 23)ay’ — y = 0. 
9. 2?y” + ay’ + (a? — $y = 0. 


Verify that the origin is a regular singularity of each of the equations 
10 and 11, that the roots of the indicial equation (40.38) differ by an 
integer, and that each equation has only one Frobenius series solution. 
Find this solution and an interval of convergence. 


10. x2y” + ay’ + (2? — ly = 0. 
M. 2?y” + ay’ + (22 — 4)y = 0. 


Verify that the origin is a regular singularity of each of the equations 
12 and 13 and that there is only one root of the indicial equation (40.38). 
Hence, there is only one Frobenius series solution. Find this solution and 
an interval of convergence. 


12, 22y"” — 32y’ + 4(2 + 1)y = 0. 

13, zy” + (1 — 2)y’ + dy = 0. 

14. Prove that the substitution in equation (40.33) of y2(x), ye’(z), y2’’(x) as 
determined by (40.51) will yield (40.53). Hint. Use the fact that y1(z) is a 


solution of (40.33). 
15. In Example 40.531, we found one solution of (a), namely 


2 3 
2 x x 
yi(z) = = ( z+ 3 36 ) 

By use of (40.51), (40.52), and (40.53), find a second solution of (a). Hint. 
See (I) and (m) of the example for the form of the second solution y2(z) 
and of u(x). Substitute u, u’, u’’, y1, yi’ in (40.53). The functions f; and fe 
are given in (c). Equating coefficients of like powers of x, will determine, 
in terms of bo, those values of bi, be, -- - needed in (1) and (m). 
Follow the instructions given in problem 15 to find the second solution of (a) 
of Example 40.6. It is given in (k). Hint. Each 6 with odd subscript is zero. 
Each b with an even subscript has two in its numerator. Break up the two 
into 1-++ 1. Two fractions thus result. One gives boy1, where yj is the solu- 
tion (j); the other gives the coefficient of c2 in (k). 
With the aid of the hint given in problem 15, find the general solution of 
each of the following equations. 
(a) x?y” — 3zy’ + 4(z-+ 1)y = 0. See problem 12 for solution y1(z). 
(b) x2y’” — 2(2 — 5x)y’ + (x — 6x2)y = 0. 
The method of Frobenius may also be applied to find a particular solution of 
the nonhomogeneous linear equation 


(40.61) xy” + afi(z)y’ + fe(z)y = Q(z), 


where fi(x), fo(z) are analytic at z = 0 and Q(z) is a function that can be 
expressed as a Frobenius series. 


(40.62) Q(z) = x*(bo + biz + ber? + ++). 


16 


17 


18 
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If neither root of the indicial equation (40.38) exceeds n — 1 by a positive 

integer, then a trial solution y,(z) will be of the same form as Q(z), namely 

Yp(z) = 2*(ao + a1 + agx? +--+), Substituting y(z), yp'(z), yp’(z) in 

the original equation and equating coefficients of like powers of 2, will de- 

termine ao, a1, a@2,°°+. For each of the following equations find the roots 

of the indicial equation, then verify that these roots do not exceed n — 1 

by a positive integer, and finally find a particular solution. 

(a) zy’ + y' — 2ey = 42+ x7. Hint. Multiply the equation by x to 
determine n, f(z), and fo(x). 

(b) 222y + xy’ + zy = sinz-+ 2x? cosx. Hint. Replace sin z and cos z 
by their Maclaurin series expansions. 


19. A series solution, valid in a neighborhood of x = 0, may not be of much 
practical use for large values of x since too many terms in the series may be 
needed to obtain a desired degree of accuracy. In such cases, it is best to 
make the substitution 


1 1 
(40.63) ee aber: Ln a 


and solve the resulting equation for y in powers of u. A solution y(u) for a 
amall value of u in the new equation will then correspond to a solution y(z) 
for a large value of z in the original equation. Using the above substitutions, 
find a Frobenius series solution, first in powers of u, then in powers of 1/2, 
of each of the following. 


(a) 2x?(e% — ly” + 2(8¢ + 1)y’ — 2y = 0. 
(b) 2ady” + xy’ + y = 0. 
2 1 2 8 4 2 
(c) x y'+2(5 -)v+ (7 -2)y = itat q Ye only. See 
problem 18. 
Also determine an interval of convergence in each case. 
A linear differential equation F2(x)y” + F1(z)y’ + Fo(z)y = 0 is said to 
have a regular singularity at © if the substitution in it of (40.61) results 


in an equation which has a regular singularity at u = 0. Show that each of 
the following equations 


(a) xty” — 32y’ + (1 — z)y = 0, 

(b) the Legendre equation (1 — 2”)y’’ — 2ry' + k(k+ 1)y = 0, 

has a regular singularity at 0. In the case of the Legendre equation, find 
a Frobenius series solution first in powers of u, then in powers of 1/x. Show 
that the series is convergent for |z| > 1. 


20 
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21. The following equation ‘ 
(40.7) a(1 — zy” + [Y — @+8 + I)aly’ — aBy = 0, 


where a, 8, Y are constants, is known as Gauss’s equation or as the hyper- 
geometric equation. Verify that: 


(a) « = 0 is a regular singularity of (40.7). 
(b) The roots of the indicial equation (40.38) are m = 0 and m = 1 — ¥. 
Oiacen (n-+ m+ a)(n+ m+ B) | 
1 GF m+ Dnt m+7 
where ao, @1, @2,°**,@n,°** are the coefficients in the Frobenius series 
y = 2™(ao + aiz+ az? + an +--+), a0 ¥ 0. Hint. Substitute y and 
its derivatives directly in (40.7) and equate to zero the coefficient of 2™*". 
(d) Solutions, using first the root m = 0 and then the root m = 1 — 7, 
with ap = 1, are respectively 
_ ; a8 , (a+ 186 +1) 2” 
(40.71) y= F(@,B,7; x) =1+ ¥ e+ 17 ae 1 al 


ee pA@tD tn = REtY---Ctn=) sy 


n= 0,1,2,---, 


VY 1)-°°Y¥+n—1) nl 
Y #0, —1, —2, —3,-++ 


pa defipearenentey,,..] 


= 2) Fe —71+1,8—7+1,2—7%32), ¥ #2,3,4,°°° 


The notation F(a — Y + 1,8 —Y-+ 1, 2 — Y; x) means, replace in the 
y1 equation of (40.71),a bya —Y+1,Bby8 —Y+1,¥Y by 2 — 7. 
(e) Both solutions are the same when Y = 1. Hint. Note that whenY = 1, 
the root m = 1— 7 = 0. 
(f) If Y is not an integer, the general solution of (40.7) is 


(40.72) y = c1y1 + cay, 


convergent for |z| < 1 except perhaps at z = 0. If Y is an integer, 
then only one of y: or y2 is a solution of (40.7). 


The series on the right of y1 in (40.71) is known as the hypergeometric 
series. By Theorem 37.16, it defines, on the interval |z| < 1, a function, 
called the hypergeometric function, which we have designated by 
F(a,B,Y;x). If a or B is zero or a negative integer, the hypergeometric 
series terminates and the hypergeometric function is a polynomial. 


22. Using the results obtained in problem 21, find a series solution of each of 
the following differential equations. 


(a) x(1 — a)y”’ + (3 — 2x)y’ — fy = 0. Hint. In (40.7), ¥ = %, 
a+fB+1 = 2,08 = }. Thereforea = 4,8 = 4,7 = §. 
(b) 2(1 — z)y!’ + (2 — 42)y’ — 2y = 0. Hint. In (40.7), Y = 2, 


a+B+1 = 4,08 = 2, Thereforea = 1,8 = 2,7 = 2. 
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23. Show that the substitution 


= a2 _@#-n du = 1 
(40.73) x (re — nutri, u= eens age 
dy _dydu_ ly 
de dudz re—r, du 
@y_a(_1_ 1 dy du 
dx? dz \rp — 71 du ~ Pe —r, du2 dz 
1 d’y 
= ny Fe qu2’ T1 Fad T2) 
in the equation 
b 
(40.74) (@ — nie — ray" +2 (@ — 18) + Ey = 0 
will transform it into the Gauss equation (40.7), namely 
= b (ri — rs) _ | eats 
(40.75) u(l oot dat yy E Gon) a “a at 0. 


A series solution of (40.75) is, therefore, see problem 21, 
(40.76) y = c1F(a,8,7; u) + cout -*F(a -¥+1,8 —Y¥+1,2—7;u), 


where 
b(r1 — 13) | _ 6b - 
(40.77) Y= renee ay a+tp+i1= a’ ap = c/a. 
Hence, by (40.73) and (40.76), a solution of (40.74) is 
(40.783) y=aF (a9n2 =") 
"re — 11 
1 (2 , —y+1,6—714+1,2-—7;2—"}- 
c2 ro —T1 Qa ’ ’ tr. — 11 
The notation F («7 ; = “1) means replace x in (40.71) by Lamers 2 Te 
r2 — 11 r2— 11 


24, With the aid of problem 238, find a series solution of each of the following. 
(a) (@ — 2)(@+ Ly” + $+ Dy’ — By = 0. 
Hint. r) = 2,re = —1,r3 = —1, 


a 
(b) (2 — 2)(@ — 1)y” + 4ay’ + 2y = 0. 
Hint. ry = 2,72 = 1,73 = 0,a = 1,6 = 4,c = 2,2 = —u+2. 


25. Prove each of the following identities. 


(a) F(,6,8; 2) = — =* Hint, See answer to problem 22(b). 


(b) F(a,8,8; 2) = (1 — z)~*. 

(ec) xF(1,1,2; —x) = log (1 4 2). 

(d) 2F (4,48; 22) = sin! 2. Hint. See answer to problem 22(a). 
(e) F(4,—4,3; x?) =(1— cad ae 


oe) 
2 
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26. With the aid of problem 23, find a series solution of the following equation, 
known as Tschebyscheff’s equation, 

(40.79) (x — 1)(@+ 1)y” + ay’ — n’y = 0. 
Hint. r1 = 1,re = —1,r3 = 0,a = 1,b = 1l,ce = —n?,2 = —2u4+ 1, 
a=nB = —n,¥ = }. 

27. With the aid of (40.71) and the answer given in problem 26, find the 


Tschebyscheff polynomials To(x), T1(x), T2(z), T3(x), T(z). 


ANSWERS 40 
1. (a) « = O regular singularity, x = 1 irregular singularity. (b) = 0 
irregular singularity, x = 1 regular singularity. (c) « = —1 irregular 


singularity. 


3 
1/2 4 4 


- Y= Cz (1-245 -F4--) rae; 


yo = c2(1 — Qn -+ $x? — yex3 + ---), all z. 


yr = ct2(1 — Sr + fer? — fez? + -- >), all z; 


yo = coz—(1 4+ Qa — 227? 4+ $23 +--+), 2 0. 


3 
~Y1 so tre 


3 
ya = cat? (1 _ teal Me pe )valte. 


y= wlth dot 


ll? 
y2 (+2 ae --) sau, 


= nee + cex)(1 — a+ 2% — 23 4+---), [2] < 1. 


yi = ce "(1 + dn + fx? — fot —;--), 2 #0; 


yo = cot2(1-+ $2 + pot? — Apt? — ---), all z. 


3 6 
& us = ae(1— 54+ o ~~) valle: 
6 
meart(i+s Fto)ew0 
9 si fee eee eee (2 ere aise 
eet 1+4\2/ "20+ H@+9 2 care 
ee —1/3 1 z\? 1 z\* | 
Yo = Cox b--44 :) +t (3) —eeetee £0. 
10 y= eel —3) tga G) +--- fm 
. ¥ = cx 2@)3) seeTs all x. 
ll. y = cx afi — (ey foe) 4 meres 
12. orate a eee ASr3 + $74 — -.-), all z. 
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13. y =c (1 _ = ae) 2 Ba® a+. ‘ »all x. 
15. y = bolz(1 + « — $x? + $323 — ---) — yi logz], «> 0. 


17 (a) y = yr + colx?(8a — 122? + 1hG23 + --+)-+ yi logz], where y1 is 
given in problem 12. 
(b) yi = crt3(1 — 42 + 92? — +++), 
y2 = cal(l + 42 — $x? — ABr3 + ---) + Afys log 2). 


2 3 
18. (a) pee (ee ee): 
7 x? ) 
Osea oes. ¢ 


2 3 
19. (a) y sala = ple Ba) 


2 3 
v2(,, 4u, 22u? | 484u He) 
aac (+4 igi ye 


pele 24 i + ee 


322 ' 4523 


wio(v4 hs Be yy.) 
+ cae (44+ 24 f+ 


The u series converges for |u| < 1. Hence the « series converges for 
z] > 1. 


on ee, 
hat (pate eats), 2 x 0. 
©) pe ia), 2 0. 
st ce ~Say* + ee ners tt 
+ az et E ze (k at 2 


+NE+DE+ IETS 4, 
22. 21(2k + 3)(2k + 5) 


44 + Ih + 2)(b + 8) ++ (e+ 20) om.) 
2°n!(2k + 3)(2k + 5)--+ (2k + 2n+ 1) 


22. (a) y = c1F(4,4,8; 2) + coz /?F(0,0,4; 2) 
x 32” 5x? ) -1/2 

= A (rere we ee + een". 

(b) y1 = e1F(1,2,2;2) =a(l+a2+2?+---) = 


+ 


C1 
1—2z 
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2 
You can verify that ye = cer—!F(1,2,2; 2) = a5 is also a solution. 


Herea = 1,8 = 2,7 = 2. Note that in this special case, the second and 
subsequent numerators and denominators of the solution ye of (40.71) are 
both zero. 


24. (a) The transformed equation is 


Herea = 3,8 = —4,7 = §. 
y = 1 F(3,—4,5; ge + cou! —7*F(4,—8, —$; u) 


—5/2 
cF (a,- am os 22) + ce = = 2) r(4,-2, —$; a ae); 
(b) y = c1 F(1,2,8; Re — 2) + co(2 — z)—-7F(—6,—5,—6; 2 — a 


26. yn(z) = c1F (n—n, 4; as 152) 
aoe v2 l—z 
vals a r(n+4 0448152 = 


21. To(s) = 1, Tala) = 2, Pala) = 2? — 1, Ta(e) = Ae — 2, 
Ta(a) = 22+ 


y 


LESSON 41. The Legendre Differential Equation. Legendre 
Functions. Legendre Polynomials P,(x). 
Properties of Legendre Polynomials P,(x). 


LESSON 41A. The Legendre Differential Equation. The linear 
differential equation 


(41.1) (1 — 2?)y” — Qry’ + k(k + l)y = 0, 


where k is a real constant, occurs in many physical problems. It is known as 
the Legendre equation, named after the French mathematician A. M. 
Legendre (1752-1833). Because of its great practical importance, this 
equation has been studied by many mathematicians and a considerable 
amount of literature is available on the subject. 

You can verify by Definition 40.2, that x = 0 is an ordinary point of 
(41.1). This equation can therefore be solved by the power series method 
outlined in Lesson 37B. Dividing (41.1) by 1 — x? and then comparing 
the resulting equation with (37.5), we see that 


ani: eS Met) =kk+D04+2?+244--,), 


AGS =A ae —I(1 +2? +a24+4+--.), 
Both series are valid for |z| < 1. Hence by Theorem 37.51, (41.1) has a 
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series solution in powers of x which is also valid for |z| < 1. We therefore 
seek a Maclaurin series solution of the form 


(41.12) —- (x) = ag + aya + agu? + agz? + --- 
+ ant” + Ong it®t! + ag yout? + ---, 


Successive differentiations of (41.12) give 


(41.13) y’(x) = a, + 2agx + 3agr? +--- 
+ nant” + (n+ 1)dngi2z"+ (n+ 2)dnyor"th+---, 
y(t) = 2ag + 2+ B3agz + ---> + n(n — 1)anx"—? 
+ n(n + Langit"? + (n + 1)(n + 2)anyon” + +++ 


As usual y will be a solution of (41.1), if the substitution in it of (41.12) 
and (41.13) is an identity in x. Making these substitutions, we obtain 


(41.14) (1 — 2%)[2ay + 2+ Bage + +++ + n(n — lage”? 
+ n(n Lan gre? + (m+ 1)(m + 2)dn 420" > +] 
— Qala, + 2agx + 8agr? + +--+ nanz™!---] 
+khk+ 1)[a9 + yx + agz? +- +s tage* +.) = 


Expanding and collecting coefficients of like powers of x, we have 


(41.15) [2a2 + k(k + 1)ao] + [3!a3 aes 2a, + k(k + 1)a,]x 
+ [12aq — Gag + k(k + Lag)z? + 
+ [(n + 1)(n + 2)ang2 — n(n + 1)an + k(k + 1anje” = 0. 

Hence we must choose the set of a’s so that 
(41.16) 2az + k(k + 1)ay = 0, 

2-3a3 — 2a, + k(k+ 1)a, = 0, 

3-4a,4 — 2- 3a. + k(k + 1)ae = 0, 

4-5a5 — 3-4a3 + k(k + 1l)a3 = 0, 

5+ 6ag — 4-5a4-+ k(k + lag = 0, 


(n + .1)(n + 2)dnzo2 — n(n + 1)an + k(K + 1)an = 0. 
Therefore, by (41.16), 


(41.17) >a, = oh ED Qo, 
2—kk+1) ja SAE DES) 
3 == 3! 3! ly 
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LEGENDRE PotyNnoMIALs P;(z) 
S—FETD , ee eS) 
7a 12 


amen, ,= k= DE+4, 
= 20 5 
Ak = eine 9G44 . 
= a 
— 20 —-kk+1), p= - HH DET), 
30 30 
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Ce 


Gon+1 = 


(2n)! 


(2n + 1)! 


Substituting (41.17) in (41.12), we obtain 


(41.18) 


y(x) = aoSz(xz) + a, T,(z), 


where do and a, are arbitrary, and 


(41.2) 


Sy(o) = [1 — HEED 2 4 MEE DE DEFD) ga 4 


4 D"HEF Db = 2)(E+3)(b— 4) ++ (+201) am 


(41.21) 


(2n)! 


— (=1)"k(k + 1) — 2)(k+.3)(k — 4)(b + 5) - ++ (K+ 2n — 1) ay 


— (=k — 1) +2)(k — 3)(h+4)(k — 5)(K+6)-- (b+2n) | 


Ty(a) = [2 — EDEL .2 4 CH VEEDE- DEF 4. 


4 EME = K+ DEA BKM) = (E+20) ont 


(2n+ 1)! 


LESSON 41B. Comments on the Solution (41.18) of the Legendre 


Equation (41.1). 


P,(x). The following comments apply to the solution (41.18). 
1. The solution (41.18) is valid for [z| < 1. See remarks immediately 
e 


following (41.11). 
2. When k is zero or a positive even integer, 2, 4, 6, + 


integer, —1, —3,--+, the series in (41.2) terminates, i.e., it becomes a 


Legendre Functions. Legendre Polynomials 


-, or a negative odd 
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polynomial in z. For example, when k = 2, the third and all succeeding 
terms in (41.2) are zero; when k = —1, the second and all succeeding 
terms are zero. 

3. When k is a positive odd integer, 1, 3, 5,---+, or a negative even integer, 


—2, —4,---, the series in (41.21) terminates, i.e., it becomes a poly- 
nomial in x. For example, when k = 3, the third and all succeeding 
terms in (41.21) are zero. When k = —2, the second and all succeeding 


terms are zero. 

4. If k is not an integer or zero, both series (41.2) and (41.21) are non- 
terminating. By Theorem 37.16, therefore, each defines, for each k, a 
continuous function on J: |z| < 1. These functions are called Legendre 
functions. 

5. Since a Taylor series is a special case of a Frobenius series, the Legendre 
functions (or a Legendre function and a polynomial) defined by the 
series (41.2) and (41.21) are, by Theorem 40.39, linearly independent. 
And since each is a solution of (41.1), it follows by Theorem 19.3 and 
Comment 19.41, that y(x) of (41.18) is a general solution of (41.1) on 
q: |x| <1. 


Because of Comments 2 and 3 above, we can write polynomial solutions 
of the Legendre differential equation (41.1) when k is zero or an integer. 
All we need do is select the proper series (41.2) or (41.21) for the given k. 
In Table 41.22, we have listed solutions of (41.1) for a few integer values 
of k and for k = 0. 


Table 41.22 


A Solution by 


Ifk = The Legendre Equation (41.1) Becomes (41.2) or (41.21) Is 


(1 — 2?)y"” — 2ay’ = 0 yo(x) = 1 
(1 — 2?)y” — 2ay’ + 2y = 0 yi(z) = 2 
(1 — 2?)y” — Qay’ + by = 0 ya(z) = 1 — 82? 


(1 — 2?)y"” — Qay’ + 12y = 0 y(t) = x — 323 
(1 — 2?)y’’ — 2ay’ + 20y = 0 ya(z) = 1 — 1027+ 3324 


PrP wd FF © 


If we solve the last equation in (41.16) for an42, we obtain 


Inn t+ —kE+D, K a 
are ay Oe Oh eee 


Since the numerator of (41.23) is equal to —(k — n)(k + n+ 1), we can 
write (41.23) as 


(41.23) An4+2 = 


— _ (k&-—nkt+n+)) 
(41.24) Qan+2 = — (n+ Din +2) Qn. 
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Therefore by (41.24), if k is an integer, and 


(41.25) n=k—2: qga=— at pa; 
; = 4(2k — 3) 
n=k—4: ae = —  — 2)(k — 3) 
Therefore by (41.25), 
(41.26) ap—e em ‘) ax 
_ (k= 2)(k — 8) _ k(k — 1)(k — 2)(k — 3) 
tea 4(ak — 3) “*-2~ "9. 4(2k —1(ak — 3) ™ 


Pe SD SS 


Substituting (41.26) in (41.12), we obtain polynomial solutions p;(x) of 
Legendre’s equation (41.1) of the form [write y(x) in descending powers 


of x, namely y(z) = +++ ayx* + ay_gt*—? + ay_gt** + ++] 


(41.27) 
a k(k —1) 4-2 , blk — 1)(k — 2)(k — 3) 4 
Pr(t) = a [= —3@e— 1)” + gree —Dek= 3” 
a = 1)(k = 2)(k = 3)(k = 4)(k = 5) 4-6 tee], 
-4-6(2k — 1)(2k — 3)(2k — 5) 
k= 0,1,2,-°:, 


where a; is an arbitrary constant. Let us take for it the particular value 
(41.3) 


a = age = bl 4-6 GE) kl 


(The reason for selecting this value of a, will be made clear in Lesson 
41C-A.) To distinguish between the polynomial solutions p;(x) of (41.27) 
and those we shall obtain by giving a, the value (41.3), we replace p, 
by P,. Hence by (41.3) and (41.27) 
1-3+5-+- (2k — 1) [= - k(k—1) 
i 2(2k — hl 
eke k(k — 1)(k — 2)(k — 3) pa 
2-4(2k — 1)(2k — 8) 
_ Ee = Nk = (k= 3)(k =A) R= 5) poy, 
2-4-6(2k — oe — 3)(2k — 5) 
4 GV "k(k = 1k = 2) ++ (k= m+ N) eae |. 
2n!(2k — 1)(2k — 3)-- Ok —22n+ 1)* 
k= 0,1, 2,- 


(41.31) P(x) = 
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By definition, s! = 1-2-3---+s. Hence, 


(41.311) (s+1)(s+2)---(s+n) 
1-2-3-+-8(s+1)--+ (stn) _ 


—1:2-3-- ast) Fn) _ (tn)! 
~ 1-2-3---8 3! 
By (41.311) 
(41.312) (2s + 2)(2s + 4)--+ (2s + 2n) 
= Met 1) tn =e eta 


By: (4.311) and (41.312), 


(41.313) (28 + 1)(28 + 3)-+- (28 + 2n — 1) 
_ (28 + 1)(2s + 2)(28 + 3)(2s + 4) +++ (28 + 2n — 1)(28 + 2n) 
= (2s + 2) (2s ++ 4)--- (28 + 2n) 
(2s + 2n)! 


In (41.313), let s = k — n. There results 

= = (2k — 1) = K=MICh! , 
(41.314) (2k — 2n+ 1)(2k — 2n+ 8) (2k —1) = 2n(Qk — 2n) tk 
By the definition of k!, 


(41.315) k(k — 1)(b — 2)-++ (k — Qn + 1) = Ge = maT 


Substituting (41.315) and (41.314) in the coefficient of 2*~?" of (41.31), 
we obtain for the coefficient 


(41.316) (k — 2n)! 2°nl(k — n) (2k)! ni(2k) 1k — 2n)1(k — n)! 


Since (41.316) is the coefficient of the general term of (41.31), we can write 
(41.31), with 1-3-5---(2k — 1)/k! replaced by its equivalent fac- 
torial form as given in (41.3) after a,, as 


V1 (=D"(2k — 2m)! an 
(41.317) P,(x) = > 3e nl(k — 2n)\k — ny! x 7 
The symbol {k/2] means the largest integer in k/2. For example, if k = 3, 
the largest iriteger in k/2 is one. Hence to evaluate P3(z), replace k by 3 
in (41.317), and sum the two terms obtained with n = 0 and n = 1. 
If k = 4, the largest integer in k/2 is 2. 
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By (41.31) or (41.317), when 


(41.32) k=0: Po(z) = 1. 
k=1: P,(x) = 2. 


= F (352 — 30x? +3). 


The polynomials in (41.32) are known as Legendre polynomials. 


If in the recursion formula (41.24), we letn = —k — 3, —k — 5, etc., 
we obtain, in place of (41.27), 


(41.33) qe(z) = aaa Ea +4 ka 


(k + 1)(k + 2)(k + 3)(K + 4) 4 
+ OT a ate ots... 


Since a_,—; is an arbitrary constant we may take for it the particular value 


ke 2 
(41.34) az. = SEED 
BIR 4-6 +++ (2k) ki 
~1-2-3--- QkQkE+1)  1-3-5--- (k+l) 


k # —1, —2,- 
The functions 


(41.35) Qe(z) = EEE EEC Ea 


ei, (e+ 1K +2) 4 
x[2+ ‘+ “Sopa 7 
ps VETO eT VEL gtd, 
4(2k + 3)(2k + 5) 
k # —1, —2,::-, 


obtained from (41.33) by replacing a_,—; by its value in (41.34) are 
known as Legendre functions of the second kind. 
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LESSON 41C. Properties of Legendre Polynomials P(x). The 
Legendre polynomials are important primarily in the interval 7: |2| < 1. 
The graphs of the first five Legendre polynomials in the interval0 S$ z S 1 
are shown in Fig. 41.4. 


Figure 41.4 


It has been proved that a Legendre polynomial of degree n has exactly 
n distinct real zeros in the interval —1 S$ x S 1. If we had extended the 
graphs shown in Fig. 41.4 to include the interval —1 < zx S 0, we would 
have found that Po(x) has no zeros, P(x) has one zero, P2(x) has two 
zeros, P3(x) has three zeros, and P4(x) has four zeros in the interval 
—-ls2sl. 

In the remainder of this lesson we shall develop a number of properties 
of Legendre polynomials which are valid in the interval J: |z| < 1. 


A. The Legendre polynomials P,(x) are the coefficients of t” in 
the Maclaurin series expansion of (1 — 2xt + t”)~”, ie., 


(41.41) (1 — Qart + t?)—"? = Po(x) + Py(x)t + Po(x)t? +--+ 


+ Pr(z)i™ +++, 
if |x| <1, |e] <1. 


Proof. We shall merely give the formal steps of the proof, without 
attempting to justify each of the steps used. A rigorous proof is beyond 
the scopé of this text. The Maclaurin series expansion of (1 + u)*, called 
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a binomial series, is 


@) G+wt=1tm+e-d, 
wey -b—n+1) 


n! , 


valid for those values of u and k for which the series converges. If k = —4, 
the series converges for |u| < 1. Let us now write the left-hand member 
of (41.41) as [1 + t(t — 2x)]-"?. Hence by (a), if |¢? — 2zt| < 1, 


(b) [1+ ¢(¢ — 22)]77/? = 1+ 5 t(2e —1t) +3 3 (22 — t)? + 


1-3-5-+-(Qn—1 
ea 


1 
= 1+5 @xt—#) +535 (4x? — dat +t?) -+--- 


1-3-5---(2n—1) » 5 


From the last expression on the right of (b), we see that the coefficients 
of ¢°, ¢, and ¢? are respectively 


(c) 1, 5 (2x) = 2, Bu 35 (4x2) = 5 (322 — 1). 


oot 

2 
A comparison of (c) with (41.32) shows that these coefficients are respec- 
tively Po, P:, Pz. The coefficient of the general term i” is the sum of the 


coefficients of ” in the last term on the right of (b) and of coefficients of ¢” 
in preceding terms. Hence the total coefficient of t” is 


(a) 1-3- po ee — 1) (22)" — 1- aes oF 3) wa) a (22 yr-2 


fo rae 2 aT 2) &— 2h — 3) =n — 3) (22)"~* — 


The last term in (d) can be written as 


(e) 1-3-5--- (2n — 5)(2n — 3)(2n — 1) (n)(n— 1) 
° Qr-2 (Qn — 3)(2n — 1) (n)(n — 1)(n — 2)! 


x (n — an — 3) gn—4,n—4 


1-3- a = 1) [a — 1)(n — 2)(n — 3) ot), 
ee ~2-4(2n — 1Qn — 3) 
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Hence (d) becomes, with its last term replaced by the expression on the 
right of (e), 
1-3-5--+(2n — 1) 

n! 


n(n — 1) »- n(n — 1)(n — 2)(n — 3) a 
x| ~ 3(an — 1)” oes -4(2n — 1)Qn— 3) * rae |: 


(f) 


A comparison of (f), which is the coefficient P(x) of t” of (41.41), with 
the polynomial P;(x) of (41.31) shows that with k replaced by n, the first 
three terms of each are alike. If we had used more terms of the binomial 
series (d), we would have obtained additional terms in (f) in agreement 
with (41.31). Note also the similarity of the coefficient in (f) with the value 
of a, as given in (41.3). This value was in fact given to a, in order to ob- 
tain the identity (41.41). 


B. Values of P,(0), P,(1), and P,(—1). If x = 1, the left side of 
(41.41) simplifies to 


(a) (1 — 2¢+e7)-¥2 = a —amh 
Its series expansion is 
(b) Ste ee ss Ae ee oe ae aan a? 


Comparing the coefficients of this series with the coefficients of the series 
on the right of (41.41), we see that, with + = 1, 


(41.42) Pol) = 1, P,(1) = 1, P2(1) = 1,---, P,Q) =1. 
If x = 0, the left side of (41.41) becomes 
(c) GC Pye, 


whose series expansion is 


(d) 
Lag get ey PD ep, lf] <1. 


A comparison of this series with the right side of (41.41) shows that, with 
z= 0, 


(41.43) P,(0) = 0, P3(0) = 0,--+, Pen-1(0) = 0. 
(41.44) Po(0)=1, P2(0)=—4, Ps(0) = 3-%,---, 


P,,(0) = (—1)" woulGs * 
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If x = —1, the left side of (41.41) becomes 
) (+22%4+@)7?=(1+)7=1-1+-#+4+H4-..., 
jt] <1. 
Comparing (e) with the right side of (41.41), we find, with = —1, 
(41.45) = Po(-1)=1, Pi(—-1l)=—1, P2r(-1) = 1, 
P3(—1) = —1,---, PA-D = (—1)". 


C. Recursion formula for P,(x). Differentiating (41.41) with respect 
to ¢, we obtain 


(a) 
—4(1 — Qat + t?)—3/2(—22 4 2t) = Py 4+ 2Pot+---+nPat? 1 4+---. 
Multiplying (a) by 1 — 2zt + #?, there results 
(b)  (@ — t)(1 — Qat + t?)—? = (1 — Qzt + 2?) 
x [Pi + + 2Pot + +--+ (mn — 1)Pa_it”~? + nP, i"! 


+ (n+ IPagit® +++]. 
By (41.41), we can write (b) as 


(c) a[Po+Pit+-+--+Prt® +--+] —[Pot+ Pit? +-+++Pa-it™* +--+) 
= [P, + 2Pot +--+ + (n+ 1)Payit® +---] 
— Q[Pyit+---+nP," +--+] 
+ [Pil? +++ + (n — 1)Paiat® +++). 
Equating the coefficient of t” on both sides of the equal sign, we obtain 
(d) xP, — Pai = (n + 1)Pa41 = 2anP, + (n — 1)Pr—1, 


which simplifies to the recursion formula 


(41.46) (m + 1)Pa4i(z) — (2n + 1)xPn(x) + nPa_i(x) = 0, 


n= 1,2,--°. 
It is easily verified, by (41.32), that 
(41.461) P,(z) — «Po(z) =0, 
and, by (41.46), that when 
(41.47) n=1: 2Po2(x) — 3¢P\(x) + Po(x) = 0, 


n= 2: 3P3(x) — 5aP2(x) + 2Pi(x) = 0, 


etc. We leave it to you as an exercise to verify, by means of (41.32), 
that the formulas in (41.47) are indeed true equations. 
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D. Rodrigue’s Formula. Another compact formula for expressing 
the Legendre polynomials P,,(x) is 


(41.48) P,(2) = (2? — 1)". 


=i a 
It is known as Rodrigue’s formula. 


Proof of the Formula. The binomial series expansion of (x — 1)” 
can be written as 


a gn 
(a) (@@ — 1)" a (I ager 
Hence 
2)n—k 
Taking 7 successive derivatives of +2"—?*, we obtain for the nth derivative, 
(c) £ (c?"—?*) — (2n — 2k)(2n — 2k — 1)-+- (n — 2k +1)x"—**, 
2k Sn, 
= 0, n< 2k. 
By definition of the factorial function, (c) can be written as 
a” | on—2k (2n — 2k)! 26 
(d) ia 2 "Gop Sm 
=v, n < 2k 


Hence by (b) and (qd), 


d” a _ A ‘i ! 2n — 2k)! a 
© ge —D - Yn a 


Therefore by (41.48) and (e), 


! Qn — 2k)! 
(£) P,(z) = LS) (=)" - iw bl vs = ar? 7 


k=0 
(n]2] (2n a 2k)! 7 
= & (-)" ee bin Sop e 


A comparison of (f) with (41.317) shows they are alike. (Interchange n 
and k in either equation.) 


E. Orthogonal Property of Legendre Polynomials. 


Definition 41.5. A set of functions f;, fe,--+, is said to be orthog- 
onal on an interval J: a S$ x S 5, if, for every two distinct functions 
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of the set, 

b 
(41.51) / Sm(2)fn(x) dx = 0, m ¥ n. 

a 


We shall now prove that the set of Legendre polynomials is orthogonal 
on the interval J: —1 S$ x S 1, ie., we shall prove 


1 
(41.511) is Pn(z)Pp(2) dx = 0, m #n. 


Proof. Each Legendre polynomial P,,(x) satisfies the Legendre equa- 
tion (41.1). Therefore 


(a) (Se P AiG) = 2eP 2) an Pa) 0; 
which can be written as 
(b) Zé {a — 2?) Pn!(2)] wilde 1 Pate 0! 


Multiplying (b) by P,(x), n ¥ m, and integrating between the limits —1, 
1, we obtain 


~ 1 1 
J P,,(2) é (1 — 2?)Pm'(x)] dx + m(m + 1) ul P,(t)Pm(x) dx = 0. 
Pas | XL ~1 


The first integral in (c) can be integrated by parts in accordance with 
the formula 


(d) [rar = w— frau 


In the first integral of (c), let u = P,(x) and dv equal the rest of the in- 
tegrand. Then by (d), this integral becomes 


(e) P,{(1 ~:~ 2) Pm’ 


1 1 
_ i ; (1 — 27)Pp'P,! dz. 
es | ne, 


You can easily verify that the first term in (e) is zero. Therefore, by (e), 
(c) simplifies to 


1 1 
(f) =f Pe aoe 2?) Pm! Pp! dz + m(m + »f _ PaPm de = 0. 


If we had started with P,(xr) in (a) instead of with P,,(x) and followed 
the steps outlined above, we would have obtained the same result as in (f) 


604 Series MEtHops Chapter 9 


with m and n interchanged. Hence also 

1 1 
(g) — / A as 2) Pr! Pm! dz + n(n + 1) / _PmPn de = 0. 
Subtracting (g) from (f), there results, with m # n, 


1 
(h) (m? + m — n? — » : Pp (x)Pn(x) dx = 0. 
Since m? + m — n? —n= (m — n)(m+n+1) and m ¥ n, we 
may divide (h) by this term to obtain (41.511). 


F. Other Integral Properties of Legendre Polynomials. The first 
integral property we shall prove is, 


1 
(41.52) i : Rn(x)Pn(x) dx = 0, 


where R,,(x) is a polynomial of degree m less than n. 
Proof of (41.52). Let 
(a) R(t) = ao + aye + age? + +++ + m—iz™—* + Omt™. 


The polynomial R,,(x) can always be written as a linear combination of 
the Legendre polynomials Po, P;,-+-, Pm, i.e., we can always write 


(b) Rm(2) = ao + aya + age? + +++ + m_—iz™—) + ant™ 
ae CoPo + Ci Pi + se) Cm—1Pm—1 + CuPm. 


The truth of this statement can be demonstrated as follows. P,, is the 
only polynomial on the right of (b) which has a term in +”. Hence we can 
choose Cy, so that the coefficient of the x” term of Pm is equal to am. 
Next we sum the two coefficients of 2”~! in Pm_, and Py, and give Cm—1 
a value so that C,,—; times this sum equals a,,_1, etc. 

In (41.52) replace Rn(x) by its equal last expression in (b). We thus 
obtain 


1 1 1 
(c) cof PoPade+ Cif PiPadet---+Cnf  PaPade, m<cn. 


By (41.511), each term in (c) is zero. Hence (41.52) follows. 
The second integral property we shall prove is 


: 2 
(41.53) i [P,,(2)]* dx = ie eae 
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Proof of (41.53). Squaring both sides of (41.41), we obtain 


(a) (1 — Qat + ¢?)7? = P Pater 


n=0 


Integration of (a) with respect to x between the limits —1 and 1 gives 


(b) i (1 — 2at + t?)—! de = ie P Pata] dx. 


n=0 


When we square the integrand on the right of (b) and perform the inte- 
gration, the only terms, by (41.511), which are not zero are those in which 
the subscripts of P,(x) are the same. Hence (b) simplifies to 


1 
(c) i (1 — 2at +)" de = > et ie [Pn(2)]? de. 


n=0 


Integration of the left side of (c) results in (remember ¢ is a constant in 


this integration and log (1 + #) = ¢ — $4? + 442 — ---) 

(d) ; . 

_1 _ al) oe Oe? 
3j toe (LL Be) oS iS apa 7 eT 


me ee ane a | 
[ Ct ‘" | 
=2 l+atgttaagt lp ld<h 


Substituting the last expression of (d) for the left side of (c), we have 


©) eat [= <del, [Pa(x)}? de 


Equating coefficients of t?” in (e), we obtain for each n, 


: 2 
(f) [. [Pr(x)]? dx = aes 


EXERCISE 41 


1. Find the general solution of each of the following Legendre equations. 
(a) (1 — 2?)y”” — 2ay’+ 2y = 0. = (b) (1 — 2?)y"” — Qay’ + by = 


2. ae a polynomial solution of the Legendre equation (1 — z2)y” — 2zy’ 
30y = 0. 
3. Find the Legendre polynomials Ps5(x), P6(x), P7(z). 
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4, Find the general solution of (1 — x?)y’’ — 2zy’ + #y = 0. 

5. Verify by direct substitution in (41.32) that 
Po(1) = 1, Pi(1) = 1, Pe(l) = 1, Ps(1) = 1, Pa(l) = 1; 
Po(—1) = 1, Pi(—1) = —1, Po(—1) = 1, Ps(—1) = —1, Pa(—1) = 1; 
Po(0) = 1, Pi(0) = 0, P2(0) = —4, P3(0) = 0, Pa(0) = §. 

6. Verify, by use of (41.32), the accuracy of the equations in (41.47). 

7. Express z? as a linear combination of Legendre polynomials. 

8. Express 2* + 223 + 222 — z — 3 as a linear combination of Legendre 
polynomials. 

9. Assume that a function f(x), defined in the interval (—1,1), can be repre- 
sented by a series of Legendre polynomials, i.e., assume 


(a) f(z) = coPo(x) + ¢1Pi(x) + c2Pe(z) +:°-. 


Show that if this series, after multiplication by P,(x), can be integrated 
term by term, then the coefficients co, ci, +++, are given by 


1 
oy = BHI ia fla)Pr(z) dz. 


Hint. Multiply (a) by Pi(xz), integrate from —1 to 1, then use (41.511) 
and (41.53). 

10. Prove that Pen(—a) = Pan(x); Pengi(—2t) = —Pen+i (2). 

11. Prove each of the following identities: 


(a) tPa'(x) — Pa—1'(x) = nPp(x). Hint. Let 
u = (1 — Qet+ t)—-V? = Po(z) + Pi(z)t + ++++ Pa(z)i™+--°. 


First show (x — t)(du/dz) is equal to t(@u/dt). Then perform the indi- 
cated operations and equate coefficients of ¢”. 

(b) Pa4i'(z) — (n+ 1)Pa(z) = xPp'(x). Hint. Differentiate (41.46), then 
substitute for P,—1’(z) its value as given in (a) of this problem. 

(c) (22 — 1)P,/(x) = nxPa(x) — nPp—i(z). Hint. Multiply (a) of this 
problem by z; replace n + 1 in (b) by n, then take the difference between 
the two resulting equations. 


12 
13 


Verify that the formula in problem 11(a) is valid for Pe, P3, Pa. 


. 


Show that the hypergeometric series F | k + 1, —k, 1; +=) is a solution 


of the Legendre equation (41.1). Hint. Write (41.1) as (zx — 1)(z+ ly” 
+ xy’ — k(k-+ 1)y = 0. Then follow the procedure given in Exercise 40.23. 
Here m1 = 1, ro = —1, r3 = 0, a= 1, b= 2, c = —k(kK+1), cz = 
—2u +1. The transformed Gauss equation (40.7) becomes 


2 
ua — w) S44 1 — au H+ K+ Dy = 0, 


whose solution is F(k + 1, —k, 1; u). 
14. Verify each of the following. 


: 1 
(a) I [Ps(z)] dz = #. —(b) f. [Pa(a)l? dz = & 
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15. The following differential equation 
(41.6) y!’ — 2ay’ + 2ky = 0, k real, 


is known as the Hermite equation. Show that its solution, valid for all z, is 


(41.61) P 


nie) = a1 — 2 ka Se ee not — 2 ae — 9 —o2°+--| 


tafe 26-8 +2 @— nooo" 


23 
7 & — DE — 3k — par t...| 


= ao|) + = = coe ke — 2)(k — 4) + +++ + (kb — 2n+ 22°] 


afer (k =. mnocmene] 


16. Find polynomial solutions of (41.6) fork = 0, 1, 2,---, 7. Hint. Note that 
for k = 0 or a positive integer, one of the series in (41.61) terminates. 


Ans. yo(t) = a0, yi(z) = aiz, y2(z) = ao(1 — 2z%), 
ys(z) = ai(x — $2’), ya(z) = ao(l — 427+ 42%), 
ys(z) = ai(z — $23 + zen), yo(z) = ao(1 — 62? + 42% — 38525), 
y7(z) = ar(z — 203 + $25 — 7Ber7), 
17. The following polynomials, known as Hermite polynomials, 
Ho(z) = 1, 
H 1(2) = 2a, 
Ho(z) = 422 — 2, 
H3(z) = 823 — 122, 
Ha(z) = 1624 — 482? + 12, 
H5(x) = 32x25 — 16023 + 120z, 
Ho(x) = 6425 — 480zx* + 720x2 — 120, 
H7(z) = 12827 — 13445 + 336023 — 16802, 
can be obtained from the solutions given in problem 16, by choosing appro- 


priate values for ao and a1. Show that these Hermite polynomials can also 
be obtained from the formula 


(41.62) H,(z) = (— —1"e" 2 J ~e, n= 0,1,2-+°. 


18. In solving (41.6), the following recursion formula results, 


= 2(n — k) 
" ot GE DTD 
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Following exactly the steps from (41.24) on, obtain polynomial solutions 
of the Hermite equation (41.6), of the form (i.e., in descending powers of x) 


_ = =o ud k—4 
(b) fala) = as = es 1) bey He ma 2)(k — 3) oe 


k(k — 1)(k — 2)---(k —5) 2 
= 3! “Q6- = 
it (—1)"k(k — 1)--- (he —2n+1) 2 “9 

n! Q2n 
[k/2) (—1)"k! gh-2n 
= ni(k — 2n)! 22 


= ak » k=0,1,2,---. 


In (b), a, is an arbitrary constant. If we take for it the value 2*, we obtain 
the Hermite polynomials 


[ki 2} 1)” 
(©) Huts) = YEE ah, k= 01,206. 
n=O 


Verify that the above formula (c) also gives the Hermite polynomials shown 
in problem 17 above. 

19. In the summation in (c) of problem 18 above, and in (41.317), n cannot be 
larger than [k/2]. Why? 

20. Show that the coefficient of * in the series expansion of e?*‘—? in powers of 
tis Hn(x)/n! Hint. e2*'-t? = ¢2*te-, Write the series expansion of each 
term of this product, multiply both series, then show the coefficient of t” 
is H,(z)/n!. 


—12 ¢ 


ANSWERS 41 
1, @ y= a(1- orp 24+ 0PRO— De+s A+) tae, 
(b) y = ao(1 — ae a (< - CL DET? a 
posse neat) 4). 
2 y = « — Aged + 905, 


3. Ps(z) = $(682° — 70x? + 152); 
Pe(x) = peg (23126 — 3152* + 1052? — 5); 
P7(z) = g(42927 — 69325 + 31523 — 35z). 


re ao(1 os tat) cet Had + DG — 2)(4 + 3) f+...) 


+ai(2— G— DG+ 2) 5s 


_ 4 — G+ 24 — 804+ 4) te). 
5! 
7. 23 = $Ps(x) + $Pi(z). 
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8. ggPa(z) + $Pa(z) + $$Po(z) + $Pi(z) — $¥Po(z). 
19. For n > [k/2], k — 2n is a negative integer and (k — 2n)! is undefined for 
negative integers. 


LESSON 42. The Bessel Differential Equation. Bessel Function 
of the First Kind J,(x). Differential Equations 
Leading to a Bessel Equation. Properties of J,(x). 


LESSON 42A. The Bessel Differential Equation. Another differen- 
tial equation which arises frequently in physical problems and about 
which much has been written is known as the Bessel equation, named 
in honor of the German mathematician F. W. Bessel (1784-1846). It is 


(42.1) ay” + xy’ + (x? — k*)y = 0, 


where k is a positive constant or zero. You can verify by definitions 40.22 
and 40.24 that + = 0 is a regular singularity of (42.1). Hence we seek a 
Frobenius series solution of the form 


(42.11) y = 2™(aq + aya + age? + +++ + anz” + +++). 

Comparing (42.1) with (40.33), we see that 

(42.12) fi(z) = 1 and fe(x) = —k? + 2?, 

both of which are already in series form. Comparing (42.12) with (40.34), 
we have 

(42.13) bo = 1, Co = —k?, cq = 0, ce = 1. 

All remaining b’s and c’s are zero. The indicial equation (40.38) therefore 
becomes 

(42.14) mm —1)+m—k? =0, m? = k?, 

whose roots are -+-k. As we shall discover, when &k is not 0 or an integer, 
there will be two Frobenius series solutions of (42.1). If k is zero or an 
integer, there will be only one Frobenius series solution of (42.1). The 
second independent solution will, by Comment 40.5, be a logarithmic 
solution and have the form (40.51). 


Using the root m = k and the values in (42.13) we obtain, by setting 
the second coefficient in (40.37) equal to zero, 


(42.15) ail(k + D)k+ (k+ 1) — k7] 4+ 0a) = 0, (24+ 1)a, = 0. 


Since k is a positive constant or zero, the second equation in (42.15) will 
be an identity only if 


(42.151) a, = 0. 
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The recursion formula, obtained by setting the coefficient of 2+" in 
(40.37) equal to zero, becomes with m = k and with the help of (42.13), 
(42.16) an[(k + n)(k +n — 1) + (k +n) — k7] +04 ay_o(1) = 0, 


which simplifies to 


(42.17) a. = — a, n= 2. 
Since, by (42.151), a, = 0, we see from (42.17) that 
(42.18) Q3 = As = 7 = +++ = Anny = O, n=0,1,2,--- 
For even values of n, we have, by (42.17), 
(42.19) , 
oar a ake 
—1 -()* (4)* 
4 = — oe = oe SIT EAT To 
‘ 16 = 8 CBA +kHh)At+h 6 6B@+hHG+hH 
cn ih a ths we eae 7 
x 36 + 12k 2-12°83+hHh2+hHO4+h ~° 


6 


~ 318+ H2+FH0+h) 


CD 


ie (—1)"(4)”" Pe 
an nll + EH(2+h)---n +k ° 


Substituting in (42.11) the root m = k and the above values of the a’s, 
we obtain 


1 (x\? 1 z\* 
(42.2) yx = aor" [: a i) +aaeHern 


1 2\8 
~ 310 + HA+HCTD (5) oa 


ao, 


+ aa pero ern) +) 


which is one solution of (42.1), valid for k 2 0. 
Similarly, by following the above procedure for the root m = —k, 
k = 0, we obtain [equivalent to replacing k by —k in (42.2)] 


goa) v= oe[1- 7475) +g ew (9) 
aaa gee Dex DG—h (5) + ee 
n Qn 
iene sn we () pa |}: 
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which is a second solution of (42.1), valid for k ¥ 1, 2, 3,---. (For 
these values of k, one of the denominators in (24.21) is zero.) Since the 
functions f; and fe of (42.12) are polynomials, by Comment 37.53, their 
series representations are valid for all x Hence by Theorem 40.39 the 
series solutions, (42.2) and (42.21), converge for all x except perhaps at 
z=0. 

Note that the above results support the statement we made after 
(42.14). If k = 0, the two solutions (42.2) and (42.21) are, as you can 
verify, identical, and there is therefore only one Frobenius series solution 
of (42.1). And if k = 1, 2, 3, ---, there is again only one Frobenius 
series solution of (42.1), namely (42.2). For all other positive values of 
k, yx, and y_, are, by Theorem 40.39, two linearly independent solutions 
of (42.1). Hence if k ¥ 0, 1, 2, 3, ---, the general solution of (42.1), 
by Theorem 19.3 and Comment 19.41, is 


(42.22) y(z) = eye + coy—z, & # 0,1, 2,3,---, 


convergent for all x ~ 0, where y, and y_; are defined by (42.2) and 
(42.21) respectively. 


LESSON 42B. Bessel Functions of the First Kind J,(x). 

In (42.2) ao is an arbitrary constant. Let us choose for it the value 
42.3 a | 
( . ) a= DUA , 2 VU. 
(We showed in Lesson 27E, that k! is defined for all values of k except 
negative integers.) The functions resulting from (42.2) when do is given 
the value (42.3) are designated by J;(z) and are called Bessel functions 


of the first kind of index k. Hence, with k!(k + 1) replaced by its 
equal (k + 1)!, we obtain, by (42.3) and (42.2), 


a\F [1 1 2\? 1 a\* 
(42.31) Jik(z) = () li «Em(3) + Se +O (5) 
1 1\° 
germ) + 
(—1)" x Qn 
valid for all k = 0. 


If, in (42.31), we replace k by —k [equivalent to choosing ap = Sol 
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in (42.21)], we obtain 
(42.32) 


rae) =(2)" [Sai ~ a wom) +a tam) ss 


DE —1)" zy + | 
T Fin — Bl —k!\2 
valid for all k # 1, 2, 3,--- 


We showed in Lesson 42A, that if k is zero or a positive integer, then 
yz Of (42.2) is the only Frobenius series solution of the Bessel equation 
(42.1). However, if k is not zero or an integer, then the functions y; and 
y—r of (42.2) and (42.21) are two linearly independent solutions of (42.1). 
Since J;(xz) and J_ (x) defined in (42.31) and (42.32) are these same 
functions y, and y_, multiplied by an appropriate constant, it follows 
that if k is not zero or an integer, J; and J_, are linearly independent 
solutions of (42.1), each valid for all x except, perhaps for z = 0. Hence 
we can assert, by Theorem 19.3 and Comment 19.41, that 


(42.33) y(xz) = cyJ 4 (x) + cod x(x), & ¥0,1,2,3,--- 


is also a general solution of (42.1), valid for all  ~ 0, where J;(z) and 
J_1(z) are defined by (42.31) and (42.32). 

If however k = 0, 1, 2, 3, +++, then (42.31) is the only Frobenius solu- 
tion of (42.1). In this case, a second solution of (42.1) will have the 
logarithmic form shown in (40.51). The one we shall give below* is desig- 
nated by —N;(z) and is called a Bessel function of the second kind 
of index k. It can be shown that if, in (42.1), we make the substitution 


y2(z) = u(x) — Ji(z) logz, «> 0, 
it becomes (see Exercise 42,2) 
xu + zu! + (x? — k?)u = 2Q2J;'(2), 
where 
u(x) = 2*(bo + byt + bot? +--+), k>O. 
A second solution of (42.1), if k is a positive integer, is then 
(42.34) a 
a _1 a 1m _(-1." 
me) = 3 +320 alt Bi 


cori 


Qn+k 
aQete-t ell @ 


— Ji(x) log z, x > 0, 


*There are other forms of the Bessel function of the second kind. 
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Hp=1+5+gte ts ifn x0, 


Hence for positive integer k, the general solution of (42.1) is 
(42.35) y(x) = cS x(x) + coN;(2). 


Remark. A second solution, when k = 0, can be found at the end 
of Example 40.6. See (k), page 584. 


Note that thus far we have no solution J _;(x) when k isa positive integer. 
The solution J_;(x) of (42.32) is undefined for k = 1, 2, 3,---. To fill 
in this gap, we define J_,(x), k = 0, 1, 2, 3, +++, by the relation 


(42.36) - J_x(2) = (—1)*Ji (x), & = 0,1,2,3,-°°. 
The justification for this definition is outlined below. 


Justification for (42.36). By (42.31), 


= CJ (—1)" Gy" _ 
097): Gee Oty peo aac, 
(42.37) Ji(z) a nl(e + mi \2 


By (42.32), we write formally 


C (—1)" os 2n—k 
(42.371) Jiz(z) = >> alin — Bis », k=0,1,2,3,---, 
n=0 ° 


even though the series is not defined for n < k. [For these values of n, 
(n — k) is a negative integer and as we showed in Lesson 27H, (n — k)! 
is undefined for negative integers.] We also showed in Lesson 27E that 
(k — 1)!=T(k) > o as k-+0, —1, —2,---. Since a negative integer 
factorial appears in the denominator of each term of the series (42.371) 
for which n < k, we are led to define each term, for which n = 0, 1, 
2,°°+,k — 1, to be zero. Hence we can write (42.371) as 


(42.38) Ja(z) = >> gay. te ee eee 
a niin — kb) \2 


Let p = n — k. Hence when n = k, p = 0. This means we can start 
our summation in (42.38) with p = 0 instead of with n = k, if at the same 
time we substitute p + k for its equal n. Therefore (42.38) can be written 
as 


C) —)P?t* 2p+k 
(42.39) Joule) = > orien (G3) , b= 01,206, 


p=0 


614 Serres METHODS Chapter 9 


Since the summation in (42.39) is over p, we may remove (—1)* from in- 
side the summation. It then becomes, after simplification, 


ee Se ee) ee a 
24) Jal) = (0 Pn (5) , k=0,1,2,---. 


Comparing the summation in (42.37) with that in (42.4), we see that 
both are the same. Hence (42.36) follows. 


The most frequently encountered Bessel functions of the first kind are 
Jo(x) and J;(x). By (42.31), these are 


2 1 4 
(42.41) Joa) = 1— 55+ ope — GHe get 
(— 1)” 2” 


+ “Tah? 2 APS 
(42.42) Ji (z) 


£ 12? 12 1 2° (—1)” 2 
$data eam et Tait yl et) 


The graphs of these two functions are shown in Fig. 42.43. 


Figure 42.43 


Tables of values exist for Bessel functions of the first kind J;(x), just 
as they do for sin x, log x or e”. Thus if you had to evaluate J;(2), you 
could use (42.42) with x = 2, or look up its value in a table. Its value is 
0.5767. Therefore by (42.36), J_,(2) = —0.5767. If you had to evaluate 
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J—1;2(3), you could use (42.32) with k = 4, x = 3 or look up its value 
in a table. Its value is —0.4560. 


LESSON 42C. Differential Equations Which Lead to a Bessel 
Equation. We give below examples of differential equations whose 
solutions can be obtained by transforming each into a Bessel equation 
by means of a suitable substitution. 


Example 42.5. Find a solution of 


(a) ut + G+ + os 1) = 0, k real. 
Solution. The substitution, 
(b) u= oily, 


y= fa Mey 4 glty i 
yu! = —fy3/2y + go Uty , + gry ee 


will transform (a) into the Bessel equation 
(c) wy” + xy’ + (2? — k*)y = 0. 


Since y = J;(z) is a solution of (c), it follows by the first equation in (b) 
that 


(d) u = 22 Fy (2) 
is a solution of (a). 


Example 42.51. Use the result obtained in Example 42.5 to find a 
solution of 


(a) ul +(i _ ih) = 0. 


Solution. If in (a) of Example 42.5 above, we choose k = 1, it 
becomes the (a) of this example. Hence by (d) above, a solution of (a) is 


(b) u= 2V?F, (2). 
Example 42.52, Find a solution of 
(a) ul” + 27u = 0. 


Solution. Here two substitutions will be needed. The first substitu- 
tion is 


(b) use gly, 


616 Serres Meruops Chapter 9 


Substituting in (a) the value of u as given in (b) and the value of u’’ as 
given in the last equation of (b) of Example 42.5, and then multiplying 
the result by x°/?, we obtain 


(c) oy” + ay’ + (xt — dy = 0. 


The second substitution is 


(a) w= 5, 2 = (2w)"? 
dw = 1/2 
aot (2w) 
With the help of (d), we obtain 
dy _ dy dw _ 1/2 ou, 
(e) i de de 
d?y 1/2 us oa ae —1/2 dw dy 
get = (2) + ea de do 
. 
= (2w yee wet 
Substituting (d) and (e) in (c), it becomes 
uy? £4 4 2 H+ 2 H+ ((20)? — ty = 0, 
which simplifies to 
(e) w? FU wy WY Wo? — wy = 0 
dw? : 
Since (g) is the Bessel equation (42.1) with k = }, its solution is 
(h) y = Jija(w). 


Replacing w by its value in (d) and then substituting the resulting value 
of y in (b), we obtain 


1/2 o* 
(i) w= 2*a(E), 
which is a solution of (a). 


Comment 42.53. The method used to solve equation (a) of Example 
42.52 can be applied to the more general equation 


(42.54) u” + ba™u = 0. 
The first substitution is the same as (b) of Example 42.52, namely 


(a) use gy, 
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The second substitution, however, is more complicated than the one in 
(d) of Example 42.52. It is 


(b) b= av Van, 


The substitution of (a) in (42.54) and of (b) in the resulting equation, will 
yield the Bessel equation 


2 d*y dy Pee eek een 
(c) bas Ftp oH +(w mim)= 0 
Its solution is 
(d) y = Jiym42)(w). 


Replacing w by its value in (b) and then substituting the resulting value 
of y in (a), we obtain 


2Vb 
(42.55) w= 2 Fy em42) (24 om) 


which is a solution of (42.54). Note that when m = 2, b = 1, (42.54) 
reduces to (a) of Example 42.52, and (42.55) reduces to its solution (i). 


Example 42.56. Find a solution of 
(a) u” + 9ru = 0. 


Solution. If in (42.54) we let b = 9, m = 1, it reduces to (a) above. 
Hence a solution of (a), by (42.55) is 


(b) w= 2? Jy ,3(22°!?), 


Comment 42.57. The method used to solve equation (a) of Example 
42.52 can be applied to a still more general equation than (42.54), namely 


(42.58) a?u’ + (1 — 2a)au’ + (b?c?x?* + a? — k?c”)u = 0. 
The first substitution 
(a) u= xy, 


will change (42.58) into the equation 


(b) x? of +24 ae + Oe? — Bey = 0. 


Verify it. The second substitution 


(c) w = br’, 
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will change (b) into the Bessel equation 


(d) w? FE ty Y + (uy? — By = 0. 
Its solution is 
(e) y = Jx(w). 
Hence by (a), (e), and (c), a solution of (42.58) is 
(42.59) = 2°J;,(bx°). 
Comment 42.6. If, in (42.58), we make the substitutions 


= a mer? Deas 
(a) a= 43, er a ee" 


and replace b? by 4b/(m + 2)?, it reduces to 


(b) zu’ + ba™t2y = 0, wu” + dbe™u = 0. 
A solution of (b), by (42.59), is then 

2V/b 
(c) w= 22 Ty jm42) (2s V amt ie 


Note that the second equation in (b) is now the same as (42.54). Note 
too that their respective solutions (c) and (42.55) are, as they should be, 
also the same. Hence (42.54) is only a special case of (42.58). By assigning 
different values to a, b, c, and k in (42.58), we can thus obtain many 
different equations whose solutions will be given by (42.59). 


Example 42.61. Find a solution of 
k? 
(a) zu” + xu’ + ( _ ar = 0. 
Solution. If in (42.58), we let 
(b) a=0, b=2, c=}, 
it reduces to (a). Hence a solution of (a) by (42.59) is 
(c) = J (20/2). 


Comment 42.62. If k is not zero or a positive integer, then, by (c) 
above and (42.33), 


(d) u(x) = eWJg(2V/x) + Co 4(2V2) 
is a general solution of (a) of Example 42.61. If k is a positive integer, 
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then by (42.35), a general solution of (a) is 
(e) u(z) = eJe(2V2) + coNi(2V2), 
where N;,(zx) is given by (42.34). 
Example 42.63. Find a solution of 
(a) xu + vu! — (x? + k*)u = 0. 
Solution. If in (42.58), we let 
(b) a=0, BP =2=-1, c= 1, 
it reduces to (a). Hence a solution of (a) by (42.59) is 
(c) u(t) = J,(iz). 


Comment 42.64. The function obtained by multiplying (c) of Exam- 
ple 42.63 above, by the constant i~* is also a solution of (a) of this 
example. It is usually written as J,(x). Hence 


(42.65) Iy(xz) = i—*J, (iz). 


The function I(x) of (42.65) is called a modified Bessel function of 
the first kind. 


Comment 42.66. We list one more equation which can, by a suitable 
substitution, be changed into a Bessel equation. It is 


(42.67) xu” + x(1 — 2rtanz)u’ — (x tanz + k?)u = 0. 


The substitution u = y/cosz will transform (42.67) into the Bessel 
equation 


(a) PTY 4 Wy Gt By =0. 


Since a solution of (a) is y = J;(x), a solution of (42.67) is 


(42.68) w= 


J,(2). 


cos x 


LESSON 42D. Properties of Bessel Functions of the First Kind 
Jr(x). 


A. Properties of the Zeros of Bessel Functions J;(x). We list 
below, without proof, a number of properties of the zeros of Bessel func- 
tions J;(x) of the first kind. 
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1. If x, and x2 are two zeros of J;,(x), then in the interval I: 1; < x < 22, 
there is a zero of J,_—1(%) and Jz41(z). 

2. The Bessel function Jo(x) has a zero in each interval of length 7. 

3. Each Bessel function J;,(x), k = 1, 2,-+-, has an infinite number of 
real positive zeros in the interval I: 0 < x < o. 

4. If k > 4, then the difference between two consecutive zeros of J;(x) 
is greater than 7. 

5. If k > 4, then the difference between two consecutive zeros of J;,(x) 
approaches 7, as x approaches infinity. 

6. The first positive zero of J;,(x) is greater than k. 

7. A Bessel function J;(x) has only real zeros. 


B. Integral Property of Bessel Functions J;(x). 


Theorem 42.7. Let 11, r2,°-+, be distinct positive zeros of a Bessel 
function J;,(x), where k is a fixed real number. Then 


1 
(42.71) if ad x (rit) Ji (rjx) dx = 0, if ry ¥ 1y, 
=H (rd)’, if re = 13. 
Proof. In Example 42.5, we proved that u(x) = 2'/?J;(z) is a solution 
‘ 1 — 4k? 
of wu” + ( + re 
that 
1/2 : : i 2,1- 4k? 

(a) u(2) = 21/7Ji (rex) is a solution of u” + (ri? +—a—)u = 


u = 0. In a similar manner, it can be shown 


er 
ue(2) = x1!?J,(r;x) is a solution of ul” + (x2 + : th ir = 


{Or you can obtain these solutions by letting a = 4, b= 1r, c= 1 in 
(42.58). It will then reduce to xu’ + (r?a? + 3 — k?)u = 0. Division 
by x? will give it the form of the differential equations in (a). A solution 
by (42.59) will then be 


(b) u = 2" Zy(rz).] . 
Hence, by (a), 

_ ape 
(c) uy" + (r2 +} = ) a =0, 


1 — 4k? 
ug" +r? + Ta ) ws =0. 


Multiplying the first equation in (c) by ue, the second by —u, and adding 
the two resulting equation, we obtain 


(a) Uguy!” — Uyue” = (rj? — 7,7)uyue. 
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Integrating (d) between the limits 0 and x, and recognizing that the left 
side of (d) is (d/dx)(ugu;’ — u,ue’), there results 


zx 
(e) [woua’ — uyue’lg = (rj? — 1.7) i; UyUe dz. 


By (a) and its derivatives, 


(f) ui(0) = 0, u2(0) = 0, 
uy = re (re) + dra), 
ue = rely (nix) + aN (rj2). 


Substituting (a) and (f) in (e), and then simplifying the result, we obtain 
(g) z 
alr iJ a (rja)J x! (rit) — rpJe (rit) J x! (rjx)] = (77? — 1,7) i; ad (rix) Ji (rjx) dx. 


If x = 1, ie., if the interval (0,z) is the interval (0,1), then (g) becomes 


1 
(h) riJalr)Jel (ri) — rjJelrddel (nr) = (77? — 13°) i ad; (rx) Je(r 52) de. 


By hypotheses 7; and r; are zeros of J;(x). Therefore, J;(r;) = 0, 
J;(r;) = Oand the left side of (h) vanishes. Hence if r;, 7;, are two distinct 
zeros of J;,(xz), we can divide (h) by r;? — 7,” to obtain the first equation 
in (42.71). 

We now prove the second equation in (42.71). Differentiating the equa- 
tion in (g) with respect to r;, we obtain 


Gi) already! (rj)Jil (rt) — Sere) Jel (ryx) — ryrJd g(r x) J 4! (r;2)] 
= 2r; f tJ (rex) Je (ry) dx + (rj? — r,?) F [ tJ p(r x) J a(r 5x) dx. 
If r; = rj, then (i) simplifies to 
G) alarJe!? (rex) — I(r) Je (riz) — ried (riz) Jil (ra) : 
= 2r; f ad 7 (rx) dx. 


And if the interval is (0,1) so that x = 1, then (j) becomes [remember r; 
is a zero of J; (x); therefore J;,(7;) = 0] 


1 
(k) rd? (r) = 2r; [ tJ ,?(r x) dz. 
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Hence 
1 
(1) ‘ tJ 4*(rx) dx = 4Jy/7(r,), 


which is the second equation in (42.71). 


Comment 42.72. Because of the first equality in (42.71), the set of 
functions J;(7r,2), Jz(rex), +++, is said to be orthogonal on J:0 S$ x S$ 1 
with respect to the weight function z. Compare with Definition 41.5 
for an orthogonal set of functions. 


EXERCISE 42 
1. Find general solutions of each of the following Bessel equations. 
(a) 22y” + ay’ + (2? — ly = 0. 
(b) 22y"” + ay’ + (x? — 4)y = 0. 
(c) 22y” + ay’ + (22 — dy = 0. 
(d) 2?y” + ay’ + (2? — $y = 0. 


2. Prove that the substitution in (42.1) of yo(rz) = u(x) — Ji(z) log z, 
xz > 0, transforms the equation into x?u,/’ + xu! + (2? — k?)u, = 
2aJ,/(x). Hint. Make use of the fact that J,(z) is a solution of (42.1). 

3. Verify, by direct substitution in (42.31), that J1(2) = 0.5767; J—1/2(3) = 
—0.4560. Hint. Factor out (k)! and use fact that (—4)! = x. Also 
verify that Jo(0.3) = 0.9776; J1(0.2) = 0.0995. 

4. Prove that (a) of Example 42.5 is transformed into (c) by the substitution 
(b). 

5. Verify the accuracy of (c) of Example 42.52. 

6. Verify the accuracy of (a) of Comment 42.66. 


Find a solution of each of the following equations 7-14, by using the 
appropriate formula given in Lesson 42C. 


Ty + 922y = 0. Hint. In (42.54), b = 9, m = 2. 
= 0. 


4 
9. y+(i — gh)s = 0. 
10. y"’ + 423y = 0. 
LW. xy” + xy’ + (x — ly 
12. 2?y" + ay’ — (22+ 4)y 
13, 22y"” — ay! + oy = 0. 
14, ey +5ue+ (a — thy = 0. 
15. By assigning various values to a, b, c, and k in (42.58), obtain at least three 


different differential equations and their solutions. 
16. Show that the substitution u = 2e*/?, e+ = u?/4, will transform the equa- 


2 
tion y” + (e? — m?)y = 0 into the Bessel equation wu? ‘4 +u ty + 


0. 
0. 
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17. 


18. 


(a) 


19. 


(u2 — 4m?)y = 0. Since a solution of the second equation is y = Jam(u), 
a solution of the original equation is y(z) = Jam(2e?/2). Hint. Follow the 
procedure used in making the second substitution after (c) of Example 42.52. 
With the help of problem 16, find a solution of each of the following differ- 
ential equations. 


(a) y+ (e# —9)y = 0. = (b) y"” + (e* — dy = 0. 
(c) y” + (e? — Hy = 0. 


Assume that a function f(z), defined on the interval (0,1), can be repre- 
sented by a series of Bessel functions, i.e., assume 


F(e) = code(roz) + crSe(riz) + cod e(rez) + +++, 


where ro, T1, 72, °°*, are the distinct, positive zeros of J;,(z) and k is a fixed 
real number. Show that the coefficients co, c1, c2,°**, are given by 


1 
Jel(rPes = 2 i af(x)Jx (rs) dx. 


Hint. Multiply (a) by zJ;(r.x), integrate from 0 to 1, then use (42.71). 
Prove each of the following identities. 


(a) Zé [z'Jy(2)] = x*Jy_1(x). Hint. Multiply (42.37) by z* and then take 
its derivative. 
(b) £ [z"Ji(2)] = —a"Ji41 (2). See hint in (a). 


(c) Jx’(z) + ka Ji (x) = J,-1(z). Hint. Carry out the differentiation 
in (a) and then divide by z*. 

(d) Jx'(x) — ka "J; (2) = —Jz41(z). Apply hint in (c) to (b). Divide 
by z2-*, 

(e) Je—1(z) — Je4i(z) = Q5%/(x). Hint. Add (c) and (d). 


() Jui) + Jana) = re. 


(g) < Jo(z) = —Ji(x). Hint. Set & = 0 in (a) above, and then make 


use of (42.36). 
2 
(h) = [Jx(z)] = 4[Jx-2(z) — 20(z) + Jizo(x)]. Hint. Differentiate (e). 


Then use (e) again to find Ji41/(z) and Ji_1'(z). Substitute these 
values in the J;’’ (x) equation. 


(i) Jie(z) = Jz sinz. Hint. (4)! = Vx/2. 
Qj) J-112(2) = Vz cos x. Hint. (—4)! = Wz. 


20. Show that the coefficient of ” in the series expansion of e/2)[¢—(/9) in powers 


of tis J,(x). Hint. e2/2)t¢-A/d) = ezt/2g—z/2t) Write the series expansion 
of each term of this product, multiply both series, then show that the co- 
efficient of #? = J,(zx). 
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ANSWERS 42 


1. Substitute: (a) & = 1 in (42.2) and (42.34); (b) &k = 2 in (42.2) and (42.34); 
(c) k = 4 in (42.2) and (42.21); (d) & = 4 in (42.2) and (42.21). 


Tey = 2? Jy a(Gr"). Ll. y = Jo(2V/2). 

8 y = 27 Ty4(z). 12. y = Je(iz). 

9. y = 2/7F5/6(2). 13. y = Sia). 
10. y = ot yy 5(42"”), 14. y = 24D 2 @): 


17. (a) y = Jo(2e"). — (b) y = Ju(2e). (ec) y = Jaa (2e””). 


LESSON 43. The Laguerre Differential Equation. Laguerre 
Polynomials L,(x). Properties of L,(x). 


LESSON 43A. The Laguerre Differential Equation and Its Solu- 
tion. The differential equation 


(43.1) zy’ +(1—2)y’+ky=0, k real, 


is called the Laguerre equation, after E. Laguerre (1834-1866). It is of 
interest only when k is an integer and the interval is2 2 0. You can verify 
by Definitions 40.22 and 40.24 that x = 0 isa regular singularity of (43.1). 
Hence we seek a Frobenius series solution of the form 


(43.11) y = 2™(ao + aye + agt? +--+). 


Multiplying (43.1) by x and comparing the resulting equation with 
(40.33), we find that 


(43.12) fi@) =1—2, fox) = ka, 


both of which are already in series form and valid, by Comment 37.53, 
for all x. Hence, by Theorem 40.32, a Frobenius series solution of (43.1) 
will be valid for all z, except perhaps at x = 0. Comparing (43.12) 
with (40.34), we find 


(43.13) bo = 1, by = —l, Co = 0, q= k. 


All remaining b’s and c’s are zero. The indicial equation (40.38) therefore 
becomes 
(43.14) m? —m+m=0, m? = 0, 


whose roots are m = 0 twice. We can therefore expect only one Frobenius 
series solution of (43.1). 
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Using the root m = 0 and the values in (43.13), we obtain, by setting 
the second coefficient in (40.37) equal to zero, 


(43.15) a, + aok = 0, a, = —kapo. 
The recursion formula, obtained by setting the coefficient of x”*" in 
(40.37) equal to zero, becomes with m = 0 and the help of (43.13), 


(43.16) an{n(n — 1) + 2] + an—i[—(n — 1) + k] = 0, 
which simplifies to 
(43.17) 


By (43.17) and (43.15), 
AE ay = EB ag = MD 


= &@=-—)=k 


n2 An—1- 


(43.18) a) = —G = a 
2—k —k(k — 1)(k — 2 
eee 
_3—k k(k — 1)\(k — 2)(k — 3) 
a= 42 a3 = ~—~92. 32.42, #©% 0» 
= (CUE — Nb — 2) ont), 
Oe 32-42. 
era 7 aah 
= (nk — n)! a, n 0, 1, 2, 


Substituting m = 0 and the above values of the a’s in (43.11), we obtain 


(48.19) nC) = a0 (1 — be + HEED 2 MEG — 2) 


Q2. 32 
afi (ee ate aa He — 3) at + 
+ 32. 
eat n 
T pe — aie °° 2 


which is a series solution of (43.1), valid for all x. A second solution will 
have the logarithmic form shown in (40.51). 


LESSON 43B. The Laguerre Polynomial L,(x). If & = 0, 1, 2, 
3, -+-, the series (43.19) terminates. The resulting polynomials, with 
a) = k!, are known as Laguerre polynomials and are designated by 
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L(x). Hence, by (43.19), with ap = k!, 


(43.2) Lo(z) = 1, 
D(z) = 1 — 2, 
Lo(x) = 2 — 4x + 2, 
L3(a) = 6 — 18% + 9x? — 23, 
L4(z) = 24 — 96x + 722? — 1623 + xt. 


Geli? Ur 
2s Gahee — ay 


We may place (k!)? outside the summation sign, since the summation is 
over n. Graphs of the first four Laguerre polynomials are shown in 
Fig. 43.21. 


Figure 43.21 


It has been proved that a Laguerre polynomial of degree n has exactly 
n real zeros in the interval0 < x < o. Note in Fig. 43.21 that Lo(x) has 
no zeros, L(x) has one zero, L2(x) has two zeros, and L3(x) has three 
zeros in the interval x > 0. 

We give below two equations which can be transformed into Laguerre 
equations by a proper substitution. 


1. The substitution 


(43.22) u=e 7y 
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in the equation 
(43.23) su’ + (1+2)u' + (k+1)u=0 


will transform it into the Laguerre equation (43.1). Since y = L;(x) isa 
solution of (43.1), it follows by (43.22) that 


(43.24) u = e *L,(2x) 


is a solution of (43.23). 
2. Similarly, the substitution 


(43.25) u = eA lay 
in the equation 
1 2k+1 #1 
a" ae, _ = 
(43.26) ul + ( i + on +) 0, 


will transform it into the Laguerre equation (43.1). Since y = L,(x) isa 
solution of (43.1), it follows by (43.25) that 


(43.27) w= eo t2yM2T (x) 

is a solution of (43.26). 

LESSON 43C. Some Properties of Laguerre Polynomials L;(x). 
A. Analog of Rodrigue’s Formula for the Legendre Polynomial. 


(43.8) L,(x) = e* Late ee) 


Proof. We shall show first that the formula is valid for the first three 
Laguerre polynomials. By (43.3), 
(a) Lo(z) = ea =1, 


L,(2) = ea —_ em) = &(e” — xe”) = 1 — 2, 


L2(z) = ef, 3 Site —*) = @* fo (2re~* — 27e~*) 


e"(2e—” — ee + 27e~*) 
2—- iy + 2, 


La(z) = © (ate ro 4 5 Gate — ate) 


set az (Se Fo a —* 4 3e—*) 


=e ee — 18xe77 + oer —* _ x3—-*) 
6 — 184 + 92? — 2. 
You can verify that each of the formulas in (a) agrees with those in (43.2). 
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The proof of (43.3) for the general case follows. First verify that 
(n) k n—k 
(43.31) [f(@)g(x)1" SP oT 1 Ee = 5 FO(a)ge—@), 


ie., the coefficients of the nth derivative of f(x)g(x) are the same as the 
coefficients in the binomial expansion of (x + 1)". In (43.31), let f(z) = x” 
and g(x) = e~*. It then becomes 


a” tet (R) (g—2)(n—k) 
(43.32) dx” ) > ar 1 Ee — i (x” ) (e ) 
When 
(43.33) n= 1: £ (2) = nz, 
eer 


@ 
n= 2: - (x2") = n(n — 1)x 


n= 3:55 4 (a) = n(n — 1)(n — 2)x"—3, 


1 
n =k: © (") = nln — 1m — 2) (nm — + Da 
hy. nl n—k 
is = ( — by!” 
sO 
a"—* —" n—k —z 
(43.34) sag (e*) = (— 1) te. 


Substituting in (43.32) the last equality of (43.33), the equality (43.34) 
and then multiplying the result by e”, we have 


n—k 
43.35) ot £ te) = (nl)? ps He — IE a 


You can verify that the right side of (43.35) also will give the first four 
Laguerre polynomials in (43.2). It is, in fact, another form of writing the 
polynomial solutions of the Laguerre equation. We shall now show that 
the right side of (43.35) and of the last equation of (43.2) are equivalent. 
In the summation of (43.35), let p = n —k. Therefore k = n — p 
and when k = 0, p = n and when k = n, p = 0. Hence the right side 
of (43.35) can be written as 


2 P 
(43.36) (n!) » GH a SR 2 
Therefore, by (43.36), with n = k, 


(43.37) (ey? YE epee 


aa § 
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The summation in (43.37) is now the same as the right side of L;,(zx) of 
(43.2). 


B. Integral Property of Laguerre Polynomials. 


Theorem 43.4. Let Lo(x), L,(x), Le(x),---, be Laguerre polynomial 
solutions of (43.1). Then 


(43.41) i €"Lm(z)Ln(x) dx = 0, if m ¥ n. 
0 


Proof. Let um and up, be two solutions of (43.26). Therefore 


wo(l 4 2mt)_ 1), 
(a) Um +Gh+ or +) im = 0, 


eed Ag oe TT) 
wn + (ga + Qn i) m = 0. 


Multiplying the first by un, the second by —wm and adding the resulting 
equations, we obtain 
—m 


(b) UnUen!! — UmUen" UmUn- 


Integrating between the limits 0, 00, and recognizing that the left side of 
(b) is (d/dx)(untm’ — UnUn’), there results 


(c) lim [UnUm! — Umun'ls = (n — m) i atl dz, m #n. 
—r00 0 


By (48.27), solutions of (a) and their respective derivatives are, 


(a) Un = e 72g 27 
Un! = fe 2l2y N27 + ge 22g 27 + eg 27 
Un = ety 27 
Un’ = —fe2 2g M27, + fe 22g 127 + e 2g M27 


Inserting the above values in (c), we obtain 
(e) lim [e*xLn(2)Lm!(x) — €~*2Lim (x) Ln’ (2)No 
= (n— m) [oe —*Lm(t)Lin(2) de 


The left side of (e) is zero when x = 0, and, by (27.113)(d), it approaches 
zero for positive h as h—> o. By hypothesis m ¥ n. Therefore (e) 
simplifies to 


(f) [ e*Lim(x)Ln(x) dx = 0. 
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Because of (f), the set of Laguerre polynomials is said to be orthogonal 


on I: 0 S x < o with respect to the weight function e~*. Compare with 
Definition 41.5 for an orthogonal set of functions. 


EXERCISE 43 


1. Find a series solution of each of the following differential equations. 


ary Ww NN 


(a) sy” + (1 — a)y’+ dy = 0. (b) ty” + (1 — ay’ + 1.2y = 0. 


. Verify that the substitution (43.22) in (43.23) gives the Laguerre equation 


(48.1). 


. Verify that the substitution (43.25) in (43.26) gives the Laguerre equation 


(43.1). 


. Use formula (43.3) to find La(z). 
. Find a series solution of each of the following. 


(a) ay” + (1+ 2)y/ + y = 0. Hint. See (43.23). 
(b) zy” + (1+ x)y’+ 2y = 0. (ce) ay” + (1+ 2)y’ + By = 0. 


. Find a series solution of each of the following. 


it i li pore 1 . 
(a) y+ (a+ mn y 0. Hint. See (43.26). 


om + (t+e—ts 


0. © v'+(+t-yno 


. Assume that a function f(x), defined on the interval (0,0), can be represented 


by a series of Laguerre polynomials, i.e., assume 
(a) f(z) = coLo(z) + e1Li(z) + c2Le(z) ++--. 


Show that the coefficients co, c1, c2, °+ + are given by 


Jp e*tale fle) ae 


Cc. = = 
i eo [Le(2)]? de 


Hint. Multiply (a) by e~*Z;(z), integrate from 0 to ©, then use (43.41). 


ANSWERS 43 
1. (a) replace & by 4 in (43.19). (b) replace k by 1.2 in (43.19). 
5. (a) y = e~*Lo(z) = e7*. (b) y = e~*Li(x) = e—*(1 — 2). 
(c) y = e~*L1/2(z). 
6. (a) y = e~*/2zV2Lo(x) = e-2/2gl/2, 
(b) y = e-*/22V/2L4 (2) = e-*/2z1/2(1 — 2), 


(c) y = e7*/2z1/27,1)2(z). 


Chapter 10 


Numerical Methods 


Introduction. In many practical problems involving differential equa- 
tions, what is often wanted is a table of values of a solution y = y(z), 
satisfying given initial conditions, for a limited range of values of x near 
the initial point z 9. For example, we may want values of y(x) when 
= to +A, Lo + 2h, xo + 3h, etc., where h is 0.05 or 0.1 or 0.2, ete. 
Even when a solution y = y(x) of a differential equation can be written 
in terms of elementary functions, it may at times be easier to obtain this 
limited table of values by the numerical methods we shall describe in this 
chapter, rather than from the analytic solution itself. This statement is 
especially true when the solution is an implicit one. As we have remarked 
on numerous occasions, implicit solutions are usually such complicated 
expressions that it is almost impossible to find the needed function g(x) 
which it implicitly defines, or to calculate values of y for given values of x. 
Moreover, in a great many problems, a solution of a differential equation 
cannot be expressed in terms of elementary functions for the very good 
reason that the differential equation does not have any such solution. For 
example, the equation y’ = 1/+/x3 + 1 does not have a solution in terms 
of elementary functions. 

By a numerical solution of a differential equation, we shall mean a 
table of values such that for each x there is a corresponding value of y(x). 
In this sense, even an explicit solution in terms of an elementary function, 
such as y = sin z or in terms of a nonelementary function such as y = Jo(z), 
is a numerical solution. For each x, we can look in a table and find a value 
of sin x or of the Bessel function Jo(x). 

You will soon discover that the work involved in computing a table of 
values even when a moderate degree of accuracy is needed is laborious 
and tedious. However, with the current increased availability of high- 
speed computing machines, it is possible to have them make many burden- 
some calculations for you. But it will still be necessary for you to know 
how and what to feed these machines. 

In the following lessons of this chapter, we shall explain various methods 
by which a numerical solution of a differential equation can be obtained. 
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To keep the arithmetical calculations within reasonable bounds, and also 
to be able to check the accuracy of our results, we have selected simple 
differential equations for our examples, ones which can be solved explicitly 
in terms of elementary functions. You must keep in mind, however, that 
we are using them only to illustrate a method. These same methods can 
be employed to find numerical solutions of more complicated equations. 

We illustrate the methods we shall develop for finding a numerical solu- 
tion of a first order differential equation by applying them to an equation 
of the form y’ = f(x,y) for which y(zp) = yo. We assume in our discus- 
sion that a unique particular solution of this equation, satisfying the given 
initial condition, exists. (For criteria which will give a sufficient condition 
for the existence of this unique particular solution, see Theorem 58.5. If 
the criteria of the existence theorem are too difficult to apply, a practical 
man will usually know from his experience and from the nature of the 
physical problem which gave rise to the differential equation whether a 
solution exists.) 

The methods we shall develop for finding a numerical solution of a dif- 
ferential equation have been divided into three categories. In one cate- 
gory, we include those methods which need only the given equation 
y’ = f(x,y) and the initial condition y(x9) = yo in order to start the con- 
struction of a table of values of y for given values of x. They are therefore 
called appropriately starting methods. In a second category, we include 
those methods which need more values of y than only the initial condition 
y(xo) = Yo before they can be used. These methods are therefore called 
appropriately continuing methods since they can be used to continue 
the construction of the table only after the needed preliminary values 
have been obtained by starting methods. In a third category we include 
those methods whose only purpose is to correct values of y obtained by 
starting and continuing methods. These methods are therefore called 
appropriately corrector methods. 


LESSON 44. Starting Method. Polygonal Approximation. 


Tn this lesson we shall show, by a method called the polygonal method, 
how to start the construction of a table of approximate values of y(r + A), 


y(xo + 2h), ---, where h is a constant and y(x) is the unique particular 
solution of 

(44.1) y’ = f(x,y) 

satisfying the initial condition 

(44.11) y(to) = Yo. 


We proceed as follows (see Fig. 44.12). By (44.1) and (44.11), we determine 
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es, E, 


(x2, y 2) 


(%0, %) = [xo, ae (x1,91) 


(Xo + 2h=HW(x, +h)= 
WH(%2)=Y2 


y(xo + h)= 
(x)= 91 


Xo Xo th=x, Xp + 2h=xy+h=x, 


Figure 44.12 


the value of y’ at (xo,yo). The equation of the tangent to the integral 
curve y(x) at the point (x9,yo) is therefore 


(44.13) y — y(xo) = (x — x0)y’ (xo). 


This tangent line will intersect the line s = rp + h in a point whose 
ordinate is [in (44.13), replace x by zp + Al, 


(44.14) y(zo + h) = y(zo) + y'(ao)h. 


In our table, we can now record the value of y(zp + h) obtained by 
(44.14). It is an approximation to the actual value of y(zp + h). The 
error in this computation is shown as F in Fig. 44.12. 

For convenience we write (x1,y1) for the point [ro + h, y(to + h)]. At 
[z1,y1] we repeat the above procedure as if (21,y,) were actually on the 
integral curve. We find the equation of a line through (z;,y,) having a 
slope obtained by (44.1), with x = 21, y= y,. If we call this slope 
y’ (x1), then the equation of this line is 


(44.15) y — y(1) = y'(ai)(@ — 24). 
Its intersection with the line x = xp + 2h = 2, + his 
(44.16) y(zo + 2h) = y(xy +h) = y(ay) + y'(ayh. 


In our table, we can therefore now record the approximate value of 
y(xo + 2h). The error in the computation is shown as E in Fig. 44.12. 
Continuing in this manner, we find 


(44.17) y(zo + 3h) = y(xo + h) = y(ze) + y'(z2)h, 
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which is an approximate value of y(zo + 3h). And in general, we find 
(44.18) yen +h) = y(tn) + y'@a)h, 
which is an approximate value of y[%p + (n + 1)Al. 


Example 44.2. By means of the polygonal method, find approximate 
values when x = 0.1, 0.2, 0.3 of the particular solution of the differential 
equation 


(a) y=rty, 
for-which y(0) = 1. Take h = 0.1 and h = 0.05. 


Solution. Comparing the initial condition with (44.11), we see that 
Xo = 0, yo = 1. By (44.18), with h = 0.1 and x» taking on the values 
0, 0.1, 0.2, we obtain 


(b) y(0 + 0.1) = y(0.1) = yO) + y’0)O.1), 
(c) y(0.1 + 0.1) = y(0.2) = y(0.1) + y’'O.1) 0.1), 
(d) y(0.2 + 0.1) = (0.3) = y(0.2) + y'(0.2)(0.1). 


By (a) and the initial conditions, y'(0) = 0+ 1 = 1. Therefore (b) 
becomes 


(e) y(0.1) = 14+ 110.1) = 1.1. 

By (a), when x = 0.1, y = 1.1, we find y’(0.1) = (0.1)? + 1.1 = 1.11. 
Therefore (c) becomes 

(f) y(0.2) = 1.1 + 1.11(0.1) = 1.211. 


With x = 0.2, y = 1.211, we find by (a), y’(0.2) = (0.2)? + 1.211 = 
1.251, and by (d) 


(g) y(0.3) = 1.211 + 1.251(0.1) = 1.336. 
In numerical solutions, it is usually desirable to construct a table in 


which all relevant computations are systematically recorded. For the 
above example, the table has the appearance of Table 44.21. The actual 


Table 44.21 
ln = y(n) = y' (Xn) = hy' (tn) a y (tn + h) 2 Actual Values of 
y(Zn) = 
0.0 1.0 1.000 0.1 1.1 1.000 
0.1 1.1 1.110 0.111 1.211 1.106 
0.2 1.211 1.251 0.125 1.336 1.224 


0.3 1.336 1.360 
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solution of (a) satisfying y(0) = lis y = 3e* — 2? — 2x — 2. By it we 
obtained the figures in the last column of Table 44.21. 


With h = 0.05, our table of values becomes, by (a) and (44.18), Table 
44,22. 


Table 44.22 
tn ula) vee) Tan) vlan ta) Actua Veuenol 
y (Zn) 
0.0 1.0000 1.0000 0.0500 1.0500 1.0000 
0.05 1.0500 1.0525 0.0526 1.1026 1.0513 
0.1 1.1026 1.1126 0.0556 1.1582 1.1055 
0.15 1.1582 1.1807 0.0590 1.2172 1.1630 
0.2 1.2172 1.2572 0.0629 1.2801 1.2242 
0.25 = =1.2801 1.3426 0.0671 1.3472 1.2896 
0.3 1.3472 1.3596 


13 : 
Actual solution Polygonal approximation 
h=0.1 


paty sonal approximation 
h=0.05 


1.2 


11 


1.0 


0 0.05 0.10 0.15 0.20 0.25 0.30 


Figure 44.23 


A graph of the actual solution and of the polygonal approximations are 
shown in Fig. 44.23. 
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General Comment on Errors in a Numerical Computation. The 
question of determining the errors in a table of numerical values is an 
extremely complex one. There are in general four types of errors. 


1. Arithmetical errors made by the individual or due to the misbehavior 
of a calculator. 

2. Rounding off errors due to stopping with a certain decimal place. 

3. Formula errors due to the use of an approximating formula to obtain a 
numerical answer. 

4. Cumulative errors. At each step in a lengthy process an error occurs 
that is carried along to the next stage. 


We shall assume that the error due to the rounding off of a decimal can 
be compensated for by retaining a sufficient number of decimal places at 
each step, so that the accuracy desired in the last tabulated value of 
y(zo + nh) will not be affected even in the most unfavorable circum- 
stances, as for example when we have to drop the 49 in 0.3265349 in order 
to round off the decimal to five places. If, however, too many steps are 
required to reach y(xo + nh), it may not always be possible to attain this 
desired objective, but then the loss in rounding off at one step may be 
offset by a gain at another. As regards the other types of errors, we shall 
comment on each of them at the appropriate time. 


Comment 44.3. Comment on Error in Polygonal Method. 


1. In this method, we start with a point and a slope that agree with the 
solution of (44.1) satisfying (44.11). But since the straight line drawn at 
this point (%o,yo) may not be the actual integral curve y = y(z), a formula 
error is introduced in the first step. It is represented by Ey in Fig. 44.12. 
At each successive point (x2,y2), (%3,y3), °* +, at least two errors are intro- 
duced, a starting error and a formula error, so that the cumulative error 
may soon become large. Hence this method is useful only if too great 
accuracy is not required or if h is very small. 

2. Comparing (44.14) with the Taylor series formula, see (37.35), 


ule + h) = ula) + y'(aayh + YEO) p24. 


vCG0) jp MX) 45 
era +O, 


we see that (44.14) contains the first two terms of a Taylor series. Its 
remainder or error term is therefore, see (37.36), 


(44.31) pa 


Lesson 44 Starting Metuop. PoLyGoNnaL APPROXIMATION 637 


where X is a value of x in the interval under consideration of width h. Let 
(44.382) E(x + h) = error in computing y(%p + h) by (44.14). 

Then, by (44.31), 

(44.33) E(xo + h) = ch?, 


where c = y’’(X)/2!. Let us now divide the A interval in half and com- 
pute y(zo + h) in two steps. If we have some basis for believing that for 
a small h, y’’(x) changes rather slowly in this h interval so that the varia- 
tion in the value of y’’(X) in each h/2 interval is negligible, then we com- 
mit a small error in using the same c of (44.33) for each half interval. 
Therefore, by (44.33), the error in computing y(xo + h/2) for a half 
interval h/2 is approximately 


2 2 
(44.34) E (« ae a ay (1) 2 a = E(x) +h). 


h 
This means that the error in y (2. + ) is approximately equal to one- 
fourth the error of y(xo + h). Hence the error in computing in two steps 


the value of y(%p + h), which we write as y [ (=. + *) + ‘1, will have 


h 
an inherited error in the starting value of y (20 + *) plus its own for- 
mula error. Since each error equals one-fourth the error in y(ro + h), the 
h h 
total error in y [ (x. + *) + Al ie., the error in computing y(zo + h), 


in two steps, is approximately equal to one-half the error in y(xo + h) 
computed in one step. Hence 


(44.35) 2| (zo + *) + ‘| = $E(to +h), 


approximately. Let Y(2o + h) be the actual value of the solution. Then 
(44.36)  Y(to + h) — y(wo + h) = Eo + fh), 


Y(to + h) — |(zo+ 2) +4] = #| (zo +2) +4). 


Subtracting the second equation in (44.36) from the first, we obtain 
(44.37) 
h h h h 
y| (zo +4) +4] — y(%o + h) = E(zo +h) — #| (zo +4) +4]. 
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Substituting (44.35) in the right side of (44.37), the following equations 
result. 


(44.38) (a) | (zo + A) + ] =y [(e + ) + i] — y(zo + h), 
(0) 4820+») = u|(20-+4) +8] — veo +. 


The first formula says that the error in the value of y(xo + h) computed 
in two steps is equal to the difference in values of y(xo + h) computed in 
two steps and in one step. 

Formulas (44.38) give us a means of estimating errors at each step. 
Their accuracy does not depend on a knowledge of the size of y’’(X), 
which we do not know, but only on the variation of y’’(X) over a small 
interval. We have assumed this variation to be negligible, an assumption 
which is not unreasonable if y’’(x) changes slowly over h. For example, 
from Tables 44.22 and 44.21, with x9 = 0, = 0.1, 


(a) u|(ze + 4) + 4 = (0.05 + 0.05) = (0.1) = 1.1026, 
y(zo +h) = y(0.1) = 1.1. 

Therefore by (44.38) (a), 

(b) £(0.05 + 0.05) = 1.1026 — 1.1 = 0.0026, 


which is the approximate error of y(0.1) computed in two steps. The 
actual error by Table 44.22 is 1.1055 — 1.1026 = 0.0029. 

3. A check on errors, which practical people frequently use, and which 
seems to work, is to make all calculations over again with an h half the 
size of the original one. If the results obtained with the smaller h agree 
with those obtained with the larger h to k decimal places, after being 
properly rounded off, then it is assumed that their common numerical 
value has k decimal place accuracy. For example, by Tables 44.21 and 
44.22, y(0.3) computed with h = 0.1 and with h = 0.05 agree to one 
decimal place. Hence we assume that y(0.3) = 1.3 has one-decimal 
accuracy. 

4. This method does not give a check on arithmetical errors. However, 
if there is little agreement between the values obtained by using h and 
h/2, all arithmetical computations should be checked. If the arithmetic 
is correct, h should be reduced. 


Comment 44.39. We have headed this lesson “Starting Method.” It 
can also be used as a continuing one. For instance, we can, in Example 
44.2, use this method to find y(0.4), y(0.5), etc. However its low order of 
accuracy makes it a poor continuing method. In the next and succeeding 
lessons, we shall present better ones. 
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1. 
2. 
3. 


4 


= 


= 


9 


10. 


11. 


EXERCISE 44 


Add to Table 44.21, values of y when + = 0.4 and 0.5. Also add actual 
values obtained from the solution y = 3e7 — 2? — 22 — 2. 

Add to Table 44.22, values of y whenz = 0.35, 0.4, 0.45, 0.5. Also add actual 
values obtained from the solution y = 3e7 — 2? — 2z — 2. 

Reconstruct Table 44.21 by applying error formulas (44.38) to correct the 
entries at each step before proceeding to the next one. For example, by 
(44.88) (b), with zo = 0,4 = 0.1, 


E(0.1) = 2[y(0.05 + 0.05) — y(0.1)] = 2(1.1026 — 1.1) = 0.0052. 


Hence the corrected value of y(0.1) = 1.1-+ 0.0052 = 1.1052. Record 
this new value of y(0.1) in your reconstructed Table 44.21. Starting with this 
corrected value of y(0.1) = 1.1052, compute y(0.2) in one step and two steps. 
Then apply error formulas (44.38) to correct y(0.2), etc. Compare with 
previous results and with actual values of the solution. 

Find approximate values when z = 0.05, 0.1, 0.15, 0.2 of the particular 
solution of the equation y’ = z-+ y? for which y(0) = 1. Take Ah = 0.05. 
In problem 4, compute y(0.1) and y(0.2) with h = 0.1. Compare with the 
value of y(0.2) obtained in 4. In the absence of a solution, how many deci- 
mal place accuracy could you assume in the value of y(0.2)? Hint. See 
Comment 44.3-3. 

By use of error formulas (44.38), correct the value of y(0.1) obtained in 
problems 4 and 5. Using this corrected figure, proceed to find y(0.2) in two 
steps and in one step. Then correct y(0.2). 

Find approximate values when x = 1.1, 1.2, 1.3 of the particular solution of 
the differential equation y’ = x? + y? for which y(1) = 1. Takeh = 0.1. 
What is the approximate formula error in y(1.1)? [Hint. Calculate y(1.1) 
in two steps and then use error formula (44.38).] In the absence of a solu- 
tion or error formula, how could you estimate the error in y(1.3)? 

Find an approximate value when x = 1, of the particular solution of the 
equation y’ = 1/(1 + 2?) for which y(0) = 0. Use h = 0.2 and proceed 
as follows. Find y(0.2) in one step and in two steps. Correct (0.2) by means 
of (44.38). Then find y(0.4) in one step and in two steps. Correct y(0.4) by 
means of (44.38). Continue in this way until you reach y(1). Show how this 
value of y(1) can be used to approximate +. Compare with actual value of x. 
Hint. The solution of y’ = 1/(1-+ 2?) for which y(0) = Oisy = Arctanz. 
Therefore y(1) = 2/4 s0 that 7 = 4y(1). 

Follow the procedure outlined in problem 8 to find an approximate value 
when x = 1, of the particular solution of the equation y’ = y for which 
y(0) = 1. Show how this value of y(1) can be used to approximate e. 
Compare with actual value of e. Hint. The solution of y’ = y for which 
y(0) = lisy = e*. Therefore y(1) = e. 

Find an approximate value when + = 2, of the particular solution of the 
equation y’ = 1/z for which y(1) = 0. Take h = 0.2 and follow the pro- 
cedure outlined in problem 8. Show how this value of y(2) can be used to 
approximate log 2. Hint. The solution of y’ = 1/z for which y(1) = 0 is 
y = logz. Therefore y(2) = log 2. 

By formulas (44.14) and (44.31), we have 


y(zo + h) = y(xo) + hy’(xo) + EB, 


where E = y'’(X)h?/2 and X is a value of z in the interval (zo,z0 + A). 
E is the formula error due to stopping with the y’(zo) term in a Taylor series. 
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If we knew which value of x to choose for X in this interval, we would know 
the exact value of H. But we don’t. However, if M is the maximum value 
of |y’’(z)| in the interval (zo,zo + h), then |E| S Mh?/2. We can thus 
establish an upper bound of the error, in an interval of width h, in using 
formula (44.14) to compute y(zo + A). Call this error Fi and call M, the 
maximum value of y’’(x) in this interval. Designate by F2, E3,-++, En, 
the errors in each additional interval of width h, and Mo,---,M, the 
maximum value of {y’’(z)| in each such additional interval. Then the upper 
bound of the total error H for all intervals is 


2. 


(444) (BLS (Bi + [Bal +--+ (Bal SS (a + Mat + My 


Let M be the largest of the numbers M1, Mo,---,Mn. Then, by (44.4), 


hr 


(44.41) |E| Ss 9 7M, 


_ 
. 


9 


. 


10 


Il. 


where M is the maximum value of |y’’(z)| in the interval (zo, zo + nh). 

(a) Use formula (44.41) to compute the upper bound of the error in the 
value of log 2 if in problem 10 we had used h = 0.2 without corrections. 
Hint. h = 0.2, n = 5, M = max. |y”| = max. |—1/z?| = 1 in the 
interval (1,2). 

(b) What is the largest value of A that can be used to insure that the upper 
bound of the error in the computation of log 2 in problem 10 is 0.005, 
if no corrections were made? Hint. By (44.41), we want an h such that 
h2nM/2 S 0.005. Remember hn = 1. 


ANSWERS 44 


y(0.4) = 1.471, y(0.5) = 1.634. Actual values: 1.51547, 1.69616. 

y(0.85) = 1.4191, y(0.4) = 1.4962, (0.45) = 1.5790, y(0.5) = 1.6681. 
Actual values 1.43470, 1.51547, 1.60244, 1.69616. 

y(0.2) = 1.2237, y(0.3) = 1.3557, y(0.4) = 1.5107, y(0.5) = 1.6902. 
y(0.05) = 1.0500, y(0.1) = 1.1076, y(0.15) = 1.1739, y(0.2) = 1.2503. 
y(0.1) = 1.100, y(0.2) = 1.231. 

Can assume only zero decimal place accuracy if rounded off to one decimal. 
y(0.1) = 1.1152, y[(0.1 + 0.05) + 0.05] = 1.2598, y(0.1+ 0.1) = 1.2496, 
y(0.2) = 1.2700. 

y(1.1) = 1.2000, y(1.2) = 1.4650, y(1.3) = 1.8236, E(1.1) = 0.0312. 
Would need to make all calculations over again with h = 0.05, see Com- 
ment 44.3-3. 

y(0.2) = 0.1980, y(0.4) = 0.3815, (0.6) = 0.5415, y(0.8) = 0.6756, 

y(1) = 0.7860. Actual value: r = 3.14159. 

y(0.2) = 1.2200, y(0.4) = 1.4884, y(0.6) = 1.8158, y(0.8) = 2.2152, 

y(1) = 2.7026. Actual value: e = 2.71828. 

y(1.2) = 0.1818, y(1.4) = 0.3355, y(1.6) = 0.4688, y(1.8) = 0.5864, y(2) = 
0.6917. Actual value: log 2 = 0.6931. 

(a) [Z| S 0.1. (b) h = 0.01. 
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LESSON 45. An Improvement of the Polygonal 
Starting Method. 

Let y(x) be a particular solution of 
(45.1) y’ = f(xy) 
satisfying the initial condition 
(45.11) y(%o) = Yo. 
In the polygonal method, we found the approximation, see (44.14), 
(45.12) y(to + h) = y(xo) + y'(xo)h. 


It is possible to improve this estimate using a method similar to the one 
of the previous lesson. In this previous lesson, we found y(%»9 + h) of 
(45.12) by drawing, at (%o,yo), a tangent line to the integral curve y(z), 
and determining its intersection with the line x = zo + h. It is marked 
R in Fig. 45.13. The error in y(xzo + h) is shown as E;. The point P in 


JE, 


Ey 


Rixo +h, Wx + h)]= 
Rixo +h, Axo) + ¥'(Xo)h] 


Q(Xo. Yo) 
Hx t+ MH 


(Xo) =o 


Xo Xot i xXy=Xoth 


Figure 45.13 
the figure is the mid-point of the segment of this tangent line between Q 
and R. The coordinates of P were obtained by using the mid-point for- 


mula of analytic geometry. Substituting the coordinates of P in (45.1), 
we find 


(45.14) oy’ (2. + 2) = s[zc +2, y(t) + Geo) 4). 
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The equation of the line through (x9,yo) with slope (45.14) is 


(45.15) y = (zo) + @ — zou’ (20 +4) 


ee) + (@ — sof{zo+h» ule) + ¥'e0) SI: 
Its intersection with the line x = ro + his 
(45.16) —-y(to + A) = yao) + is| 20 + i > Yo (zo) 


We shall now prove that the right side of (45.16) is equivalent to the 
first three terms of a Taylor series instead of only the first two as in (45.12). 
Hence the error in the approximate value of y(%o + A) of (45.16), shown 
as Ez in Fig. 45.18, usually will be smaller than the error £,.* 


Proof. By (38.12) and (38.13), a Taylor series expansion of a function 
of two variables is, with = rp + a, y = yo + b, 


(a) fleo+ 4 yo + 8) = Sleoyo) + a Leawle) + » Peoe) 
Therefore with a = e b= y' (Zo), 


(b) f E + : Yo + 4 w'(zo)| = f(x0,Yo) +5 h of(zo,Yo) Grotto) 


ah 3 (29 ) AR Orzor ead) 
Substituting (b) in (45.16), and replacing f(xo,yo) by its my y'(xo) of 
(45.1), we obtain 


(c) = -y(@o +h) = y(eo) + hy’ (Zo) 
2 
+ i [ened + y' (to) sfen0)) + 


By differentiation of (45.1)—we assume the derivatives exist—we obtain 


(a) y! = of sew) 4 of ow, au. 


ae ee at 
*By (37.36), the error or remainder term FE, = eC) h? if the series includes the 
y'"(X2) 
6 


first two terms of a Taylor series; the error term EF, = 13 if the series includes 


ae at 
the first three terms. Hence Ey < Fy if ee) We vy A, ie., if y""(X2) < 3 y!"(X). 
For a small h, 3/h is large. 
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Hence 


__ Of(o,Yo) , f(xo,Yo) 
©) uf" (uo) = Tpit) 4. TSH (e). 
Therefore by (e), we can write (c) as 


2 
() leo +h) = yao) + hy/(o0) + y/"(e0) +> 


A comparison of (f) with the Taylor series (37.27) shows, with « = zo + h, 
that the first three terms of each are the same. 


Nore. Use of this method is therefore permissible only if 


of(z,y) 
F 


AG) ng 
Ox 


exist at (x0,Yo). 


Example 45.2. Find, by the method of this lesson, an approximate 
value, when x = 0.1, of the particular solution of 


(a) fs atty 
for which y(0) = 1. 


Solution. Comparing the initial condition with (45.11), we see that 
Zo = 0, yo = 1. Therefore by (a), y/(0) = 0+1= 1. Hence with 
Zo = 0, h = 0.1, (45.16) becomes 


(b) y(0.1) = 1 + 0.1f(0.05, 1 + 0.05). 
Here f(x,y) = x? + y. Therefore 

(c) (0.05, 1.05) = (0.05)? + 1.05 = 1.0525. 
Substituting (c) in (b), we obtain 

(d) y(0.1) = 1+ 0.1053 = 1.1053. 


The actual value of y(0.1) is 1.1055. In the polygonal method using two 
steps, we obtained a value of 1.1026. Note the greater accuracy of the 
above method. 


EXERCISE 45 
Apply the method of this lesson to solve the problems which follow. 


1. Starting with y(0.1) = 1.1053, compute y(0.2) and y(0.3) of Example 45.2. 
Take A = 0.1. Compare with the values found in Lesson 44 and in Exer- 
cise 44,3. 

2. Find y(0.1) of Example 45.2 in two steps, ie., first find y(0.05) and then 
y(0.05 + 0.05). Compare with actual value of y(0.1) = 1.1055. Do the 
same for y(0.2). 
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3. Following the steps in Comment 44.3-2, develop error formulas, comparable 


to those in (44.38), for the numerical method of this lesson. Hint. Since 
formula (45.16) is equivalent to the first three terms of a Taylor series, the 
remainder or error term, by (37.36), is y’’(X)h3/3!, where X is a value of 
x in the interval under consideration of width h. Ans. 


(45.3) | (2 ca 4 a5 | = ; ly é + *) + 1] — y(to + »| , 


6 


7 


8 


10 


Eleo +h) = 5 ( (2 + *) + ‘| — y(eot a} 


. Find approximate values when x = 0.05, 0.1, 0.15, 0.2 of the particular 


. 


. 


solution of the differential equation y’ = 2-+ y, for which y(0) = 1. Take 
h = 0.05. 

In problem 4, compute y(0.1) and y(0.2) with h = 0.1. Compare with the 
value of y(0.2) obtained in 4. In the absence of a solution in terms of ele- 
mentary function or an error formula, how many decimal place accuracy 
could you assume in your value of y(0.2). Hint. See Comment 44.3-3 
Solve the equation and compare with actual value of y(0.2). 

Find approximate values when z = 1.1, 1.2, 1.3 of the particular solution 
of the equation y’ = 2? -+ y? for which y(1) = 1. Take h = 0.1. What 
is the approximate formula error in y(1.1)? Hint. Calculate y(1.1) in two 
steps and then apply error formula (45.3). 

Find approximate values when x = 0.2, 0.4, 0.6, 0.8, 1 of the particular 
solution of the equation y’ = 1/(1 + 2?) for which y(0) = 0. Takeh = 0.2. 
Use this value of y(1) to approximate w. Hint. See Exercise 44,8. Compare 
results. 

Find an approximate value when z = 1 of the particular solution of the 
differential equation y’ = y for which y(0) = 1. Take h = 0.1. Use the 
value of y(1) to approximate e. Hint. See Exercise 44,9. Compare results. 
Find an approximate value when z = 2 of the particular solution of the 
equation y’ = 1/z for which y(1) = 0. Take h = 0.25. Use this value of 
y(2) to approximate log 2. Hint. See Exercise 44,10. Compare results. 

By formulas (45.16) and the error term as given in problem 3, we have 


ylzo + h) = y(eo) + is| 20 +5 w+ 7) +£, 


where E = y’"(X)h3/3! Following the procedure outlined in Exercise 44,11, 
show that the upper bound of the error E in the interval (zo, zo + nh) is 


ha 


(45.31) [Z| S 30M, 


where M is the maximum value of y’’(z) in the interval (10,20 + nh). 
(a) Use formula (45.31) to compute the upper bound of the error in the 
value of log 2 as found in problem 9 above. Hint. h = 0.25, n = 4, 


M = max|y’”| = max 5| = 2 in interval (1,2). 


(b) What is the largest value of A which can be used to insure that the upper 
bound of the error in the computation of log 2 is less than 0.005? Hint. 
By (45.31) we want an h such that h3nM/3! < 0.005 and remember 
nh = 1. 
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ANSWERS 45 


- y(0.2) = 1.2237, y(0.8) = 1.3586. ° 
- y(0.05) = 1.0513, y(0.05 + 0.05) = 1.1055, y(0.15) = 1.1630, 
y(0.15 + 0.05) = 1.2242. 
. y(0.05) = 1.0525, y(0.1) = 1.1108, y(0.15) = 1.1736, (0.2) = 1.2427. 
y(0.1) = 1.11, y(0.2) = 1.2421. Can assume two decimal place accuracy. 
Actual value: y(0.2) = 1.2428. 
. y(1.1) = 1.2313, (1.2) = 1.5506, y(1.3) = 2.0106, y(1.05) = 1.1077, 
y(1.05 + 0.05) = 1.2334; #(1.1) = 0.0028. 

y(0.2) = 0.1980, y(0.4) = 0.3815, y(0.6) = 0.5415, y(0.8) = 0.6757, 
y(1) = 0.7862. 
- y(0.1) = 1.105, y(0.2) = 1.2210, (0.38) = 1.8492, y(0.4) = 1.4909, 

y(0.5) = 1.6474, y(0.6) = 1.8204, y(0.7) = 2.0115, y(0.8) = 2.2227, 
y(0.9) = 2.4561, y(1) = 2.7140. 

9. (1.25) = 0.2222, y(1.5) = 0.4040, y(1.75) = 0.5578, y(2) = 0.6911. 
10. (a) |E| S 0.0209. (b) A = 0.12 to two decimal places. 


a OAM ADEA 


LESSON 46. Starting Mcthod—Taylor Series. 


In Lesson 44, we found a numerical solution of the differential equation 


(46.1) y’ = f(x,y), 
for which 
(46.11) y(o) = Yo, 


by a method which is equivalent to using a Taylor series to terms of the 
first order; in Lesson 45 by a method which is equivalent to using a Taylor 
series to terms of the second order. These methods suggest that greater 
accuracy may be achieved if, for a starting method, we use a Taylor series 
to terms of order greater than two. There are, however, two practical 
difficulties to the use of a Taylor series. 


1. The function f(z,y) may not have a Taylor series expansion over the 
interval in which a solution is desired. For example, if y’ = f(z,y) = 
Vx + y?, then y” and higher derivatives do not exist at « = 0. 

2. If f(x,y) has a Taylor series expansion, it may be extremely difficult to 
obtain the derivatives needed in formula (37.27). For example, try 
taking a few derivatives of f(x,y) = Vx3y + zy3. 


If these two difficulties are not present, then a Taylor series is indeed 
a good starting method. By (37.27), a Taylor series has the form 


(46.12) y(2o +h) = ylto) + y(eo)h + Le a) h? + (oo) 43 


. 4 ¥@o) a9 ht +.. 
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It says in effect that if one knows the values of the function y(x) and its 
derivatives at a point x = Xo, then one can find the value of the function for 
a neighboring point h units away. By direct substitution in (46.12), we can 
therefore find y(%p + 0.1), y(%o + 0.2), y(zo + 0.3), etc., provided the 
series converges for these values of x. 


LESSON 46A. Numerical Solution of y’ = f(x,y) by Direct Sub- 
stitution in a Taylor Series. We illustrate this method by means of 
an example. 


Example 46.2. Find approximate values when x = 0.1, 0.2, 0.3, 0.4 
of a particular solution of the differential equation 


(a) y=aty, 
for which y(0) = 1. 

Solution. From (a) we obtain 
(b) y’ = x? + Y, y" = + y’, yl" = 2 + y", y® = yl". 
Hence when x = 0 and y = 1, we find from (b) 
(ce) y¥O)=1, y"0)=0+1=1, yO) =24+1=3, yO) =3. 
By (46.12), with zo = 0, we have 

a wn (4) 
@) yh) = 40) +O t+ LO MO pO my... 
Substituting in (d), the initial condition and the values found in (c), we 
obtain 
nh? | ht 

(e) yh) =lthtetytet- 
By direct substitution in (e), we have, using only terms to h*/8, 


(f) y(0.1) = 1+ 0.1 + $(0.1)? + $(0.1)3 + 4(0.1)* = 1.1055125. 
y(0.2) = 1+ 0.2 + 4(0.2)? + $(0.2)3 + 3(0.2)4 = 1.2242000. 
y(0.3) = 1+ 0.3 + 4(0.3)? + $(0.3)3 + 4(0.3)4 = 1.3595125. 
y(0.4) = 14+ 0.4 + $(0.4)? + 4(0.4)3 + 4(0.4)* = 1.5152000. 


LESSON 46B. Numerical Solution of y’ = f(x,y) by the “‘Creeping 
up”’ Process. By the direct substitution method, more and more terms 
of the series must be included, as A incréases, in order to maintain a de- 
sired degree of accuracy. These terms, if the derivatives of f(z,y) are 
complicated functions, may be difficult to obtain. A more accurate 
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method of using a Taylor series with the same number of terms is to keep 
h fixed and “creep up” to the value of y(z9 + mh) in successive steps. We 
shall demonstrate by the example below how this method works. You 
will soon discover that the greater accuracy is purchased at a price—more 
labor. 


Example 46.21. Solve the problem of Example 46.2 by the “creeping 
up” process. 


Solution. Using our basic equation (46.12), with h = 0.1 and zo 
equal successively 0, 0.1, 0.2, 0.3, we obtain 


(a) y(0 + 0.1) = y(0.1) 
y(0) +0. ) +40 on? +40 oy 


y(0.1 + 0.1) ie 


v0.1) + ¥0.1)0.1) + FO (0.1)? 


wn 4) 
+ y oa (0.1)? + y' OD (0.1)* + cee, 
y(0.2 + 0.1) = y(0.3) ; 
= (0.2) + y'0.2)(0.1) + FO?) 1)? 


wn (4) 
+ 20?) 0.19 +) atte, 


y(0.4) ' 
(0.3) + ¥(0.3)(0.1) + YF) (4)? 


y(0.3 + 0.1) 


mn (4) 
+203 0.19 +209 ort + 


The first equation in (a) is the same as (d) of Example 46.2 with h = 0.1. 
Hence by (f) of that example 


(b) y(0.1) = 1.1055125. 


By (b) of Example 46.2, the values of the derivatives of y(x) when zs = 0.1 
and y = 1.1055125 are 


(c) y'(0.1) = (0.1)? + 1.1055125 = 1.1155125, 
y(0.1) = 0.2 + 1.1155125 = 1.3155125, 
y'"(0.1) = 2 + 1.3155125 = 3.3155125, 
y(0.1) = 3.3155125. 
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Substituting (b) and (c) in the second line of (a) gives 


(4) (0.2) = 1.1055125 + (0.1)(1.1155125) + 97" (1.3155128) 
+ 270" (3.3155125) 
sp O00Or on (3.3155125) = 1.224207. 


When x = 0.2 and y(0.2) = 1.2242077, we find from (b) of Example 46.2, 


(e) y’(0.2) = 1.2642077, 
y(0.2) = 1.6642077, 
y’"(0.2) = 3.664207, 
y (0.2) = 3.6642077. 
Substituting (d) and (e) in the third line of (a), it becomes 
(f)  y(0.8) = 1.2242077 + (0.1)(1.2642077) + (0.005) (1.6642077) 
a oe (3.642077) 


5 00001: on (3.6642077) = 1.359575. 


And when x = 0.3, y(0.3) = 1.3595755, we find from (b), Example 46.2, 


(g) y'(0.3) = 1.4495755, 
y’’(0.3) = 2.0495755, 
y’"(0.3) = 4.0495755, 
y (0.3) = 4.0495755. 
Substituting (f) and (g) in the fourth line of (a), we obtain 
(h) y(0.4) = 1.3595755 + (0.1)(1.4495755) + (0.005) (2.0495755) 
+ 2001 (4,0495755) 


+ oom (4.0495755) = 1.5154727. 


Comment 46.3. The particular solution of (a) of Example 46.2 for 
which y(0) = 1 is 


(i) y(x) = 3e* — 2? — Qx — 2. 


We can therefore compare the actual values of y with those obtained by 


Lesson 46B Sotution By “CREEPING uP” Process 649 


the direct substitution method and by the creeping up process, see Table 
46.31. An examination of the table discloses that the direct substitution 


Table 46.31 
Direct Substitution Creeping Up Process he 
tual Value 
See (f) of See (d), (f), (h) of Obtained fom @) 
Example 46.2 Example 46.21 
y(0.1) = 1.1055125 1.1055125 1.1055128 
y(0.2) = 1.2242000 1.2242077 1.2242083 
y(0.3) = 1.3595125 1.3595755 1.3595764 
y(0.4) = 1.5152000 1.5154727 1.5154741 


method has given six decimal accuracy for y(0.1), four for y(0.2), and 
three for y(0.3) and y(0.4), after being rounded off to these respective 
number of places. On the other hand, the creeping up method has given 
six decimal accuracy for y(0.1), y(0.2), y(0.3), and five decimal accuracy 
for y(0.4). 


Comment 46.4. Comment on Error in Taylor Series Method. 
1. By Theorem 37.34, the remainder or error term of a Taylor series is 


yt P(X) n+1 


where X is a value of x in the interval under consideration of width h. 
In Example 46.2, we stopped with y“’(x). Therefore by (46.41), the limit 
of error in using h = 0.4 is, with n = 4, 


5 
(46.42) |E| < os M = 0.000085M, 


where M is the maximum value of |y‘*(x)| in the interval (0,0.4) of width 
0.4. In the creeping up process, the limit of error in each calculation is, 
by (46.41), with h = 0.1, 


5 
(46.43) ie) < OL yy. 
The total upper limit of error for four steps due to formula only, i.e., the 


limit of error in an interval of width 0.4 by the creeping up process, ex- 
cluding cumulative errors, is therefore, 


5 
(46.44) E<4 On. M = 0.000000333M. 
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A comparison of (46.44) with (46.42) shows approximately how much 
more accurate the creeping up method is. 
2. Let 


(46.5) E(xo +h) = the error in computing y(ro + h) by use of formula 
(46.12) including terms to h*. 

Then by (46.41), with n = 4, 

(46.51) E(zo + h) = ch', 


where c = y‘(X)/5! Let us divide the A interval in half and compute 
y(2o + h) in two steps. If we have some basis for believing that y‘ (x) 
changes rather slowly in this small h interval, so that the variation in the 
value of y‘>(X) in each h/2 interval is negligible, then we commit a small 
error by using the same c of (46.51) for each half interval. Therefore, by 
(46.51), the error in computing y(t» + h/2) for a half interval h/2 is 
approximately 


h aye _ 1 1 


h ; 
This means that the error in y (20 + A) is approximately equal to one 
thirty-second the error in y(zo + h). Hence the error in computing in 


two steps the value of y(zo + h), which we write as y [ (=. + *) + =| , 


will have an inherited error in the starting value of y (20 + A) plus its 


own formula error. Since each error equals one thirty-second the error 

in y(zo + h), the total error in y(zp + h) computed in two steps, i.e., the 
h h ‘ ‘ ; 

error in y [ (= + *) + *| , will be approximately equal to one-sixteenth 

the error in y(zo + h) computed in one step. Hence 


h h 1 
(46.53) E [(z + 2) + 4 = 7640 +h), 
approximately. Let Y(xo + h) be the actual value of the solution. Then 
(46.54) Y(to +h) — y(to + h) = Elo +h), 


¥ (to +h) — y|(zo + 2) +4] ie | (ze +4) +4). 


Subtracting the second equation in (46.54) from the first, we obtain 
(46.55) 


u[(co +4) +3] — veeo+ m) = Heo +m) — B[ (x0 +4) +4]. 
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Substituting (46.53) in the right side of (46.55), the following equations 
result. 
h 


(46.56) y [(e + 4) + 4 — y(zo + h) 
= 16 | (20 +4) + 4 _ | (zo +4) +4], 


y|(2o + 8) +3] — veo +m = Bleo +) — Yok Ceo + W. 


and 


Simplification of (46.56) gives 


(46.57) E [(2 + 4) + 2) = ify (2 + 2) + 4 — y(%o + in| ’ 


and 
B(eo +») = 18 fu|(zo + 4) + 3] — veeot m}- 


The first formula says that the error in the value of y(t» + h) computed 
in two steps is equal to one-fifteenth the difference in values of y(%o + h) 
computed in two steps and in one step. 

Formulas (46.57) give us a means of, estimating errors at each step. 
Their accuracy does not depend on a knowledge of the size of y‘(X) 
which we do not know, but only on the variation of y(X)/5! over a 
small interval. We have assumed this variation to be negligible, an 
assumption which is not unreasonable if y‘(x) changes slowly over h. 
For example, from the column headed “creeping up” process in Table 
46.31, we have with zo = 0, h = 0.2, 


(a) y| (zo de 4) a i) = y(0.1 + 0.1) = y(0.2) = 1.224207, 
and from the direct substitution column, 
(b) y(to +h) = y(0.2) = 1.2242000. 


Hence by the first equation in (46.57), 


(c) 2 | (zo a: 4) es 4 = E(0.1 + 0.1) = #s(1.2242077 — 1.224200) 
= 0.0000005, 

which is the approximate error of y(0.2) computed in two steps. The 

actual error is 1.2242083 — 1.2242077 = 0.0000006. 


3. A check on errors which practical people frequently use, and which 
seems to work, is to make all calculations over again with an h half the 
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size of the original one. If the results obtained with the smaller h agree 
with those obtained with the larger h to k decimal places, after being 
properly rounded off, then it is assumed that the common numerical 
value has k decimal place accuracy. This method is, of course, meaningful 
only if the creeping up process is used. 

4. This method does not contain a check on arithmetical errors. How- 
ever, if there is little agreement between the values obtained by using h 
and h/2, all arithmetical computations should be checked. If arithmetical 
computations are correct, h should be reduced. 


Comment 46.58. We have headed this lesson “Starting Formula— 
Taylor Series.” It is evident that it may also be used as a continuing 
method to find y(0.5), y(0.6), etc. There is, however, a practical objec- 
tion to its continued use. To insure a desired degree of accuracy, more 
and more terms of the series will be needed as the distance from the 
initial point ro increases. This means we must evaluate higher and higher 
order derivatives. In many practical cases, these derivatives, as remarked 
earlier, may become extremely complicated or may be even so right from 
the start. Hence, we must seek other starting and continuing methods 
which do not depend on our ability to obtain derivatives. If, however, it 
is not difficult to obtain many derivatives, then a Taylor series is not only 
a good starting method but is also a good continuing method. It can be 
used as long as the x values remain within the interval of convergence and 
as long as you are reasonably sure that you have enough terms in the 
series to give you values that are accurate to the desired number of decimal 
places. A high-speed calculating machine can, for example, add with ease 
100 terms of a series. 


EXERCISE 46 


Apply the methods of this lesson to solve the problems which follow. 
Use Taylor series to terms of the fourth order. 


1. Use the direct substitution method to find approximate values when z = 0.1, 
0.2, 0.3, 0.4 of a particular solution of the differential equation y’ = «+ y 
for which y(0) = 1. Take h = 0.1. Solve the equation and compare your 
results with actual values. 

2. (a) Solve problem 1 by using the creeping up method. In the absence of a 

solution in terms of elementary functions or of an error formula, how 
could you determine the accuracy of y(0.4)? 

(b) Why could not one use error formula (46.41) to determine the upper 
bound of the error in y(0.4), just as we did in Exercises 44,11 and 45,10 
to find an upper bound of the error in the numerical value of y(2)? 
Ans. Here y’ is a function of x and y; so also is y“+)(z), For exam- 
ple, y = y'” =y” =1+y' =1+2+y. Hence one cannot determine 
the maximum value of y+)(z) in an interval of width h without 
knowing y(z). But y(z) is the solution we seek and do not know. In the 
previous problems y’ was a function only of z. 
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3. Start again with the equation y’ = x-+ y for which y(0) = 1. Using the 
values of y(0.2) found in one step in 1 and in two steps in 2, apply formula 
(46.57) to correct y(0.2). (Note. Formula (46.57) is based on using terms in 
a Taylor series to order four.) Starting with the corrected figure of y(0.2), 
compute y(0.4) in one step and in two steps. Correct y(0.4) by means of 
(46.57). Compare results with those obtained in 1 and 2 and with actual 
values of the solution. 

4. Error formulas (46.57) are based on stopping with the fourth order term in a 
Taylor series. Find comparable error formulas if one stopped with a third 
order term, with a fifth order term. 

5. Using the direct substitution method, find approximate values when x = 0.1, 
0.2, 0.3 of a particular solution of the equation y’ = —zy for which y(0) = 

6. Solve problem 5, using the creeping up method. How could you determine 
the accuracy of y(0.3)? Hint. See answer to problem 2(a) above. 

7. Can the direct substitution method be used in 5 to find approximate values 
of y(0.4), y(0.5), y(0.6), (0.7), y(0.8), +++ ? 


ANSWERS 46 


1. 1.1103417, 1.2428000, 1.3996750, 1.5834667. Actual values: 1.1103418, 
1.2428055, 1.3997176, 1.5836494. 

2. (a) 1.1103417, 1.2428052, 1.8997171, 1.5836486. Compute y(0.4) by the 
creeping up method with h = 0.05. Then make use of Comment 46.4-3. 

3. Corrected values: y(0.2) = 1.2428055, y(0.4) = 1.5836493. 

4. Third order term: 


(+8) +f] 4p lo +9)+]-sor 


Eleo +h) = 5 lv [(= + 2) + ‘| — yao + n| 


Fifth order term: 
| (20 + 4) al (2 4% 4 1] — yleo + a| 
E(zo + h) = 2 fy] (2 + *) 4) y(zo + a}. 


5. 0.99501, 0.98020, 0.95601. 
. 0.99501, 0.98019, 0.95598. 
7. Read Theorem 38.14. The maximum interval of convergence given by the 
theorem is |z| < 4. Hence, in the absence of additional information, the 
series found in 5 cannot be used for |z| > 4. 


LESSON 47. Starting Method—Runge-Kutta Formulas. 


The starting method we shall develop in this lesson for finding a nu- 
merical solution of 


(47.1) y’ = f(xy) 
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satisfying the initial condition 
(47.11) y(to) = Yo, 


was developed by the two people after whom it is named, Runge (1856— 
1927) and Kutta (1867-1944). It has an advantage over the Taylor series 
method in that it does not use derivatives. As mentioned in the previous 
lesson, if the function f(z,y) is very complicated, it may be extremely 
difficult to obtain its second derivative, let alone its third and fourth. 
Because of this fact and its high degree of accuracy, it is in practice prob- 
ably the most widely used starting method. 
By (46.12), 


(47.12) y(eo +h) = yao) + y'(eayh + LEO n2 4 YO) ps 
(4) 
y'”’ (xo) 
+ ar nA+t.--. 
Differentiating (47.1), we obtain 
(47.13) y"@) = F< Sew + 5 feww'@). 


Substituting (47.1) and (47.13) in (47.12), and stopping with the h? term, 
we have 


(47.14) -y(zo +h) = y(2o) + f(to,Yo)h 


2 
a [saad en Meno) feos) | . 


Our aim will be to rewrite the right side of (47.14) so that it will have 
the form 


(47.15) y(xo + h) 
= (xo) + Ahf(zoyo) + Bhf[zo + Ch, yo + Dhf(zo,yo)], 


and then find values of A, B, C, D so that the right side of (47.15) will 
actually equal the right side of (47.14). 

By (38.12) and (38.13), the Taylor series expansion of a function of two 
variables about a point (xo,yo), is, with z = a) + a, y = yo + 8, 


(47.16) 
f(zo + 4, yo + b) = f(%0,Yo) + a Weave) + 5 Veoved +... 
In (47.16) let a = Ch and b = Dhf(xo,yo). There results 
(47.17) —flzo + Ch, yo + Dhf(xo0,Yo)] = f(x0,¥o) 
+ ch Lae) + Dig(eo,yo) Weave) +... 
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Substituting (47.17) in (47.15) and simplifying the result, we obtain 
(47.18) -y(to + h) = y(to) + (A + B)hf(eo,4o) 
+ Bh? le roo) + Df(x osYo) Keown) 


Comparing (47.18) with (47.14), we see that both right sides will be alike 
if, for example, * 


(47.19) A+B=1, B=%34 C-=$1, D=1, 

from which we obtain 

(47.2) A = 5, B=%34 Ce=-1, D=1. 

Substituting these values in (47.15), we have 

(47.21) y(ao + h) = y(xo) + $hf(0,yo) + $hflxo + h, yo + Af(zo,yo)]. 


Formula (47.21) can be written in the simpler form 


(47.3) y(ao + h) = y(xo) + $(u1 + ue), 
where 
(47.31) uy = hf(xo,Yo), 


us = hf(to + h, yo + 11). 


If the first four terms of the series (47.12) are used, then the Runge- 
Kutta formula becomes 


(47.32) y(zo + h) = y(xo) + $1 + 402 + 23), 
where 
(47.33) 0) = hf(xo,yo) = tu, 


ve = hf(xo + th, yo + $1), 
v3 = Af(zo + h, yo + 2v2 — 11). 
And if the first five terms of the series (47.12) are used, then the 
Runge-Kutta formula becomes 
(47.34) —-y(wo + h) = y(zo) + F(wi + 2we + 2wz + wy), 
where 
(47.35) w, = hf(xo,yo) = 1, 
we = hf(xo + th, yo + dui) = v2, 
wg = hf(zo + $h, yo + $u2), 
wa = hf(xo + h, yo + wa). 


*There are other possible choices of A, B, C, D, but these are the simplest. 
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Since (47.3), (47.32), and (47.34) were obtained by includirig the second, 
third, and fourth order terms respectively of a Taylor series, these for- 
mulas have been called respectively the second, third, and fourth 
order forms. 

As in Taylor series, two methods are available for finding y(r» + 0.1), 
y(xo + 0.2), y(zo + 0.3) by the Runge-Kutta method, one by direct sub- 
stitution in formula (47.3) or (47.32) or (47.34), the other by creeping up 
to y(xo + 0.2) and then to y(ao + 0.3) by keeping h = 0.1 fixed and using 
any one of the formulas in succession. 


Example 47.36. Use the fourth order form and the creeping up proc- 
ess to find an approximate value when x = 0.2 of the particular solution of 


(a) y=2+y, 
for which y(0) = 1. 


Solution. Comparing the initial condition with (47.11), we see that 
Lo = 0, Yo = y(xo) = 1. Hence, by (47.34), with zo = 0, kh = 0.1, 


(b) y(0.1) = y(O) + e(wi + 2we + 2wg + wa). 


By (47.35), with 29 = 0, yo = y(xo) = 1,h = 0.1 and f(x,y) = x? + y, 
we have 

w; = 0.1f(0,1) = 0.101) = 0.1, 

we = 0.1f(0.05, 1 + 0.05) = 0.1[(0.05)? + 1.05] = 0.10525, 

w3 = 0.1f(0.05, 1 + 0.052625) = 0.1(0.057 + 1.052625) 
0.1055125, 
w, = 0.1f(0.1, 1 + 0.1055125) = 0.1(0.1? + 1.1055125) 

= 0.11155125. 


Hence, by the above values, the initial condition and (b), an approximate 
value of y(0.1) is 


(c) y(0.1) = 1+ (0.1 + 0.2105 + 0.211025 + 0.11155125) = 1.1055127. 
With xo = 0.1 and h = 0.1, (47.34) now becomes 
(d) y(0.2) = y(0.1) + $(w + 2we + 2wz + wa). 


By (47.35), with zo = 0.1, yo = y(%o) = y(0.1) = 1.1055127 and f(z,y) = 
x? + y, 
w, = 0.1f(0.1, 11055127) = 0.1(0.12 + 1.1055127) = 0.11155127, 


we = 0.1f(0.15, 1.1055127 + 0.0557756) 
= 0.1(0.15? + 1.1612883) = 0.1183788, 
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wz = 0.1f(0.15, 1.1055127 + 0.0591894) 
= 0.1(0.15? + 1.1647021) = 0.1187202, 


wa = 0.1f(0.2, 1.1055127 + 0.1187202) = 0.1264233. 
Hence by (c) and (d), an approximation of y(0.2) is 


(e) (0.2) 
= 1.1055127 + $(0.1115513 + 0.2367576 + 0.2374404 + 0.1264233) 
= 1.1055127 + 0.1186954 = 1.2242081. 


Comment 47.37. If we had found y(0.2) in one step, formula (47.34) 
would have become, with h = 0.2, 29 = 0, y(zo) = yo = 1, 
(f) y(0.2) = 1+ $(wi + 2we + 2wz + wa), 
where 
(g) wi = 0.2f(0,1) = 0.2(1) = 0.2, 
We = 0.2f(0.1, 1 + 0.1) = 0.2[(0.1)? + 1.1] = 0.222, 
ws = 0.2f(0.1, 1 + 0.111) = 0.2[(0.1)? + 1.111] = 0.2242, 
wa = 0.2f(0.2, 1 + 0.2242) = 0.2[(0.2)? + 1.2242] = 0.25284. 


Hence by (f) and (g) 


(h) y(0.2) = 1+ (0.2 + 0.444 + 0.4484 + 0.25284) 


1 + $(1.34524) = 1.2242067. 


Comment 47.4. Comment on Error in Runge-Kutta Method. 


1. It has been proved that the error for an interval of width h, in using 
the Runge-Kutta fourth order form, is 


(47.41) E(xo + h) = Ch, 
where C' is a constant. Although the constant C in (47.41) is not the same 


as the c in (46.51), if we start with (47.41) and follow the steps after 
(46.51), we arrive at the same conclusion (46.57). Hence by (46.57), 


742) B{(20+8) +4] = dfy[ (20+ 8) +4] — weet nf, 
E(o + h) = 184] (zo ar a) + 4 — yo + i} 
In Example 47.36, we found, with zo = 0, h = 0.2, [see (e)] 


(a) u| (zo + 2) + 4 = y(0.1 + 0.1] = y(0.2) = 1.2242081, 


658 Numerican MErxops Chapter 10 


and, in Comment 47.37, 
(b) y(zo + h) = y(0.2) = 1.2242067. 
Therefore by (47.42), with x9 = 0, h = 0.2, 


(c) 2 | (zo 4 4) ais 4 = E(0.1 + 0.1) = Ye(1.2242081 — 1.2242067) 
= 0.000001, 


which is the approximate error in y(0.2) obtained in two steps. The actual 
error in y(0.2) obtained in two steps is 0.0000002, see Table 46.31. 

2. All other remarks on errors in Comment 46.4 carry over without 
change to the Runge-Kutta method. 


Comment 47.5. This method could also be used as a continuing one. 
The objection to its use for this purpose lies in the large number of com- 
putations which must be made at each step. We shall later give a con- 
tinuing method which is less time consuming and just as accurate. 


EXERCISE 47 


In solving the following problems, use the fourth order Runge-Kutta 
method. 


1. Prove error formulas (47.42). 

2. Using direct substitution, find approximate values when z = 0.1 and 0.2 

of a particular solution of the equation y’ = z+ y for which y(0) = 

Take h = 0.1. Compare results with actual values. 

Solve problem 2 by using the creeping up method. In the absence of a solu- 

tion in terms of elementary functions or of an error formula, how many 

decimal place accuracy could you assume in the value of y(0.2)? Compare 
with actual value. 

4, Using the values of y(0.2) found in one step in 2 and in two steps in 3, apply 
formula (47.42) to approximate the error in y(0.1-+ 0.1). Compare with 
actual error. 

5. Using direct substitution, find approximate values when x = 0.1 and cs 
of a particular solution of the equation y = 22+ y? for which y(0) = 

6. Solve problem 5, using the creeping up method. 

7. Using the values of y(0.2) found in 5 and 6, determine, by means of formula 
(47.42), the approximate error in y(0.1 + 0.1). 


3 


ANSWERS 47 


2. y(0.1) = 1.1108417, y(0.2) = 1.2428000. Actual values: 1.1103418, 
1.2428055. 

3. y(0.2) = 1.2428052. Can assume five decimal accuracy, see Comment 46.4-3. 

4. E(0.1-+ 0.1) = 0.0000003. Actual error = 0.0000003. 

5. y(0.1) = 1.1114629, y(0.2) = 1.2529908. 

6. y(0.15) = 1.1776978, y(0.2) = 1.2530162. 

7. E(0.1 + 0.1) = 0.0000017. 
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LESSON 48. Finite Differences. Interpolation. 


Before we can develop a continuing method which is just as accurate 
as Runge-Kutta but less time consuming, we shall need additional infor- 
mation. We momentarily digress, therefore, to develop this needed 
information. 


LESSON 48A. Finite Differences. 


Definition 48.1. The first difference of a function f(z), written as 
Af(z) (read “delta f of x”) is defined as 


(48.11) Af(x) = f(x + h) — f(a), 


where h is a fixed constant. It is the difference in values of the function 
for two neighboring values of x, h units apart. 

The second difference A’f(zx) is defined as the difference of the first dif- 
ference of f(x) for two neighboring values of x, h units apart. By definition, 
therefore, 


(48.12) A*f(x) = A[Af(x)] = Alf(e + h) — f(x)] = Affe + h) — Af(a). 


Similarly the third difference A*f(x) is defined as the difference of the 
second difference of f(x) for two neighboring values of z, h units apart. 
Therefore 


(48.13) A®f(x) = A[A?f(zx)]. 
And in general, we define 
(48.14) A"f(x) = A[A*~f(2)], n = 1,2,---. 


With the aid of the above definitions, we shall now explain how to 
construct a table of differences Af(x), A2f(x), -+-, A"f(x). 


Example 48.15. If 
(a) f(z) = & 


and h = 0.1, construct a table of differences of e* for values of x from 
0 to 0.5. 


Solution. (See Table 48.16). Since h = 0.1, we shall need values of 
f(z) = e* that, beginning with x = 0, are 0.1 unit apart. In the first 
column of our table, we therefore write x = 0, 0.1, 0.2, 0.3, 0.4, 0.5. In 
the second column we write the values of f(x) = e* when x = 0, 0.1, 
+++, 0.5.* By (48.11) Af(z) is the difference in the values of f(x) for two 


*Various texts are available that contain tables of values of e”, e~*, log x, sin 2, 
cos z, etc. Excellent tables of values of these and other functions, correct to twelve 
and more decimal places, have been published under the sponsorship of the National 
Bureau of Standards, Mathematical tables project. 
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Table 48.16 
pe IR)= Af(z) = A(z) = AFf(z) = A4f(z) = Af(z) = 
er = Ae® = Ate? = Asez = Ate? = = Ade? = 


0 1.00000 0.10517 0.01106 0.00117 0.00010 0.00007 
0.1 1.10517 0.11623 0.01223 0.00127 0.00017 

0.2 1.22140 0.12846 0.01350 0.00144 

0.3 1.34986 0.14196 0.01494 

0.4 1.49182 0.15690 

0.5 1.64872 


neighboring values of z, 0.1 unit apart. Hence we obtain the third column 
of the table by taking the differences of the second column. For example, 
by (48.11), de®? = e%3 — e%? — 1.34986 — 1.22140 = 0.12846. Anal- 
ogously A?f(x), by (48.12), is the difference of Af(x) for two neighboring 
values of x, 0.1 unit apart. Therefore we obtain the fourth column by 
taking differences of the third column. For example, by (48.12), Ae? = 
A(de®?) = Ae®3 — Ae%? = 0.14196 — 0.12846 = 0.01350. The elements 
of the fifth column A%¢* are the differences of the fourth column, etc. 


Comment 48.17. If you want the fifth difference of f(x), ie., A5f(x), 
when x = a, you must know f(a), f(a + h),--+, f(a + 5h). And in general 
if you want the mth difference of f(z) when x = a, you must know f(a), 
f(a +h),-+-,f(a + mh). In the above example, a = 0, and we therefore 
had to know f(0), f(0.1), ---, f(0.5) in order to evaluate the fifth differ- 
ence of e”, ie., A°e*, when x = 0. 


Comment 48.18. Call yo, yi, °+*, yn the values of f(x) corresponding 
to f(ao), f(to +h), --+,f(ao + nh). By Definition 48.11, 


(48.181) Ayo = Y1 — Yo- 
By (48.12), (48.181) and Definition 48.11, 


(48.182)  A?yo == A[Ayo] = A(y1 — yo) = Ay1 — Ayo 
= Y2 — Y1 — Yr + Yo = Y2 — 241 + Yo. 


By (48.13), (48.181) and (48.182), 


(48.183) A®yo = A[A?yo] = A(y2 — 2y1 + yo) = Aye — 2Ay1 + Ayo 
= Y3 — Yo — 2y2t+ 2yi + y1 — Yo = ys — 3y2 + 341 — Yo. 


A comparison of the coefficients on the right sides of (48.182) and (48.183) 
with the respective coefficients in the expansion of (x — 1)? and (x — 1)° 
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shows that they are alike. This leads one to suspect that the fourth dif- 
ference of Yo is 


(48.184) A*tyo = ys — 4y3 + By2 — 4y1 + Yo. 


You can verify that this suspicion is indeed correct. In fact it can be 
proved by induction, using an argument similar to the one given in Lesson 
49A, that the coefficients in the expansion of A"yo are the same as the 
coefficients in the expansion of (x — 1)”. Therefore 


n 1 k ! 
(48.19) A"yo = p> ie — Yount” 


where it is understood that A°y9 = yo. Hence, in terms of f(z), (48.19) 
becomes 


48191) 820) = Do ggg Seo +m — Bl 


LESSON 48B. Polynomial Interpolation. Let us assume that the 
only information we have about a function is its values when x = 2p, 
Zo +h, to + 2h, ---, x + mh, and that we wish to find a value of the 
function when rp = ro + dh, d # 0, 1, 2,---. This situation occurs, 
for example, when we need the value of sin 0.5245 and the table we con- 
sult gives values of sin 0.5236, sin 0.5265, sin 0.5294, etc., ie., it gives 
values over intervals of width h = 0.0029. The usual procedure in this 
case is to add to the value of sin 0.5236, 2 of the difference in values be- 
tween sin 0.5236 and sin 0.5265. When we do this, we are implicitly 
assuming that the graph of the sine function between these two points is 
approximated by a straight line. We are thus in effect using a linear 
interpolation to approximate the sine function between two points of its 
graph. 

A better method of interpolating the value of sin 0.5245 from the 
tabular values is to approximate the sine function by a polynomial f(x) 
whose graph coincides with the sine function at more than the two points 
sin 0.5236 and sin 0.5265. If it coincides with three values of the sine 
function, we get a second degree polynomial to approximate sin 2; if it 
coincides with m + 1 values, we get a polynomial of degree m to approxi- 
mate sinz. This approximating polynomial f(x) will then give, when 
x = 0.5245, a more accurate value of sin 0.5245 than will the linear inter- 
polation method described above. Two questions now arise. Given a set 
of values of a function f(x) at ro, 21, -+*, 2m. Does a polynomial exist 
that can take on these values at the given points, and if there is such a 


*The fraction n!/[k!(n — k)!] is also frequently written as (2) : 
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polynomial, is it unique? The answer to both questions is given by the 
following existence and uniqueness theorem which we state without proof. 


Theorem 48.2. Let f(xo), f(21), -* +, f(&m), be m + 1 distinct values of 
a function f(x). Then there is one and only one polynomial F(x) of degree 
less than or equal to m which coincides with these m + 1 values of f(x). 


Definition 48.21. The unique polynomial F(x) of degree less than or 
equal to m, whose values coincide with m+ 1 distinct points of a func- 
tion f(x), is called a polynomial interpolating function of f(x). 


Comment 48.22. We shall be interested only in a polynomial inter- 
polating function, although functions other than polynomials may be used 
for interpolation purposes. 


Comment 48.23. Very few of you have used nonlinear interpolation 
to approximate the value of a function f(x) that is not given in tables, 
from those which are. To use this method, it is necessary to find an inter- 
polating polynomial F(x) which agrees with f(x) at three or more points 
and is of degree 22. It would be troublesome indeed, if each time we 
wished to use polynomial interpolation, we had to find the approximating 
function F(x). We are indebted to Newton (1642-1727) for formulas by 
which we can readily make polynomial interpolations whenever the 
abscissa points, for which the functional values are known, are evenly 
spaced. These formulas are derived in the next lesson. 


EXERCISE 48 


1. Iff(z) = log zandh = 0.1, construct a table of differences of log x for values 
of x from 1 to 1.5. 

2. If f(@) = sin (6) and h = 5°, construct a table of differences of sin 6 for 
values of 6 from 10° to 35°. 


ANSWERS 48 


f(z) = Aj(z) = A%(z) = A(z) = At*f(z) = = AFf(z) = 
logz = Alogz = A*?logz = A®logz = Atlogz = A®logz = 
1.1 0.09531 0.08701 —0.00697 0.00104 —0.00022 0.00004 
1.2 0.18232 0.08004 —0.00593 0.00082 —0.00018 
1.3 0.26236 0.07411 —0.00511 0.00064 
1.4 0.33647 0.06900 —0.00447 
1.5 0.40547 0.06453 
1.6 0.47000 
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= Af(®) = Af) = AFB) = AYO) = — A*F(8) = 
sn@= Asin@= A®sing = A’sind = A*tsing = A®sing = 
10° 0.17365 0.08517 —0.00197 —0.00063 0.00001 0.00003 
15° = 0.25882 0.08320 —0.00260 —0.00062 0.00004 
20° 0.34202 0.08060 —0.00322 —0.00058 
25° =: 0.42262 0.07738 —0.00380 
30° 0.50000 0.07358 
35° ~—- 0.57358 


LESSON 49. Newton’s Interpolation Formulas. 


LESSON 49A. Newton’s (Forward) Interpolation Formula. We 
assume that f(x) is a function which is defined on an interval (9, +9 + mh), 
and that its values have been given only for the m + 1 distinct abscissa 
points: 29, Xo + h, Lo + 2h, +++, 29 + mh, as happens, for example, when 
we consult a table of values of the function or when these isolated, distinct 
values have been found experimentally, Fig. 49.1. Our object will be to 


f(%o + mh) 


Xo Xoth xot+2h Xotmh 
Figure 49.1 


find a polynomial F(x), of degree Sm that agrees with f(x) at these 
m + 1 points. By Theorem 48.2, we know that there is such a polynomial 
F(z) and that it is unique. By Definition 48.21, this unique polynomial 
F(x) is an interpolating function of f(z), by which we mean that it will 
give an approximate value of the function f(x) for an x which does not 
coincide with the points 29, ro + h, +++, 29 + mh. To obtain a formula 
for F(x), we proceed as follows. 
By Definition 48.1 


Af (xo) = f(to + h) — f(xo). 
Solving for f(xp + h), we have 
(49.11) f(zo + h) = f(to) + Af(zo). 
Applying A to both sides of (49.11) gives 
(a) Af(xo + h) = Af(zo) + A*f (20). 
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Again by Definition 48.1, we obtain 
(b) Af(to + h) = f(zo + 2h) — f(wo + A). 


Since the left sides of (a) and (b) are the same, we can equate their right 
sides. Hence 


(c) feo + 2h) = f(zo + h) + Af(eo) + A*F(@o). 


By replacing in (c) the value of f(zo + h) as given in (49.11), we have 
finally 


(49.12) f(vo + 2h) = f(xo) + 2Af(xo) + A*f(@o). 
Applying A to both sides of (49.12) gives 

(@) Af(eo + 2h) = Af(wo) + 2A7f(e0) + A*f 0). 

By Definition 48.1, 

(e) Af(xo + 2h) = f(xo + 3h) — f(xo + 2h). 

Hence equating the right sides of (d) and (e), we obtain 

(f) — f(@o + 3h) = f(wo + 2h) + Af(xo) + 2A7f(eo) + A*F(wo). 


Replacing in (f) the value of f(zp + 2h) as given in (49.12), we have 
finally 


(49.13) f(wo + 3h) = (xo) + 3Af(x0) + 3A°f(x0) + A*f(ao). 


If you will compare the constant coefficients in the final expressions for 
f(to + A), f(zo + 2h), f(x + 3h) as given in (49.11), (49.12), and (49.13), 
with the coefficients in the respective expansions of (x + 1), (x + 1)?, 
(z + 1)3, you will discover that they are the same. This observation 
leads one to suspect that the coefficients in the expansion of f(ro + nh) 
will be the same as those in the expansion of (x + 1)”. We shall now 
prove by induction that this suspicion is indeed correct. 


Proof. We assume that the coefficients in the expansion of 
flzo + (& — 1)h] are the same as the coefficients in the expansion of 
(2 + 1)*-1. That is we assume 


(a) flto + (k — 1)h] = fro) + (k — 1) Af(ao) 
Fa DE=D Hi 


+ GAVE DE — 8) gay(uq) ++ + a ¥(00) 


is a valid equation. We must then prove, by Comment 24.1, that the 
coefficients in the expansion of f(z» + kh) are the same as the coefficients 
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in the expansion of (x + 1)*. Applying A to both sides of (a), we obtain 
(b) Affeo + (k — 1h] = Af(eo) + (& — 1) A*f(a0) 

+ EOE 2 AS f(a) + +++ + A¥f(xo). 
Adding the left sides of (a) and (b) there results, by (48.11), 


(c) flzo + (k — Ih] + Aflzo + (k — Ih] 
= f[zo + (k — 1)h] + f(to + kh) — flto + (& — 1h] 
= f(to + kh). 

The addition of the right sides of (a) and (b) gives 


(4) fle) + & Aftea) + F— DEAF 2E—D rye) 
4 GH DE = DE — 9) +98 —WE—D saya) 4... 
GH DE = 2) = m) + mk — Yk = 2) mt D 
x A(t) +++ +440), . 

which simplifies to 

(©) flo) +k afta) + =F a2y(a9) + A= DE =?) n24¢00) 


k(k — I)(k — 2)-- a —m-+1) 
m! 


caer A™f(zo) +++ + + A*f(x9). 


Since (c) is the sum of the left sides of (a) and (b), and (e) is the sum of 
their right sides, we can equate these two to obtain 


(8) flo + Bh) = flee) + k Aflao) +® EHD n24¢20) 


+ HE= DE?) neice 


ge Dee wD 


A”f(to) ++ ++ + A*f(ao). 


The coefficients in the expression on the right side are the same as those 
in the expansion of (x + 1)*. Hence our suspicion is proved. 
We therefore can now write, by (f), 


A) 


(49.14) fp + mk) = flee) + mAfles) + ™ 2 a%h(a0) 
+ MD A) arya) + 
4. ma = (n= 2) ++ (a = mH) pm 


m! 
n= 0,1,2,---,m 
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[Note that when n = m, the last term simplifies to A"f(xo).] For each 
n = 1,2,:+-, m, the right side of (49.14) gives a formula for computing 
the respective ordinates f(ro), f(zo + h), ---, f(zo + mh) in terms of 
f(zo) and the differences of f(z9).* 

Since the right side of (49.14) is meaningful even when n is not zero or 
an integer, we can let 


(49.15) F(x) = f(o) + n Af(eo) + —zp— 
~1D)(n — 
4 mn ye 2 


ain — 1) Af(29) 


A*f(zo) +--+ 


poe UGS es Bey, 


where n is any number between 0 and m, and where 


(49.16) z=2xt+nh, n= =. 


Since the right side of (49.15) is the same as the right side of (49.14), we 
know that 

(49.161) F(xo + nh) = f(to + nh), n= 0,1,2,-++,m 
Substituting the second equality of (49.16) in (49.15), we obtain 


(49.17) F(@) = fee) + SLG2) Ge — 29) + SLO (@ — 26) (@ — 0 — by 


1 (z — &o)(% — &o — h)(a# — to — 2h) +--+ 


A”f(xo) 
+ mlm 
X (@ — Lp — 2h) +--+ (2 — xo — [m — IJh). 


(x — &o)(% — %o — h) 


By (49.17), we see that F(x) is a polynomial of degree Sm. 
We have thus proved, by (49.161) and (49.17), that: 


1. The function F(x) defined by (49.15) or (49.17) agrees with the func- 
tion f(x) at the m+ 1 points for which + = 29, 2 +h, xo + 2h, 
see, to + mh, 

2. F(x) is a polynomial of degree S m. 


Therefore, by Theorem 48.2 and Definition 48.21, F(x) is the unique 


*Note the resemblance between this formula and the Taylor series formula (37.27) 
by which one can compute a value of f(zo + nh) in terms of f(z) and the derivatives 
of f(x) at t = 20. 
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polynomial interpolating function of the given function f(z). This means 
that if we wish to find an approximate value of f(r), when 


(49.18) t=atnh, n=, 


n real, 

we can use the function F(x) defined by either of the two formulas (49.15) 
or (49.17). These formulas are known as Newton’s (forward) inter- 
polation formulas. 


Example 49.19. Use Newton’s (forward) interpolation formulas 
(49.15) and (49.17) and the following table of values 


(a) e°1 = 1.105 17, 
eo? = 1,221 40, 
e°3 — 1.349 86, 
e°4 = 1,491 82, 
e°5 — 1.648 72, 


to find an approximate value of e%'4. 


Solution. By use of (49.15). Here f(z) = e”, x9 = 0.1 andh = 0.1. 
Since we have been given five equally spaced values of the function e”, by 
Comment 48.17, we shall be able to find only the fourth difference, namely 
A*f(zo), in formula (49.15) or (49.17). We shall therefore have to stop with 
m = 4. And since we seek the value of e°'*, the x in these formulas is 


0.14. Therefore by (49.18), n = 244 — 94 


01 = 0.4. Substituting the 


above values in (49.15), it becomes 
(bo) F(0.14) = f(0.1) + 0.4) ag(o.1) + OHOA =D 4241) 


4g O02 = DOt= 2 x03) 


ce epost ae ese A‘#(0.1). 


The needed differences have already been calculated in Table 48.16 in the 
row beginning with 0.1. Therefore (b) becomes 


(c) F(0.14) = 1.10517 + (0.116 23)(0.4) — (0.012 23) (0.12) 
+ (0.001 27)(0.064) — (0.000 17)(0.0416) 
= 1.15027, 


which is the approximate value of e° '*. 
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Solution. By use of (49.17). In this formula x — zg = 0.14 — 
0.1 = 0.04. As before h = 0.1, m = 4. Substituting these values in 
(49.17), it becomes 


A?(0.1) 
(d) F(0.14) = f(0.1) + a Af(O.1) + FyZqayz (0-04)(0.04 — 0.1) 


A°#(0.1) 
+ soaps (0.04) (0.04 — 0.1)(0.04 — 0.2) 


A*f(0.1) 
+ Faye (0.04)(0.04 — 0.1)(0.04 — 0.2)(0.04 — 0.3), 


which is equivalent to (b) above. 


Comment 49.191. The actual value of e°!* to five decimals is 
1.150 27, the same as that obtained in (c) above by using a fourth degree 
polynomial interpolating function. If you had used linear interpolation, 
i.e., obtained the value of e°1* by adding to e°! two-fifths of the dif- 
ference in values between e°! and e°?, you would have obtained 1.151 66 
which is correct to only two decimal places. 


LESSON 49B. Newton’s (Backward) Interpolation Formula. New- 
ton also gave a formula by which it is possible to interpolate backward 
instead of forward. Let V, which is an upside down delta, called “del,” 
be defined by 


(49.2) Viz) = f(x) — fle — h). 


As before we assume we have been given values of f(x) only for those 
points whose abscissas are x, %9 — h, to — 2h,---, 29 — mh, Fig. 49.21. 


(9 - mh) oer 


f [xo -(m-1)h] 


o-mh = x9-(m-1)h Xq-2h Xo-h Xo 
Figure 49.21 


Let F(x), of degree < m, be a polynomial interpolating function of f(z). 
By following the procedure outlined in Lesson 49A, you will obtain, in 
place of (49.15), 
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aw 


(49.22) F(x) = f(to) — nvflao) + M@@=—D yr42,) 
— Be =e = 2) ga4¢29) + - 
+ Ba De Ga ED (ven), 
where 
(49.23) 2 = 2 — nh, n= OF — 27, n real 


We have left the proof to you as an exercise. 
If, in (49.22), we replace n by its value as given in (49.23), we obtain 
the alternate form 
V; v? 
(49.24) F(x) = flea) + P20) (@ — 24) + Z Seo) 


(x — Xo)(z — Xo +h) 


3 
+ Leo) (a — 9)(e— 29+ W)(@ — 20+ 2h) + 


ei C2) ae ee 


mihm 
X (& — a + 2h)--+ (42 — 29 +[m — Ih). 


Formulas (49.22) and (49.24) are known as Newton’s (backward) inter- 
polation formulas. 


Example 49.25. Use the values of e* given in (a) of Example 49.19, 
and Newton’s backward interpolation formula to find an approximate 
value of e%*°, 


Solution. As in the previous Example 49.19, f(x) = e”, h = 0.1 and 
since we have been given five evenly spaced values of e”, the m in (49.22) is 
four. Here, however, to = 0.5, z = 0.46 and by (49.23), n = eee a 
0.4. Substituting these values in (49.22), we obtain 
(a) F(0.46) = #(0.5) — oavp(o.s) + 4C9®) v2 

0.4(—0.6)(—1.6) 
~ 3! 


The needed differences are given in Table 49.26. They are slightly dif- 
ferent in this case from those in Table 48.16. Here x9 = 0.5. We must 
therefore find differences of f(0.5) instead of f(0.1), and remember 
Veo5 == ¢%5 — 994 We0-4 — 904 — 693 ete. Substituting in (a) the 


v7(0.5) 


(0.4) Cee 1.6)(—2.6) 
4! 


v3#(0.5) + v*f(0.5). 
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Table 49.26 
pia A Vf(z) = V2f(z) = Vif(z) = V4f(z) = 
e= Vet = Ver = Vier = Viet = 
0.1 1.10517 
0.2 1.22140 0.11623 
0.3 1.34986 0.12846 0.01223 
0.4 1.49182 0.14196 0.01350 0.00127 
0.5 1.64872 0.15690 0.01494 0.00144 0.00017 


figures shown in the row beginning with 0.5 of Table 49.26, we obtain 


(b) F(0.46) = 1.64872 — 0.4(0.15690) — (0.12)(0.01494) 
— (0.064) (0.00144) — (0.0416) (0.00017) 
1.64872 — 0.06465 


1.58407, 


which is the approximate value of e°*°, Its actual value to five places is 
1.58407 which agrees with (b) to five places. By a linear interpolation, 
you would have obtained 1.58596. 


LESSON 49C. The Error in Polynomial Interpolation. When we 
use a polynomial F(x) of degree Sm as an interpolating function for f(z), 
we know only that both agree at those points whose abscissas are 2p, 
Zo th, +++, to -+ mh. For other values of 2x, the difference between 
F(x) and f(x) may be very small or very large depending on what the 
graph of f(x) looks like for these intermediate values. 

The following error formula (49.31), which we state without proof, is 
based on the assumption that f(x) has a continuous derivative of order 
m + 1inan interval J:a@ S$ x S 6b, which contains the points ro, zo + A 

++, 29 + mh. Let 


(49.3) E(x) = f(z) — F(z), 


where E(x) is the error function or the remainder function. It is the 
difference between the value of the function f(x) and the interpolating 
function F(x). Then 


(931) Be) = E—2d@ — sy) — An) pt nrg), 


where 20, %1 = Xo th, re = % + 2h, +--+, tm = to + mh are the 
values of x for which f(x) and F(x) agree, and X is a number between the 
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smallest and largest values of xo, x1, +++, %m and x. Unfortunately the 
formula does not tell us how to choose X. However, if we can determine 
the minimum and maximum values of |f"+?(zx)| in the given interval J, 
then |f‘"+?(X)| must be between them. Therefore by (49.31), 


(x — %o)(z — 4) +--+ (4 — 2m) 


(49.32) Garay [min |f"*(z)|] S |E(@)| 
sg |S toe imax ft), ein 7 


Formula (49.32) is also valid if 2; = % — h, te = tp — 2h, --:, 
Lm = Lo — mh. Hence (40.32) is valid for both Newton’s forward and 
backward interpolation formulas. 


Example 49.33. Find the maximum error incurred in using Newton’s 
forward interpolation formula in Example 49.19. 


Solution. In Example 49.19,h = 0.1,29 = 0.1,2 = 0.14, f(z) = e’, 
m = 4. Hence 11 = tg +h = 0.2, x2 = 29 + 2h = 0.3, x3 = 29 + 3h = 0.3, 
tq = Xo + 4h = 04. Since m = 4, we must, in (49.31), stop with  — x4. 
Hence f™*%e7 = f\e* = e*. In the interval (0.1,0.5), e* has the largest 
value when + = 0.5. Therefore by (49.32), 


(0.14 — 0.1)(0.14 — 0.2)(0.14 — 0.3) 


X (0.14 — 0.4)(0.14 — 0.5) eo5 


(a) |E@)| 3 


<_ 0.0000005. 


EXERCISE 49 


1. Use Newton’s (forward) interpolation formulas (49.15) and (49.17) and the 
following table of values, e9? = 1.34986, e°-4 = 1.49182, e9-5 = 1.64872, 
29-6 = 1.82212, 9-7 = 2.01375, to find an approximate value of 9-35, 
Compare with actual value and value obtained by a linear interpolation. 

2. Use (49.15) and (49.17) and the following table of values, log 1.1 = 0.09531, 
log 1.2 = 0.18282, log 1.3 = 0.26236, log 1.4 = 0.33647, log 1.5 = 0.40547, 
log 1.6 = 0.47000, to approximate log 1.12. Compare with actual value and 
value obtained by a linear interpolation. Hint. The needed table of differ- 
ences is given in answer to Exercise 48,1. 

3. The following temperatures were recorded at hourly intervals: 6 a.m., 2°; 
7 A.M., 12°; 8 a.m., 17°; 9 a.m., 20°; 10 a.m., 22°. What was the approximate 
temperature at 6:30 a.M.? 

4. Prove formula (49.22). Hint. Follow the procedure used to obtain (49.15). 

5. Use Newton’s (backward) interpolation formulas (49.22) and (49.24) and 
the table of values given in 1 and 2 to approximate respectively (a) e9-85, 
(b) log 1.53. Compare with actual values and with those obtained by a 
linear interpolation. 
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ANSWERS 49 


1. e935 = 1.41906. Actual value: 1.41907. Linear interpolation: 1.42084. 

2. log 1.12 = 0.11333. Actual value: 0.11333. Linear interpolation 0.11271. 

3. Approximately 7.9°. 

5. (a) e965 = 1.91554. Actual value 1.91554. Linear interpolation 1.91794. 
(b) log 1.53 = 0.42527. Actual value 0.42527. Linear interpolation: 0.42483. 


LESSON 50. Approximation Formulas Including Simpson’s Rule 
and Weddle’s Rule. 


We are now ready to continue our study of the problem of finding a 
numerical solution of 


(50.1) y’ = f(x,y) 
satisfying the initial condition 
(50.11) y(Zo) = Yo. 
Let y(z) be a solution of (50.1) fulfilling (50.11). Then, by (50.1), 


(50.12) ‘= f[x,y(zx)], 


where f is now a function of x alone. Integration of (50.12) and insertion 
of the initial condition gives 


(50.13) [ ae dy = i: in f{z,y(x)] da, = Yo i, fiz,y(x)] de. 


If = xo + nh, (50.13) becomes, with yo replaced by its equal y(xo) of 
(50.11), 


Zo+tnh 
(50.14) y(zo + nh) = y(xo) + [ fiz,y(x)] de. 


Since y(z) is the unknown solution of (50.1), the function f[z,y(z)] is 
also unknown. Hence we cannot possibly hope to perform the integration 
in (50.14). However, we can use a polynomial interpolating function 
F(a) for f[x,y(x)] just as we did in the previous lesson for f(z). 

Let F(x) be such a polynomial interpolating function, agreeing with 
Siz,y(x)] at the m + 1 points whose abscissas are xo, Zo + h, Xo + 2h, 
+++, 29 + mh. Therefore, by (49.17), with f(xo) replaced by f[x9,y(xo)] 
which, by (50.12), is equal to y’(xo), 

(50.15) F(x) = E aa a aad A+ ( — ee 0) A2 
(x — 20)(x — xo — h)(x — to — 2h) ,3 
4 “=e ro eee wr eet “sin 9 Ak 4... 
4 @ = 20) (@ — 2 — he — to 2) 1+: (& — &o — [m— 1h) an] y! (x0), 
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where for convenience in writing we have placed y’(z9) outside the brackets. 


Comment 50.16. If we stop with the A? term in (50.15), then m = 2 
and F(x) becomes a polynomial of degree less than or equal to two agreeing 
with f[z,y(x)] = y'(x) at the three points whose abscissas are ro, %o + h, 
to + 2h, see 1 after (49.17). If we stop with the A® term, then m = 3 
and F(x) becomes a polynomial of degree less than or equal to three that 
agrees with f[z,y(z)] = y’(xz) at the four points whose abscissas are 
Zo, °°*, Xo + 3h, etc. 


By (50.15), an approximation to the integral in (50.14) is, therefore, 


Zg-+nh 
(50.2) f F(x) dx 


7 


asa zt — Xo (x — 2o)(t — to — h) 
-f jee AT gig Pee 


Ri le — 29)(e — 9 — h)(w@ — a — 2h)-- | 
(% — to — [m — IlJh) 
| eee A” | (xo) dz. 
To simplify integrating the right side of (50.2), we make the substitution 
u = 2 — Zo. Therefore du = dz, u = O when x = Xo and u = nh when 
x = Xo + nh. Hence we can replace (50.2) by 


Zy-+nh 
(50.21) i F(z) dx 


ay facet gee peste NES cei: 


4 uu —h)(u— a os -(u — [m — 1h) ar] 4! (to) du 
i o >, ue — Shu? + 2h2u 5 
ae (14% 4+ oe ae a 1 


u* — 6hu? + 11h?u? — 6h?u 4 
+ dike . 


u> — 10hu* + 35h7u? — 50h3u? + 24h4u 5 
oF ALG 7 
u® — 15hu5 + 85h2u* — ails 
+ 274h*u? — 120h°u 
+ eine 


+o: ‘ y' (xo) du. 


As 


674 NumericaL METHOps. Chapter 10 


Integration of (50.21) gives 


4p4 
tas? _ ht + ntht) A3 


n®n> — 3nth® _ 11n?n® 21.3\ 4 
tan ( Sg ge ee 
6,6 476 326 
1 (: h —2 5,6 zi 35n*h 23 50n°h te 12n%h*) Ab 


+ y90n8 6 2” 4 3 
1 (n7h" ~ 5n°r? 5.7 -225nth™ 
san (SE - 7a eh ae” as 
274n3p7 
+ 7a _ 60n?a’) Ae +... | y' (Xo). 


Simplification of (50.22) results in 


Zy+tnh 
(5023) | F(x) dx 
a n 1 n? n 2 1 n3 2 3 
3 


24\5 
+g (5-2 oe ae +12n) a° 
+ ag (5 + 17nt — BE 2" _ Gon) 0° 
+++] yGo) 


If n = 1 in (50.23), we obtain 


Zo+th 
(50.24) / F(z) dx = ali + 4A — yA? + oa? — ARat 
+ 785A° — s6Fe0A° + -- | y' (0). 


Therefore, by (50.14) and (50.24), an approximation to y(zo + h) in 
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terms of forward differences of y’(x9) is 
(50.25) y(%o + h) = y(xo) + A, 


where H is the expression on the right of (50.24). 

If in (50.23), we stop with the.A term, then by Comment 50.16, the poly- 
nomial interpolating function F(x) is of degree less than or equal to one, 
agreeing with f[z,y(x)] at the two points for which x = zo and x + A. 
With n = 1 and using only terms including A of (50.23), we obtain, with 
the help of (48.11), 


roth 
(50.3) i F(x) dx = h{1 + $A] y’(xo) 
= h{y'(xo) + $ly’(@o + h) — y'(@o)]}- 


=f iyo) + eo + ML 
Therefore, by (50.14) and (50.3), an approximation of y(t + h) is 
(50.31) (to + h) = yao) + $ by'(e0) + u!(ao + BI]. 


Formula (50.31) is known as the trapezoidal rule for approximating a 
numerical solution of (50.1) satisfying (50.11). 

If in (50.23), we stop with the A? term, then by Comment 50.16, F(z) 
is the polynomial interpolation function of f[z,y(zx)] of degree less than or 
equal to two, agreeing with f at the three points for which = x, to + h, 
Zo + 2h. With n = 2, and using only terms including A? of (50.23), we 
obtain, with the help of Comment 48.18, 


zo+2h 
(50.32) i F(x) dx = 2h{1 + A+ $(@ — 1)A?] y’(xo) 
° = 2hly! (wo) + Ay'(zo) + 44y' (eo) 
= 2hly’(o) + y'(to + h) — y' (20) 
Haly’ (wo + 2h) — 2y'(xo +h) + y'(20)]} 


=F iy'(xo) + 4y'(eo +h) + 9! (ao + 28). 
Therefore by (50.14) and (50.32), an approximation to y(xo + 2h) is 
(50.33) yley + 2h) = y(ro) + £ by'(ea) + 49! (xo + A) + (zo + 2h) 


Formula (50.33) is known as Simpson’s rule for approximating a nu- 
merical solution of (50.1) satisfying (50.11). 
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If in (50.23), we stop with the A° term, then by Comment 50.16, the 
polynomial interpolation function F(x) is of degree less than or equal to 
three, agreeing with /[z,y(x)] at the four points for which + = 29, to + h, 
Zo + 2h, to + 3h. With n = 4,* and using only terms including A? of 
(50.23), we obtain, with the help of Comment 48.18, 


zo+4h 
(50.34) . F(a) dx 

= 4h{1 + 2A + $(48 —2) A? + 4(16 — 16 + 4)A*]y’(x0) 

= Ahfy'(xo) + 2dy'(wo) + $A?y'(xo) + $A*y'(x0)] 

= 4hly/(wo) + 2ly’(eo + h) — y/(eo)] 
+ $ly'(to + 2h) — 2y’(xo + h) + y'(X0)] 
+ ly’(to + 3h) — 3y'(xo + 2h) 
+ 8y'(to +h) — y’(xo)]} 

= F tayo +b) — y!eo + 28) + 2y'(a0 + 3h). 


Therefore, by (50.14) and (50.34), an approximation of y(%9 + 4h) is 
(50.35) —-y(ao + 4h) = (20) 
4h 
+ [2y’(eo + h) — yo + 2h) + 2y"(xo + 3h)]- 

Proceeding as we did above, we can obtain approximating polynomials 
F(z) of still higher degrees, agreeing with f[z,y(x)] at more and more 
points. The only other two approximating formulas, however, that will 
interest us are those in which F(z) is of degree five and six; see Exercise 


50,2 for the case when F(x) is of degree four. For a fifth degree poly- 
nomial interpolating function, (50.23) will give 


to+5h 
(50.36) / F(a) dx 


= Dh [19y (x0) + 75y'(eo +h) + 50y/(xo + 2h) + 50y'(xo + 3h) 
+ T5y' (to + 4h) + 19y’(xo + 5h)]. 
Therefore, by (50.14), an approximation of y(%o + 5h) is 
(50.37) y(xo + 5h) = y(xo) + K, 
where K is the expression on the right of (50.36). 


*The reason for taking n = 4 instead of n = 3 will become apparent when we use 
the resulting Formula (50.35). For the case when n = 3, see Exercise 50,1. 


Lesson 50 APPROXIMATION Formutas. Simpson. WEDDLE. 677 


For a sixth degree interpolating function, (50.23) will give 


z9+6h 
(50.38) / F(z) dz 
Zo 


= Zh [Aly' (wo) + 216y'(eo + h) + 27y'(vo + 2h) 
+ 272y' (to + 3h) + 27y'(xo + 4h) 
+ 216y' (x + 5h) + 41y’(xo + 6h)]. 
Hence, by (50.14), an approximation of y(xo + 6h) is 
(50.39) y(zo + 6h) = y(xo) + G, 


where G is the expression on the right of (50.38). 
Formula (50.39) is usually replaced by the following formula, 


(50.4) ae + 6h) = y(xo) 
+ 252y’ (xo + 3h) + 42y’ (to + 4h) + 210y’(%o + 5h) + 42y’(xo + 6h)]. 


Note that it adds a little to some terms in (50.38) and subtracts a little 
from others, so that its overall accuracy is very close to that given by 
(50.38). Its advantage over (50.38) lies in its being reducible to the 
simpler form 


(50.41) —_ y(to + 6h) = y(Xo) 
+ Sty (a0) + 5y' (tot h) +4 (eo + 2h) + 6y! (zo + 3h) 
+ y! (fo + 4h) + 5y’(xo + 5h) + y'(@o + 2h)]. 
This last formula is known as Weddle’s rule. 


We obtained (50.23) by using Newton’s forward interpolation formula 
(49.17). As an exercise, start with Newton’s backward interpolation for- 
mula (49.24) and show that 


zo+nh 1 2 
(50.5) / F(x) dx = nh E Be 5 vie (= i a) v? 
Zo 
+4(5 +n? +n) P43 AG +82 4 UE 4 an) 04 
+ag(5 +2n «4 Soy wan) 9+ [yee 


For convenient reference we collect the approximation formulas de- 
veloped in this lesson. 
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[(y9 + 9%) A + (yg + 92),fig + (yp + 02),A + (ye + O2),Ag + 


(1¥'09) (ue + 02) A + (y + 02),fig + (02), A 7 + (Ox) = (yg + 02)A 
[(ug + or) AGT + (yp + 92),fign, + (ye + 92) fiog + 

(28°08) (YZ + 0x) flog + (y + 02) figy + (02) A6r] “ + (0z)A = (yg + Oz) 

(ce'0s) [ve + 92) Az + (ug +02), — (y + 02),Az] x + (0x)h = (4p + o2)h 

(e¢"08) [(uz +92) A + (y + 02) fig + (02) Al + (02)A = (yz + o2)h 

(1¢'09) [(y ++ 02),A + (02),A + (02)h = (y + 02)h 

aouasafayy (1109) Sushfeung (1°09) fo uoynjog poouown x apourcouddy 


gn § a_ppaM 


[eturoudjod saiZep yt 


[eturoudjod seiZep prqy, 


(2[n1 s uosdurtg) 


zo +7+0 


(2[N41 [eptozedery) 


7q-++0 


qormouhzog burojodsaquy 


(79°08) 


(€9°0$) 


(29°08) 


(19'0¢) 


(9°08) 
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We also collect below for convenience, the error term associated with 
each of the above formulas.* 


Interpolating Polynomial Error 
3 
(50.7) a-+ be (trapezoidal rule) — 5 yf!" (X) 
nw 5) 
(50.71) a+ ba+ cx* (Simpson’s rule) — 00 y‘ ”(X) 
; ; 28 15 (5) 
(50.72) Third degree polynomial 90 hey’ (X) 
: , 275 47% 
(50.73) Fifth degree polynomial 12,096 h (XxX) 
(50.74) Weddle’s rul _ Hayy — 2” ox,) 
.74) eddle’s rule 140 4 1 1400 4 2 


In all the above error formulas, X is a value of x in the interval 
(xo, Xo + nh), corresponding to the x9 + nh in the respective formulas 
(50.6) to (50.64). 


Comment on Approximation Formulas (50.6) to (50.64). We 
assume in the discussion which follows that y(z) is a solution of 


(50.8) y’ = f(y) 
satisfying the initial condition 

(50.81) y(to) = Yo. 
Hence when xz = 2p, y’ by (50.8), has the value 
(a) y' (xo) = f[zo,y(xo)]. 


Since y(z9) is the initial condition given in (50.81), we can calculate y’(x9) 
of (a). Again by (50.8), when + = x + Ah, 


(b) y'(zo + h) = flto + h, y(eo + A)]. 


To determine y’(zo + h) of (b), we must therefore know the value of 
y(ao + h). But we cannot know y(x%o + h) unless we know y(x). And 
since y(z) is the very solution we seek, we cannot hope to evaluate 
y' (xo + h) by use of (b). It therefore follows that we cannot, for example, 
use formula (50.6) unless we have other means available by which we can 
estimate a value of the y’(zo + h) term whichsappears in it. 


*William Edmund Milne, Numerical Calculus, Princeton University Press, Princeton, 
N.J., 1949; Numerical Solutions of Differential Equations, John Wiley & Sons, New York, 
1953. 
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All the remaining formulas (50.61) to (50.64) have a similar drawback. 
Formula (50.61), for example, can be used only after we have been able 
to obtain, in addition to y(xo), estimated values of y(zo +h) and 
y(%o + 2h). With them, we can then, by (50.8), estimate values of the 
terms 


y'(to + h) = flzo + h, y(to + h)] 
and y'(xo + 2h) = flxo + 2h, y(xo + 2h)] 


that appear in the formula. The last formula (50.64) requires six pre- 
liminary estimates in addition to y(zo), before it can be used, namely 
estimates of y(%p + h),---, y(ao + 6h). By (50.8), we can then estimate 
values of y’(xo + h), +--+, y’(xo + 6h). 

With the exception of (50.62), there is another unusual feature about 
all these formulas. Consider for example formula (50.61). After the 
needed two preliminary values of y’(rp + h) and y’(rp + 2h) have been 
estimated by finding approximate values of y(zo + h) and y(x%o + 2h) by 
other means, all (50.61) will do is give a value of y(xo + 2h) all over 
again. Why then is the formula necessary at all? If we have approximated 
y(xo + 2h) by some other method, why calculate y(zo + 2h) once more? 
It turns out that formula (50.61) is actually a corrector formula, i.e., re- 
peated application of the formula will improve an estimated approxima- 
tion of y(zo + 2h) computed by a less accurate formula than itself (as 
determined by their respective error terms). We shall clarify this point at 
the time we use the formula. It is therefore called appropriately a corrector 
formula. If you will carefully examine all the other formulas in this list, 
you will find that, with the exception of (50.62), all are corrector formulas. 
All they will do is correct the last estimated approximation of y(xo + nh) 
[needed to approximate y’(xp + nh) in the formula] obtained by other less 
accurate methods. 

Formula (50.62) on the other hand is a continuing formula. With 
it, we can evaluate y(zo + 4h) provided we have obtained estimated values 
of y(xo) and y’(zo + h), y’(to + 2h), y'(xo + 3h). 

It is evident, therefore, that we cannot start to use any of the formulas 
(50.6) to (50.64), whether to correct or to continue, unless we have a cer- 
tain number of preliminary estimates. It is for this reason that the for- 
mulas developed in previous lessons, since they do not require preliminary 
estimates for their use, have been called appropriately starting formulas. 

There are, therefore, as mentioned in the introduction to this chapter, 
three types of formulas in numerical methods. 


1. Starting formulas. 
2. Continuing formulas. 
3. Corrector formulas. 


We have already developed various starting formulas. In the next lesson, 
we shall describe a simple continuing and corrector combination formula. 
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EXERCISE 50 


1. In (50.23), take n = 3 and stop with the A? term. The polynomial in- 
terpolating function F(x) is therefore of degree less than or equal to three, 
agreeing with f[z,y(x)] of (50.1) at four points. Prove that 


rQ+3h 
3h 
i F(a) dz = 3 [y’(zo) + 3y’(xo + h) + 3y’(zo + 2h) + y"(zo + 3h). 
zo 
This formula is known as the three-eighths rule. 
2. In (50.28), take n = 4 and stop with the A* term. The polynomial inter- 
polating function F(z) is therefore of degree less than or equal to four, agree- 
ing with f[z,y(x)] of (50.1) at five points. Prove that 


zot4h 
(50.82) / F(z) dz = > [7y’(z0) + 82y’(zo + h) + 12y'(zo + 2h) 
es + 32y!(zo + 3h) + 7y"(zo + 4h)]. 


3. Prove (50.36) by taking n = 5 and stopping with the A® term in (50.23). 

4. Prove (50.38) by taking n = 6 and stopping with the A® term in (50.23). 

5. Prove (50.5). Hint. Start with Newton’s backward interpolation formula 
(49.24) and follow the procedure used in the text to arrive at (50.23). 

6. Prove that, ifn = 1, (50.5) reduces to 


zgth 
(50.83) F(z) dz 
= ALL + V+ hv? + av? + 9804 + VE + - - Iy’(z0). 


Hence an approximation to y(zo + nh) of (50.14), with n = 1, in terms of 
backward differences, is 


(50.84) y(to + h) = y(zo) + &, 


where k is the expression on the right (50.88). The method which makes use 
of formula (50.84) is known as Adams’ method of approximating a nu- 
merical solution of y’ = f(z,y) satisfying y(to) = yo. To calculate Vy’ (zo), 
you must know m-+ 1 evenly spaced values of y’(xz), namely y’(zo), 
y' (to — h), +--+, y'(to — mh), see Lesson 49B. These values can be 
obtained from the given differential equation y’ = f(z,y) only after corre- 
sponding values of y(xo),---, y(zo — mh) have been found by starting 
formulas. Hence (50.84) is a continuing formula. 

By means of Adams’ method, find an approximate value, when z = 0.5, 
of the particular solution of the differential equation y’ = x? + y for which 
y(0) = 1. Take h = 0.1 and stop with the V4 term in (50.84). Hint. By 
(50.84), with zo = 0.4 andh = 0.1, 


(50.85) (0.5) = y(0.4) + O.1[y'(0.4) + $¥y/(0.4) + 3,V2y'(0.4) 
+ §V9y'(0.4) + 7$3V4y'(0.4)]. 


To calculate V+y’(0.4), you must know y’(0.4), y’(0.3), y’(0.2), y’(0.1), y’(0). 
From the given equation, when z = 0, y = 1, y/(0) = O0+1= 1. Use 
Table 46.31, creeping up process column, to find the other needed values 
of y’.* Then construct a table of differences of y’(0.4). Head the first 
column y’ = z?-+ y and enter the values of y/(0), y’(0.1), y/(0.2), y’(0.3), 


*The actual values will, of course, give a more accurate result for y(0.5). However, 
we assume these actual values are unknown. 
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y' (0.4). Head the second column Vy’ and enter in it the differences of the 
first column—remember Vy’(0.1) = y’(0.1) — y’(0.0), Vy’(0.2) = y'(0.2) — 
y'(0.1). Head the third column V?y’ and enter in it differences of the second 
column. Head the fourth column V3y’ and enter in it differences of the third 
column. Head the last column V‘*y’ and enter in it differences of the fourth 
column. The last row should then contain all the differences needed in the 
above formula (50.85). 

7. In (50.1), let f(x,y) be a function only of x so that y’ = f(x) for which 
y(xo) = yo. Hence, by (50.14), 


totnh 
(50.9) y(zo + nh) = y(zo) + f S(z) dz. 


Let F(x) be the interpolating function for f(x), agreeing with f(x) at the 
n+ 1 points whose abscissas are to, zo +h, to + 2h,---, to-+ nh, 


f [xo +(n- 1)h] = 
F[xo + (n = Dh] 


. feetd= 7 
pes )>- flip +2h)= f(xo tnh)= 
F(x, +2h) F (xo +nh) 
Xo Xoth Xot2h Xot(n-1)h Xotnh 
Figure 50.91 


Fig. 50.91. Let the graph of F(z) be the straight line joining the end points 
of these ordinates. Then an approximation of y(xzo + nh) of (50.9) is 


totnh 
(50.92) y(zo + nh) = y(xo) + J F(z) dz, 
29 


where F(z) is the function whose graph consists of these straight lines. 
By (50.6) and (50.7), with y’ replaced by its equal f(x), we have 


(50.93) ylzo + A) = yao) + 5 [flzo) + Slao+ M+ EB, 
where EF = —h3f’’(X)/12, and X is a value of x in the interval (z0,20 + A). 


The term * (f(20) + f(zo + h)] may also be looked at as the area of a 


trapezoid of width h and heights f(xo), f(zo + h), Fig. 50.91; hence the 
name trapezoidal rule. 
(a) By adding the areas of each trapezoid in Fig. 50.91, show that 


Zo+nh 
(50.94) i, F(a) dz = ; {f (zo) + 2f(zo + h) + 2f(zo + 2h) + +>: 
+ 2flzo + (mn — 1)h] + f(zo + nh)}. ~ 
Hence an approximation to (50.9) is 


(50.95) y(zo + nh) = y(xo) + A, 
where H is the right side of (50.94). 
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(b) Following the procedure outlined in Exercise 44,11, show that the 
upper bound of the error in formula (50.95) due to using F(z) to ap- 
proximate f(x) in (50.9), is 

nh?M 

12 


(50.96) |E| s , 
where M is the maximum value of |f’’(z)| in the interval (xo, zo + nh). 
8. (a) Use formula (50.95), with n = 4, h = 4, to obtain an approximate 
value, when z = 2, of the particular solution of the equation y’ = 1/z 
for which y(1) = 0. Show how this value of y(2) can be used to ap- 
proximate log 2. Hint. Here xo = 1, y(to) = 0, nh = 1. The solution 
of y’ = 1/z for which y(1) = Ois y = log x. Therefore y(2) = log 2. 
(b) Use (50.96) to find an upper bound to the error in the result obtained 
in (a). Compare with actual error. Hint. n = 4,h = 4, f(x) = 1/2, 
M = max. |[f’(z)| = max. |2/z3| = 2 in interval (1,2). 
(c) What is the largest value of h which can be used to insure that the error 
E in the computation of log 2 is less than 0.0005? Into how many parts 
would it be necessary to divide the interval (1,2)? 
9. In (50.1), let f(z,y) be a function only of z, so that y’ = f(x) for which 
y(xo) = yo. Hence, by (50.14), 


Zo+tnh 
(50.97) y(zo + nh) = y(zo) + ‘l f(z) dz. 
zo 


Let F(x) be the interpolating function for f(x), agreeing with f(x) at the 
n-+ 1 points whose abscissas are x, to + h, xo + 2h,+++,20 + nh, where 
n is even. Let the graph of F(z) consist of the parabolic arc connecting the 
three ordinates f(r0), f(zo + h), f(to + 2h), solid curve in Fig. 50.91, plus 
the parabolic arc connecting the three ordinates f(xo + 2h), f(xo + 3h), 
f(to + 4h), etc. Then an approximation to y(zo + nh) of (50.97) is 


totnh 
(50.98) y(zo + mh) = y(z0) + i F(z) dz, 
= 


where F(z) is the function whose graph consists of these parabolic arcs. 
By (50.61) and (50.71), with y’ replaced by its equal f(z), we have 


(50.99) —_ y(to + 2h) = (x0) + ‘ [f(zo) + 4f(to + h) + flo + 2h)] + E, 


where E = —h5f‘#)(X)/90, and X isa value of zin the interval (xo,20 + 2h). 
The term : [f(2o) + 4f(zo + h) + f(zo + 2h)], it has been proved, see a 


calculus text, is the area under a parabolic arc joining the ends of three 


ordinates f(zo), f(zo + h), f(zo + 2h). 
(a) By adding the areas under each parabolic arc in Fig. 50.91, show that 


totnh 
~ (50.991) [ F(a) dz = 2 Ay(20) + 4fl00+ h) + 2fla0 + 2h) 
+ feo + 3h) + 2f(00-+ 4h) ++ 
+ f[zo + (n — 2)h} 
+ 4fizo + (n — 1h} + flzo + nh)}. 
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Hence an approximation to (50.97) is 
(50.992) y(to + nh) = y(zo) + k, 


where k is the right side of (50.991). Formula (50.992) is known as 
Simpson’s rule. 

(b) Following the procedure outlined in Exercise 44,11 [note that here the 
interval is (zo, to + 2h) instead of (x0, zo + h)], show that the upper 
bound of the error in formula (50.992) due to using F(x) to approximate 
f(z) in (50.97), is 


h 
where M is the maximum value of |f‘)(z)| in the interval (xo,20 + nh). 
10. Use formulas (50.992) and (50.998), with n = 4, h = } to answer questions 
(a), (b), (c) of problem 8. Hint. Here M = max. |f(z)| = max. [24/25] = 
24 in interval (1,2). 


5 
M, 


ANSWERS 50 

6. y(0.5) = 1.6961610. 

8. (a) y(2) = 0.69702. Actual value: log 2 = 0.69315. (b) [E| < 0.01042. 
Actual error = 0.00387. (c) h = 0.05 to two decimal places. Therefore 
we need to divide the interval (1,2) into twenty parts. 

10. (a) y(0.2) = 0.69325. (b) |Z| < 0.00052. Actual error = 0.00010. 
(c) h < 0.24. Since n must be even, we need to divide the interval (1,2) 
into six parts. Compare with 8(c). 


LESSON 51. Milne’s Method of Finding an Approximate 
Numerical Solution of y’ = f(x,y). 


The method we are about to describe for finding a numerical solution 
of the differential equation y’ = f(x,y) satisfying the initial condition 
y(zo) = Yo is probably the one most widely used today. It is simple in 
form and has a relatively high degree of accuracy. The method uses con- 
tinuing formula (50.62) to estimate or predict a value of y(x%o + 4h) and 
then employs Simpson’s formula (50.61) to correct it. For convenience 
we rewrite these formulas below, using a subscript p for the formula we 
shall use as a predictor or estimator and a subscript c for the one we shall 
use as a corrector. 


(51.1) Yp(v0 + 4h) = y(zo) 

+ aye + h) — w'(eo + 2h) + 2y"(e0 + 3h), 
(51.11) yelp + 4h) = y(sto + 2h) 

+ BIy/(eo + 2h) + 4y"(zo + 3h) + yp'(to + 4h) 


When these two formulas are used in combination, they are known col- 
lectively as Milne’s method. In order to use (51.1) we must know 
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y'(to +h), y'(xo + 2h), y’(to + 3h). We can determine these values 
from the given differential equation y’ = f[z,y(x)] only after we know the 
corresponding values of y(zo +h), y(Xo + 2h), y(%o + 3h). Hence we 
must use starting formulas in order to obtain these needed preliminary 
estimates. Formula (51.1) will then predict or estimate a value of 
y(%o + 4h); formula (51.11) will correct this estimate. The new value of 
y(xo + 4h) thus found can in its turn be used as a new estimated value 
and (51.11) used over again to correct it. It has been proved that, if the 
original estimate is not too far away from the true value and if h is suffi- 
ciently small, the repeated use of (51.11) will give a sequence of values of 
y(xo + 4h) which will eventually converge. 


Example 51,12. Use Milne’s method to find an approximate value 
when x = 0.5 of the particular solution of the differential equation 


(a) y=aty, 


for which y(0) = 1. 
Solution. In Example 46.21, we found by Taylor series methods, 


(b) y(0.1) = 1.1055125, y’(0.1) = 1.1155125; 
y(0.2) = 1.2242077, y’(0.2) = 1.264207; 
y(0.3) = 1.3595755, ’(0.3) = 1.4495755. 


By (51.1) and (51.11) with 2» = 0, h = 0.1, 
(©) vp(0.4) = y(0) + 94 [ay'(0.1) — 90.2) + 2°03), 
ye(04) = y(0.2) + 9% ty(0.2) + 4y'(0.3) + vp"(O4)L 


Substituting the values of (b) and the initial condition y(0) = 1, in the 
first equation of (c), we obtain 


(d) yp(0.4) = 1+ “2 [2(1.1155125) — 1.2642077 + 2(1.4495755)] 


1.5154624. 


By (a) and (d), 
Yp'(0.4) = 0.16 + 1.5154624 = 1.6754624. 


Hence the second equation of (c) becomes 


(e) y(0.4) = 1.2242077 + “2 [1.2642077 + 4(1.4495755) 
+ 1.6754624] = 1.2242077 + 0.2912657 = 1.5154734. 
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We now make use of (51.11) once more to see whether it will correct the 
value in (e). Using the value in (e) as a new estimate, we have 


(f) yp'(0.4) = 0.4? + 1.5154734 = 1.6754734. 


Our corrector formula (c) ee with the help of (b) and (f), 


(s) —-ye(0.4) = 1.224207 + 94 2 2642077 + 4(1.4495755) 
+ 1.6754734] = 1.5154738. 


You can verify that a third application of (51.11), using the value in (g) 
as a new estimate, will not change this value. Since our corrector will 
make no more corrections, we accept this value of y(0.4). 

From here on we continue to make use of our predictor and corrector 
formulas, using the first to estimate an approximation, the second to cor- 
rect this estimate; the corrector formula being used repeatedly until no 
further correction results. By (51.1), with h = 0.1 and zo = 0.1, 


h) ——yp(0.5) = y(0.1) + 4 pay0.2) — ¥'0.3) + 2y'0-4). 
By (a) and (g) 
(i) y'(0.4) = 0.16 + 1.5154738 = 1.6754738. 


Therefore by (b) and (i), (h) becomes 


Gj) —-yp(0.5) = 1.1055125 Oe = 2d. 2642077) — (1.4495755) 

+ 2(1.6754738)] = 1.6961508, 
which is oh athontal value of y(0.5). Using this value in (a), we obtain 
(k) Yp'(0.5) = 0.25 + 1.6961508 = 1.9461508. 

By (51.11), with h = 0.1, zo = 0.1, 


(I) ye(0.5) = (0.3) + 5 Ay (0.3) + 4y’(0.4) + yp’(0.5)]. 


By (b), (i), and (k), (1) becomes 


(m) = y-(0.5) = 1.8595755 + os [1.4495755 + 4(1.6754738) 

+ 1.9461508] = 1.6961629. 
Using the value y(0.5) = 1.6961629 as a néw estimate, we find by (a), 
(n) Yp'(0.5) = 0.25 + 1.6961629 = 1.9461629, 
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and by (51.11) 


(0) yc(0.6) = 1.38595755 + * (1.4495755 + 4(1.6754738) 
+ 1.9461629] = 1.6961633. 


You can verify that further use .of (51.11) will not change the value in 
(0). We therefore accept this estimated value of y(0.5). 


Comment 51.2. In this manner, alternately using predictor formula 
(51.1) and corrector formula (51.11) as many times as needed, you can 
obtain (0.6), y(0.7), y(0.8), etc. It will be found desirable to construct a 
table in which to record all relevant calculations as they are found. Its 
form is given in Table 51.22 below. The letter D which appears in it is 
defined as 


(51.21) D(x + 4h) = ye(%o + 4h) — yp(to + 4h), 


where y, is the estimate computed by (51.1) and y, is the first correction 
of this yp computed by (51.11). Its important purpose will be explained 
later. We have left it to you as an exercise to complete the line beginning 
with 0.6. 


Table 51.22 
Yp of Ye of , , D of Actual 
(51.1) (51.11) Ye “ (51.21) Value 
0.4 1.5154624  1.5154734 1.6754624 1.6754734 —0.0000110 
1.5154738 1.6754738 1.5154741 
0.5 1.6961508  1.6961629 1.9461508 1.9461629 _0.0000121 
1.6961633 1.9461633 1.6961638 
0.6 1.9063564 


Comment 51.23. Formula (51.1) is a continuing formula. However, 
it is rarely, if ever, used for this purpose since, as we shall show below, it is 
considerably less accurate than corrector formula (51.11). By (50.72), the 
error term E, of (51.1) is 


(51.24) Ey = $§h5y(X)). 
By (50.71) the error term E, of (51.11) is 
(51.25) E, = —g¢ph®y (X2). 


If we may assume that h is sufficiently small so that the variation in value 
of y‘(X,) and y‘(X.) in an interval of width 4h [X, is a value of x in 
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the interval (xo, to + 4h); X2 is a value of x in the interval (xo + 2h, 
Xo + 4h)] is negligible, then we see from error formulas (51.24) and (51.25) 
that the corrector formula at each single step is approximately 28 times 
as accurate as the predictor formula. 


Comment 51.3. Comment on Error in Milne’s Method. 

1. Call E,(xo + 4h) the error in computing yp(zo + 4h) by using for- 
mula (51.1); call E.(rg + 4h) the error in computing y-(ro + 4h) by 
using formula (51.11) to correct this predicted value of yp(xo + 4h). 
Let Y(xo + 4h) be the actual value of y(%o + 4h). Then 


(51.31) E.(to + 4h) = Y(ao + 4h) — yc(xo + 4h), 
Ey (to + 4h) = Y(xo + 4h) — yp(to + 4h). 


Subtracting the first equation from the second, we have 
(51.32) ye(to + 4h) — yp(to + 4h) = E(t + 4h) — Ee(vo + 4h). 


If we may assume that h is sufficiently small so that the variation between 
y(X,) of error formula (51.24) and y® (Xe) of error formula (51.25) is 
negligible, then we commit a small error by using y‘(X) as their approxi- 
mate common value. Hence subtracting (51.25) from (51.24) and re- 
placing y‘(X,) and y‘ (X2) by y“(X), we obtain 


(51.33) E,(xo + 4h) — Ee(ao + 4h) = 38h5y(X). 


By (51.21), the left side of (51.32) is D(zp + 4h). Hence by (51.32), 
(51.33), and (51.25), we have 


(51.34) D(xo + 4h) = B8h5y®(X) = —29E (xo + 4h). 
Therefore by (51.34), 


(61.35) Bu(ap + 4h) = — P@ot 

Formula (51.35) tells us that the approximate formula error in the first 
corrected value of yc(%o + 4h) is —z5 the difference between the first 
corrector and predictor values of y(%p + 4h). 

2. The column headed D in Table 51.22 thus serves a very useful pur- 
pose. Dividing it by 29 will give an estimate of the formula error in the 
first corrected value of y, over one h step. If therefore we want |E] < 
0.000005, then |D/29| must be <0.000005 or |D| must be <0.000145. 
As long as |D| remains less than this figure, we assume that the error in 
our first corrected estimate y., over each h step, is less than 0.000005. 

3. As long as D/29 is less than the desired accuracy, we may continue 
to use the same h interval. As soon as D/29 becomes greater than desired 
accuracy, we must reduce h. Conversely, if D/29 is considerably smaller 
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than desired accuracy, we can safely increase h. The method of reducing 
and increasing h in the course of an extended computation is discussed in 
the next Lesson 52. 

4. The corrector formula may be used repeatedly at each step, until 
there is no difference between two successive values of y(rp + 4h). How- 
ever, as the difference between predictor and first corrector values in- 
creases, you will find that you must use the corrector more and more 
times at each step. When this happens, even though D/29 may still be 
less than desired accuracy, it will usually be found best to reduce h. 

5. The column headed D serves another useful purpose. It controls in 
some measure arithmetical accuracy at each step. Whenever an entry in 
D shows a sudden change from a definite behavior pattern, the preceding 
and current calculations should be checked. 

6. If predictor and corrector values agree to k decimal places after being 
properly rounded off, then k decimal accuracy is assumed. 


EXERCISE 51 


1. Complete line 0.6 in Table 51.22. 

2. Replace (b) of Example 51.12, by the actual values of y(0.1), y(0.2), y(0.3) as 

given in Table 46.31. Following the method of this lesson, compute y,(0.4), 

y-(0.4), and D(0.4). Then use (51.35) to correct y-(0.4). Add this corrected 

value of y(0.4) to your table. Now proceed to compute y,(0.5), y-(0.5), and 

D(0.5). Use (51.35) to correct y-(0.5). Add this corrected value of y(0.5) to 

your table. Calculate y,(0.6), y.(0.6), and D(0.6). Correct y,(0.6). Compare 

these values with those obtained previously and with actual values given in 

Table 51.22. 

Using the six preliminary results obtained in 2, compute y.(0.6) by means of 

Weddle’s rule (50.64). In the absence of a solution, how many decimal place 

accuracy could you assume in y(0.6)? Hint. See 3 after “3. Cumulative 

Errors,” Lesson 52A. 

Find numerical approximations when z = 0.4, 0.5, 0.6 of the particular solu- 

tion of the differential equation y’ = x-+ y for which y(0) = 1. Takeh = 

0.1. Follow the method employed in Example 51.12, using first the predictor 

formula, then the corrector formula as often as is necessary until no further 

correction results. For preliminary values, take y(0.1) = 1.1103418, y(0.2) = 

1.2428055, y(0.3) = 1.3997176. Solve the equation and compare your results 

with actual values. 

Using the six preliminary results obtained in 4, compute y,(0.6) by means of 

Weddle’s rule (50.64). In the absence of a solution, how many decimal place 

accuracy could you assume in y(0.6)? See Hint in 3. 

6. Find numerical approximations when + = 1.4, 1.5 of the particular solution 
of the differential equation y’ = zy for which y(1) = 1. Take h = 0.1. 
Follow the method used in Example 51.12, employing first the predictor and 
then the corrector formula as often as necessary. For preliminary values 
take y(1.1) = 1.11071, y(1.2) = 1.24608, y(1.3) = 1.41199. Solve the equa- 
tion and compare results with actual values. 

7. Using the results obtained in problem 6, compute y(1.5) by means of corrector 
formula (50.63). Here xo = 1, y(xo) = 1,4 = 0.1. In the absence of a solu- 
tion, how many decimal place accuracy could you assume? See Hint in 3. 


3 


4 


5 
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ANSWERS 51 
1. yp(0.6) = 1.9063415, y-(0.6) = 1.9063561, D(0.6) = 0.0000146. 
2. yp(0.4) = 1.5154627, y-(0.4) = uae D(0.4) = 0.0000115. 
y(0.4) = 1.5154738, ¥p(0. 5) = 1.6961512, y-(0.5) = 1.6961638, 
D(0.5) = 0.0000126, y(0.5) = 1.6961634, y,(0.6) = 1.9063424, 
y-(0.6) = 1.9063561, D(0.6) = 0.0000137, y(0.6) = 1.9063556. 


3. yw(0.6) = 1.9063563. Can assume six decimal place accuracy if rounded 
off to six decimals. 

4. y-(0.4) = 1.5836497, y.(0.5) = 1.7974429, y.(0.6) = 2.0442384. Actual 
values: 1.5836494, 1.7974425, 2.0442376. 

5. Yw(0.6) = 2.0442377. Can assume six decimal place accuracy. 

6. ye(1.4) = 1.61609, y-(1.5) = 1.86826. Actual values: 1.61607, 1.86825. 

7. y(1.5) = 1.86825. Can assume four decimal place accuracy if rounded off to 
four decimals. 


LESSON 52. General Comments. Selecting h. Reducing h. 
Summary and an Example. 


LESSON 52A. Comment on Errors. 


1. Formula Errors. With each approximating formula we have also 
given a companion error term which measures the magnitude of the error. 
Since these error formulas cannot usually be used, we have also suggested 
practical means by which the magnitude of error can be estimated. Unless 
a numerical method has associated with it a useful error formula, the 
method is of little value. 

2. Rounding off Errors. In a practical problem, the number of steps 
needed will usually be known, also the accuracy desired. It will thus be 
possible to estimate the number of decimal places that should be used at 
the start in order to offset rounding off errors under the most unfavorable 
circumstances. For example, suppose you want four decimal accuracy 
and expect to use eight steps. If you round off to six decimals, then the 
maximum possible absolute value of the error due only to rounding off, 
i.e., due to dropping the seventh and later decimals, is, after eight steps, 
0.0000005 x 8 = 0.000004. It must be remembered, however, that the 
use of a formula may considerably magnify, at each step, the effect of the 
rounding off error. 

3. Cumulative Errors. At each step of a building up process, two errors 
occur. One, because we start off with an inherited error, and two, because 
we are using an approximation formula. Since each succeeding step de- 
pends on the previous estimate, it will be unusual indeed if we obtain 
increasing accuracy as we proceed. It may happen in a rare case that one 
error may be offset by a succeeding one. In the usual case, it will not 
happen, and accuracy will decrease at each step. 


Although formulas exist which will give the upper limit of error at the 
end of each step due both to formula and cumulative errors, they are not 
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easy to use. We give below three practical suggestions for estimating 
accuracy, ones which have been found adequate in most cases. 


1. Start with many more decimals than you need. 

2. Make all calculations over again with an h equal to one half its pre- 
vious value. If the new final result agrees with the previous one to k 
decimal places, after being properly rounded off, then k decimal place 
accuracy is assumed. 

3. Apply corrector formula (50.63) after five preliminary estimates have 
been obtained or Weddle’s corrector (50.64) after six steps. If the re- 
sult obtained by these corrector formulas agrees with the last estimate 
used zn the formula to k decimal places, after being properly rounded 
off, then k decimal place accuracy is assumed. Weddle’s rule, in par- 
ticular, is simple in structure and is extremely good at discovering 
errors. If there is little agreement between the last estimated value 
and its corrected value, then either an arithmetical error has been 
made or A is too large. 


A final word of caution. In most problems, the practical approach to 
errors as outlined above, will within reasonable certainty, assure you of a 
result, which is correct to k decimal places. However, only a formula 
which gives the upper bound of the error due to rounding off, formula and 
cumulative errors, can give, with certainty, the magnitude of the error in 
a numerical computation. 


LESSON 52B. Choosing the Size of h. You may have been saying 
to yourself, “How does one know what size h to select at the start?” 
We used h = 0.1 in our examples, but what made us pick 0.1 instead of 
0.2 or 0.05 or 0.3? If it is possible to use an error formula for a given 
method, then it is also possible to determine h so that the error due to the 
approximating formula will remain within the desired limits. Frequently 
a knowledge of the problem plus practical experience will determine a 
starting value of h. 

In the absence of a useful error formula or practical information, then 
all you can do is to start with an h which seems reasonable. Say you decide 
to start with h = 0.3 and to use the Runge-Kutta method to get your 
first approximations. Calculate y(0.3) in one step and then in two steps, 
ie., calculate y(0.3) and y(0.15 + 0.15). Formula (47.42) will then give 
you an approximate value of the magnitude of the error. It states that 
the approximate error in y(0.15 + 0.15) is one-fifteenth the difference 
between y(0.15 + 0.15) and (0.3). If one-fifteenth this difference is 
greater than the desired error, you must reduce h; if it is reasonably less 
than the desired error, you may retain h; if it is very much less than the 
desired error, you may increase h. 
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Let us assume h = 0.3 is satisfactory. Starting with the value of y(0.3) 
found in two steps, we then proceed to find y(0.6) and y(0.9). The initial 
condition plus these three preliminary estimates, (0.3), y(0.6) and (0.9), 
will enable us to switch to Milne’s method. From here on, we begin to 
watch the size of the column D in our table. By (51.21), it is the differ- 
ence between the predictor value computed by using (51.1) and the first 
corrected value computed by using (51.11). Dividing D by 29 will keep 
us posted as to the approximate magnitude of the error in the first y, 
figure in our table. When it becomes larger than the desired error, we 
must reduce h. This brings up the question of how to reduce h in the 
course of an extended computation; also how to increase h. 


LESSON 52C. Reducing and Increasing h. As we proceed step by 
step, an h which is satisfactory in early stages may become too large in 
later ones. Suppose, for example, we are satisfied that the values of 
y(0.1), y(0.2), y(0.3) found by a starting method have the desired accuracy. 
We switch to the Milne method and determine that the values of y(0.4), 
y(0.5), y(0.6), y(0.7) still have the desired accuracy. However to obtain 
y(0.8), we find it necessary to reduce h to 0.05. The next value we must 
find is, therefore, y(0.75). To use Milne’s predictor formula (51.1) with 

= 0.05, zo = 0.55, we must know y(0.55), y(0.6), y(0.65), y(0.7). We 
already know y(0.6) and y(0.7). How do we find y(0.55) and y(0.65) 
without the necessity of starting from the beginning all over again with 
h = 0.05? 

One way of obtaining y(0.55) and y(0.65) is by use of Newton’s back- 
ward interpolation formula (49.22). Since we know eight evenly spaced 
values of y(x), 0.1 unit apart, namely y(0), y(0.1), ---, y(0.6), y(0.7), we 
can use terms in this formula to V’y(0.7). By (49.23), with zo = 0.7 
x = 0.65 and h = 0.1, we find n = (7 — 0.65)/0.1 = 4. With n = $ 


v1 
Yo 
¥3 y2 
Xo -3h Xo-2h Xo-h xo-% xo 
-3h -2h -h -4 0 


Figure 52.1 
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and the needed values in the formula obtained by constructing a table of 
differences of y(0.7), we can determine (0.65). Similarly, by taking 
x = 0.55 so that n = 3, we can approximate y(0.55). 

A second and perhaps easier way to obtain these values is by use of a for- 
mula which has approximately the same order of accuracy as Simpson’s 
rule. Let the third degree polynomial F(x) = a + bx + cx? + dx? be an 
interpolating function for y(x). Since F(z) is a third degree polynomial, we 
may assume by Theorem 48.2, that it agrees with y(x) at four points whose 
abscissa values are h units apart. Call these four abscissas ro, x9 — h, 
Zo — 2h, xo — 3h, and their respective ordinates yo, ¥1, Ye, y3, Fig. 52.1. 
For convenience in calculation, we take the origin at x9, so that the coordi- 
nates of the points at which F(x) and y(x) agree are (0,yo), (—h,y1), 
(—2h,y2), (—3h,y3). Since each of these points satisfies the equation 


(52.11) F(x) = a + bx + cx? 4+ de, 
we have 
(52.12) Yo = 4, 


yi = a — hb+ hc — Aid, 
Yo = a — 2hb + 4h?e — 8h'd, 
yg = a — 3hb + 9h2c — 27h3d. 


Solving (52.12), for a, b, c, d, we obtain 
(52.13) a= Yo; 
pb = LYo — 18y1 + 9y2 — 2y3 | 
6h 


— 2Yo — 5y1 + 4¥2 — ¥2 | 


= Dh? 
d — Yom 841 + 8y2 — ¥3, 
6hs 


Substituting (52.13) in (52.11) will give the equation of the interpolating 
function F(x) for y(z). Therefore when x = —h/2, F(—h/2) will give the 
approximate value of y(—h/2). Making the substitution (52.13) in 
(52.11) and replacing x by —h/2, we have 


(52.14) F (- ) = yo — Lvo— 18y1 F Oya — 2ya seu a. Qe — 2s 
2yo — 5y1 + 4y2— y3 Yo — 8y1 + 3y2 — ya 
an 8 48 


= SYot ly — 5y2 F ys | 
16 


which is an approximation of y(—h/2). Hence in terms of our original 


694 NumericaL Metuops Chapter 10 


abscissas, see Fig. 52.1, we obtain the approximation formula, 


(52.15) y (2 _ a) = 
Pel5y(zo) + 1l5y(to — h) — 5y(to — 2h) + y(xo — 8h)]. 


Comment 52.16. To double h is a simple matter. If you decide that 
the h you have been using can be safely doubled, all you need do is to 
take every other preceding estimate. For example, if you have been using 
h = 0.1 and find h = 0.2 will be satisfactory, you need use only the pre- 
vious estimates, y(r%o + 0.2), y(ro + 0.4), ete. 


LESSON 52D. Summary and an Illustrative Example. We have 
given various starting, continuing, predictor, and corrector formulas. 
Which ones you should choose in a particular problem will be determined 
by the degree of accuracy desired, the relative difficulty of the method, 
and the amount of labor involved. If you have many occasions to use 
numerical methods, experience will be your best guide. 

It is the usual practice to start with the Runge-Kutta method. After 
the needed preliminary estimates have been obtained, it is then customary 
to switch to the Milne method. In solving problem 52.2 below, we shall 
assume that we know nothing about its solution. Hence we shall have to 
depend for a determination of the approximate accuracy of our result on 
the suggestions made in Lesson 52A. 


Example 52.2. Find an approximate value when x = 0.6 of the par- 
ticular solution of the differential equation 
(a) y=rt+y, 
for which y(0) = 1. Assume we wish the error to be less than 0.00005. 


Solution. To bring more methods into the discussion, we shall start 
with Taylor series instead of with the usual Runge-Kutta formulas, then 
switch to Runge-Kutta and end finally with Milne. 

First we must choose an h. We decide to try h = 0.1, and proceed to 
calculate y(0.1) in two steps and in one step in order to see how much 
agreement there is in the two results. Using our basic equation (46.12) 
with h = 0.05 and xo equal successively to 0 and 0.05, we obtain 


(b) y(0 + 0.05) = y(0.05) = y(0) + y‘(0) (0.05) Re 
+ FO (0.05)? + O (0.058 + 44 (0.05y*, 
y(0.05 + 0.05) = y(0.1) = (0.05) + y'(0.05)(0.08) 
+ YO.) (0,95)? 4. ¥O95) (0,95) 4. YO) (9.95)4 
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The derivatives of (a) to order four are 

(ce) y=ar?ty, y= Aety, YY =2ty", yay” 
Hence when z = 0 and y(0) = 1, we find from (c) 

@) y@=1, y@=1, y"0)=3, y%(0) =3. 


Substituting these values in the first equation of (b), we obtain 


1 + 0.05 + 4(0.05)? + $(0.05)? + 4(0.05)* 
1.05 + 0.00125 + 0.0000625 + 0.0000008 = 1.0513133. 


(e) (0.05) 


I 


With + = 0.05, y(0.05) = 1.0513133, we find from (c) 


(f) y’(0.05) = 1.0538133, (0.05) = 1.1538133, 
y’"(0.05) = 3.1538133, y‘*(0.05) = 3.1538133. 


Substituting (e) and (f) in the second equation of (b), we obtain 


(g) y(0.05 + 0.05) 


= 1.0513133 + 1.0538133(0.05) + $(1.1538133) (0.05)? 
++ 4(3.1538133) (0.05) + 2¢(3.1538133) (0.05)4 


= 1.0513133 + 0.05269067 + 0.00144227 + 0.00006570 
+ 0.00000082 = 1.1055128. 


In Example 46.2, we found the value of y(0.1) in one step. By (f) of 
that example, y(0.1) = 1.1055125. We now note that the value of y(0.1) 
obtained in one step agrees, when rounded off, to six decimal places with 
the value of y(0.1) obtained in two steps. We note also by (46.57), that 


(h) E(0.1) = 48{y(0.5 + 0.5) — y(0.1)] = 3£(0.0000003) = 0.00000032. 


Since this error is sufficiently smaller than the desired one, and because 
y(0.1) and y(@.05 + 0.05) agree to six decimals, we accept h = 0.1 asa 
proper starting value. 

Our next task is to determine how many decimal places to carry. Since 
h = 0.1 and we want y(0.6), there will be, if does not need to be re- 
duced, a total of six steps. If therefore we carry seven decimal places, 
dropping the eighth, the absolute value of the error due only to rounding 
off, in the most unfavorable circumstances, is less than 6(0.00000005) = 
0.0000003, which does not affect the sixth place. Since we want our error 
to be <0.00005, we decide that seven decimals will give us a sufficient 
margin of safety. We are now ready to calculate y(0.2). With ro = 0.1 
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and h = 0.1, our basic equation (46.12) becomes 
@) (0.2) = yO.) + y'0.1) @1) + YOY me 


Although the value of y(0.1) = 1.1055128 found in two steps with h = 
0.05 is more accurate than y(0.1) = 1.1055125 found in one step with 
h = 0.1, we shall use the last figure because of the adoption of a 0.1 
interval. We shall then be able to use those error formulas that are based 
on h = 0.1. 

By (c), with « = 0.1, y = 1.1055125. 


(j) y’(0.1) = 1.1155125, (0.1) = 1.3155125, 
y’"(0.1) = 3.3155125, —-y“(0.1) = 3.3155125. 


Substituting the above values in (i), we obtain 


(k) (0.2) = 1.1055125 + (0.1)(1.1155125) + om (1.3155125) 


+ “pel (3.3155125) + 2-0001 or (3.3155125) = 1.224207. 


Before proceeding to find y(0.3) we shall check the accuracy of y(0.2) = 
1.2242077 as given in (k). By (46.57), 


0) E£(0.1 + 0.1) = #e{y(0.1 + 0.1) — y(0.2))]. 
By (k) 

(m) y(0.1 + 0.1) = 1.2242077. 

By (f) of Example 46.2 

(n) y(0.2) = 1.2242000. 

Hence 


E(0.1 + 0.1) = #5(1.2242077 — 1.224200) = 0.0000005, 


which is the approximate error in y(0.2) of (k) found in two steps. Since 
this error is still much less than the desired one of 0.00005, we continue 
to use h = 0.1. 

To find y(0.3), we switch to the Runge-Kutta method. By (47.34), 
with xo = 0.2,h = 0.1, y(0.2) = 1.2242077, 


(0) y(0.3) = 1.2242077 + 3(w1 + 2we + 2ws + wy). 


By (47.35), with h = 0.1, ro = 0.2, yo = y(xo) = y(0.2) = 1.2242077, 


Lesson 52D SUMMARY AND AN ILLUSTRATIVE EXAMPLE 697 


fy) = 2? +y, 
(p) w, = 0.1f(0.2, 1.2242077) = 0.1(0.2? + 1.2242077) 
0.12642077, 


We = 0.1f(0.25, 1.2242077 + 0.0632104) 
= 0.1(0.25? + 1.2874181) = 0.1349918, 


0.1f(0.25, 1.2242077 + 0.0674959) 
0.1(0.257 + 1.2917036) = 0.1354204, 


Wa = 0.1f(0.3, 1.2242077 + 0.1354204) 
= 0.1(0.3? + 1.3596281) = 0.1449628. 


§ 
wo 
Il ll 


Substituting (p) in (0), we have 


(q) (0.3) 
= 1,2242077 + 4(0.1264208 + 0.2699836 + 0.2708408 + 0.1449628) 


= 1.2242077 + 0.1353680 
= 1.3595757. 


We are now ready to proceed with Milne’s method. For convenience, we 
collect the results thus far obtained. 


(52.21) y(0) = 1.0000000, y’(0) = 1.0000000; 
y(0.1) = 1.1055125, (0.1) = 1.1155125; 
y(0.2) = 1.2242077, y’(0.2) = 1.2642077 [by (a) and (k)]; 
y(0.3) = 1.3595757, y’(0.38) = 1.4495757 [by (a) and (q)]. 


The Milne formulas are, by (51.1) and (51.11), 
(52.22) Yyp(zo + 4h) = y(20) 
+ Dey (eo +h) — yao + 2h) + 2y'(00 + 3h), 
(52.23) ye(ao + 4h) = y(xo+ 2h) 
+B by/(eo + 2h) + 4y'(v0 + 3h) + up"(ao +4h)) 
Using (52.22) and the values in (52.21), we have with x) = 0, h = 0.1, 
(2) yp(0.4) = y(0) + 4 fay.1) — ¥0.2) + 2¥'03)] 


=10+ os (2(1.1155125) — 1.2642077 + 2(1.4495757)] 
= 1.5154625. 
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By (a) and (r), 
(s) Yp'(0.4) = 1.6754625. 
By (52.23) with zo = 0, h = 0.1, 


(t) yc(0.4) = y(0.2) +1 sly a 2) + 4y’(0.3) + yp’(0.4) 

1.2242077 "ol (1. 2642077 + 4(1.4495757) + 1.6754625] 
= 1.5154735. 

And by (a) and (t), 

(u) ye'(0.4) = 1.6754735. 


Using the value in (u) as a new estimated value in Simpson’s formula 
(52.23), we have, with the help of (52.21), 

1.2242077 +4 = 2642077 +- 4(1.4495757) + 1.6754735] 
= 1.5154738. 


A third application of Simpson’s formula will not change the value in 
(v). By (a) and (v), 


(w) ye'(0.4) = 1.6754738. 


(v) y(0.4) 


In Table 52.24, we start to record the Milne values, keeping a careful 
watch on the column headed D, which by (51.21), is the difference between 


Table 52.24 
Up of Yc of a , D= 
(52.22) (52.23) Up Ue -Gisetiyensy tee 
0.4 15154625 1.5154735 1.6754625 —_‘1.6754735 —0.0000110 0.000004 
15154738 16754738 
0.5 1.6961508 1.6961631 1.9461508 —1.9461631 0.000123 0.0000005 
1.6961635 1.9461635 
0.55 1.7972722 17972764 2.0997722 2.0997764 —0.0000042 0.000002 
1.7972765 2.0997765 


0.6 1.9063602  1.9063573  2.2663602  2.2663573 —0.0000029 0.0000001 


the predictor value and the first corrector value. And, by (51.35), the 
error in the first corrector value for one step is approximately —D/29. 
Since, for y(0.4), |D/29| is less than the desired error of 0.00005, we con- 
tinue with h = 0.1. 
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By (52.22) with h = 0.1, x = 0.1, 
(x) yp(0.5) = y(0.1) +8 “3 4 hoy (0.2) — y’(0.3) + 2y’(0.4)] 


= 1.1055125 + 4 oa .2642077) — 1.4495757 + 2(1.6754738)] 
= 1.6961508. 

By (a) and (x) 

(aa) yp'(0.5) = 1.9461508. 

Therefore by (52.23) with h = 0.1, 9 = 0.1, 


(bb) y-(0.5) = y(0.3) +2 ne 3) + 4y'(0.4) + yp'(0.5)] 


= 1.3595757 +% eure 4495757 + 4(1.6754738) + 1.9461508] 


= 1.6961631. 
A second application of Simpson’s corrector will change the value in (bb) to 
(cc) ye(0.5) = 1.6961635. 


A third application of (52.22) will not change the value in (cc). With 
this value of y-(0.5), we find from (a), yc’(0.5) = 1.9461635. Although 
|D/29| is still much less than desired accuracy, and we may safely continue 
to use h = 0.1, we shall calculate y(0.6) by reducing h to 0.05 in order to 
demonstrate how to use formula (52.15). 

With h now equal to 0.05, we cannot use the predictor formula (52.22) 
to find y,(0.55) unless we know four preceding values of y, 0.05 unit 
apart, namely (0.5), y(0.45), y(0.4), and y(0.35). We already know 
y(0.5) and (0.4). To find y(0.45) and y(0.35), we make use of formula 
(52.15). With h = 0.1, the formula becomes 


(dd) (0.45) 
= (0.5 — 0.05) 
= zel5y(0.5) + 15y(0.4) — 5y(0.3) + y(0.2)] 
= g(5(1.6961635) + 15(1.5154738) — 5(1.3595757) + 1.2242077] 


= 1.6024534, 
y(0.35) 
= y(0.4 — 0.05) 


= pel5y(0.4) + 15y(0.3) — 5y(0.2) + y(0.1)] 
= 75[5(1.5154738) + 15(1.3595757) — 5(1.2242077) + 1.1055125] 
= 1.4347174. 
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By (a) and (dd), 
(ee) y’(0.45) = (0.45)? + 1.6024534 = 1.8049534, 


We now have the needed preliminary values to use the predictor formula 
(52.22) to estimate y,(0.55). With h = 0.05, xo = 0.35, it becomes 


(ff) yp(0.55) 
= yp(0.35 + 0.20) 


= y(0.35) + 40.05) [2y"(0.4) — y/(0.45) + 2y'(0.5)] 


= 1.4347174 +92 2 f2(1. 6754738) — 1.8049534 + 2(1.9461635)] 


= 1.7972721. 
By (a) and (ff) 
(gg) yp'(0.55) = (0.55)? + 1.7972721 = 2.099721. 


The corrector formula (52.23), with h = 0.05, x» = 0.35, now becomes 


(hh) (0.55) 
= y-(0.35 + 0.20) 


= (0.45) + 29? y'(0.45) + 4y'(0.5) + yp"(0.55)] 


1.6024534 + "005 {1.8049534 + 4(1.9461635) + 2.0997721] 


= 1.7972764. 


A second application of the corrector formula changes the value in (hh) 
to 


(ii) y-(0.55) = 1.7972765. 


With this value of y.(0.55), we find from (a), y.’(0.55) = 2.0997765. 
Returning to the predictor formula (52.22) with h = 0.05, x9 = 0.4, 


(ij) yp(0.6) 
= y,(0.4 + 0.2) 


= (0.4) + £0.05) joy7(0.45) — (0.8) + 24'(0.58)] 


= 1.5154738 + °2 [2(1.8049534) — 1.9461635 + 2(2.0997765)] 
1.9063602. 

By (a) and (jj) 

(kk) Yp (0.6) = (0.6)? + 1.9063602 = 2.2663602. 
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By (52.23) with h = 0.05, zo = 0.4, 


(Il) y6(0.6) = y(0.4 + 0.2) 
(0.5) + 2 [y'(0.5) + 4y'(0.55) + vp"(0.6)] 
0. - 


1.6961635 + —— [1.9461635 + 4(2.0997765) + 2.2663602] 
= 1.9063573. 


A second application of formula (52.23) does not change the value in (Il). 
Hence, by (a), 


(mm) yo'(0.6) = 2.2663573. 


As a final check on the overall accuracy of our result, we make use of 
Weddle’s corrector formula (50.64). With h = 0.1, xo = 0, it becomes 
(we use the subscript w for Weddle) 


y(0) +93 3 ty (0) + 5y’(0.1) + y’(0.2) + 6y’(0.3) 
+ y’(0.4) + 5y’(0.5) + y’(0.6)] 
1 + 0.03[1 + 5(1.1155125) + 1.2642077 + 6(1.4495757) 
+ 1.6754738 + 5(1.9461635) + 2.2663573] 


(nn) yw(0.6) 


1.9063562, 


which is a closer approximation to the true value of y(0.6) than is the one 
in (Il). Since the difference between y.(0.6) and y,,(0.6) is not significant, 
we assume their common value 1.90636 rounded off to five decimals is 
accurate to five places and its error is therefore < 0.000005. [The actual 
value of y(0.6) is 1.9063564 so that the error in the value of y(0.6) in (nn) 
is 0.0000002. Rounded off to five decimal places, the actual value of 
y(0.6) is 1.90636, a figure which agrees with our final result rounded off 
to five decimal places.] 


EXERCISE 52 


1. In Example 52.2, we found y(0.1) = 1.1055125 and y(0.05 + 0.05) = 
1.1055128. Use formula (46.57) to correct y(0.1). Using this corrected figure of 
y(0.1), compute by series methods y(0.2) and y(0.1 + 0.1), i.e., compute the 
value of y(0.2) in one step and in two steps. The value of y(0.2) = 1.2242000, 
computed in one step can be found in (n) of this example. Use formula (46.57), 
with zo = 0, h = 0.2, to correct y(0.2). Starting with this corrected value 
of y(0.2), switch to the Runge-Kutta method, fourth order form, and com- 
pute y(0.2 + 0.1) and y[(0.2 + 0.05) + 0.05], i.e., compute y(0.3) in one step 
and in two steps. Apply formula (47.42) to correct y(0.3). Replace (52.21) 
by these new corrected figures just obtained. Use Milne’s method to find 
yp(0.4), y-(0.4), D(0.4). Apply formula (51.35) to correct y.(0.4) and add this 
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corrected figure to your table. Compute y,(0.5), y-(0.5), D(0.5). Correct 
y-(0.5) by (51.35). Do the same for y.(0.6). Finally apply Weddle’s rule 
(50.64) to compute y,,(0.6). How many decimal place accuracy do you now 
have? Compare all results with previous figures and with actual values. 

2. Use the method of this lesson to find an approximate value when x = 0.6 of 
the particular solution of y’ = x + y for which y(0) = 1. Assume you know 
nothing about the solution and that you wish the error to be less than 0.00005. 
Use Taylor series for the first two approximations, Runge-Kutta for the third 
approximation. Then switch to Milne’s method. In the course of your com- 
putations reduce h by one-half even though it may not be essential. Use 
formula (50.63) to check the accuracy of y(0.5) and Weddle’s rule (50.64) 
to check the accuracy of y(0.6). In the absence of a solution, how many 
decimal place accuracy could you assume in y(0.5), in y(0.6)? See 3 after 
“3. Cumulative Errors,” Lesson 52A. Solve the equation and compare your 
results with actual value of y(0.5) and y(0.6). 

3. Follow the instructions in 2 to find an approximate value when z = 1.6, 
of the particular solution of y’ = zy for which y(1) = 1. 


ANSWERS 52 
1. y(0.1) = 1.1055128, y(0.2) = 1.2242085, (0.8) = 1.3595771, 
yp(0.4) = 1.5154628, y,(0.5) = 1.6961512, y,(0.6) = 1.9063429, 


D(0.4) = 0.0000117, D(0.5) = 0.0000134, D(0.6) = 0.0000136, 
y(0.4) = 1.5154741, y(0.5) = 1.6961641, ¥(0.6) = 1.9063560, 
yw(0.6) = 1.9063566. Can assume five decimal place accuracy. Actual value: 
y(0.6) = 1.9063564. 
2. y = 2e* — x — 1. Actual values: y(0.5) = 1.7974425, 
y(0.6) = 2.0442376. 
3. y = e@?-)/2_ Actual value: y(1.6) = 2.1814723. 


yc(0.4) = 1.5154745, y-(0.5) = 1.6961646, y.(0.6) = 1.9063565, 


LESSON 53. Numerical Methods Applied to a System 
of Two First Order Equations. 


We consider a system of two first order equations 


d. 
(53.1) a = f(t,2,y), 
d 
a ian g(t,z,y), 
for which 
(53.11) x(to) = to, —-y(to) = Yo. 


In Lesson 39, Example 39.17, we showed how to find a series solution of 
a system such as (53.1). Hence we can use this method to obtain starting 
approximations, provided the derivatives can be obtained without exces- 
sive difficulty. If they cannot, we can use the following Runge-Kutta 
fourth order formulas. 


(53.12) L(to +h) = x(to) + $1 + 2ve + 2vg + v4), 
y(to + h) = y(to) + $(wi + 2we + 2wz + wa), 
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where 


(53.13) 01 = hf(to,20,Yo), 
wi = hg(to,X0,Yo); 
v2 = Af(to + $h, Xo + 421, Yo + $w1), 
We = hg(to + $h, ro + $1, Yo + $u 1), 
v3 = hf(to + th, xo + 42, yo + $w2), 
wg = hg(to + th, ro + v2, yo + $u2), 
v4 = Af(to + h, Xo + v3, Yo + ws), 
Wa = hg(to + h, ro + v3, Yo + Ws). 


The Milne predictor and corrector formulas for the system (53.1) are 
(53.14) p(lo-+4h) = allo) +2 [20"(to + h) — 2/(lo + 2h) +20! to + 3h)], 


vollo+ 4h) = ylto) + f2y'(to +h) — y'(lo + 2h) + 2y'(to + 3h)], 

(53.15) 2e(to + 4h) 
= allo + 2k) + F fa! (lo + 2h) + 42! (to + Bh) + 29! (to + 4h)} 

ello + 4h) 
= yllo + 2h) + 8 [2"(to + 2h) + 4y!(bo + Bh) + yp! (to + 4n)) 


All comments and formulas in regard to errors, made in connection 
with the numerical solution of the equation y’ = f(x,y), apply to each 
function making up the solution of a system. The fifth degree formula 
(50.63) or Weddle’s formula (50.64) can be used to check the overall 
accuracy of the values of x(t) and of y(t). 


Example 53.16. Find approximate values when x = 0.4 and y = 0.4 
of a particular solution of the system 


(a) a(t) = ty, 
y'(t) = zy, 
for which x(0) = 1 and y(0) = 1. 


Solution. To bring into the discussion all the above formulas, we be- 
gin by using Taylor series.* The series solution of (a) has already been 


*By (f) of Example 39.17, the interval of convergence is |t| < 0.0625. We, therefore, 
cannot use Taylor series to find x(0.1), y(0.1), 2(0.2), y(0.2) unless we can establish a 
larger interval of convergence. The chances are that the series solution does actually 
have such a larger interval since the theorem gives only a minimum interval. But 
unless we can prove both series converge for ¢ = 0.1, ¢ = 0.2, we would need to use 
Runge-Kutta or some other starting method in place of Taylor series. We have used 
Taylor series only for illustrative purposes. 
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found in Example 39.17. It is [see (k)] 
2 8 ¢t 
(b) HOSA ashe rts 
a LL 
wWO=1titststat: 


Hence, by (b), with ¢ = 0.1 and 0.2 respectively, we obtain 


2 3 4 
Oo 201 are on + O04 OD +... = 1.0053, 
7” (0.1)? , (0.1)? , 7(0.1)* ant _ 
gO) S10 = 1.1054, 
2 3 4 
(0.2) = 1+ OP 4 OD ON +... = 1.0229, 
- (0.2)? (0.2)* 7(0.2)* 2r 7” 
y(0.2) = 1+ 0.2) +>S-4+-3-+-H- = 1.2231, 


Remark. We have used direct substitution to find x(0.2) and y(0.2). 
It would have been more accurate, but have involved much more labor, 
if we had used the creeping up method. 


To find x(0.3) and y(0.3), we switch to the Runge-Kutta method. 
With to = 0.2, h=0.1, x(0.2) = 1.0229, y(0.2) = 1.2231, (53.12) 
becomes 


(d) x(0.8) = 1.0229 + 4(v, + 2veq + 2v3 + v4), 
y(0.38) = 1.2231 + $(w, + 2we + 2ws + wa). 
With h = 0.1, to = 0.2, rp = x(to) = x(0.2) = 1.0229, yo = y(to) = 
y(0.2) = 1.2281, f(t,z,y) = ty and g(t,z,y) = zy, (53.13) becomes 
(e) 2», = 0.1f(0.2, 1.0229, 1.2231) = 0.1(0.2)(1.2231) = 0.02446, 
w, = 0.19(0.2, 1.0229, 1.2231) = 0.1(1.0229)(1.2231) = 0.1251, 


ve = 0.1f(0.25, 1.0229 + 0.0122, 1.2231 + 0.0626) 
= 0.1(0.25)(1.2857) = 0.0321, 


we = 0.19(0.25, 1.0229 + 0.0122, 1.2231 + 0.0626) 
= 0.1(1.0351) (1.2857) = 0.1331, 


vg = 0.1f(0.25, 1.0229 + 0.0161, 1.2231 + 0.0666) 
= 0.1(0.25) (1.2897) = 0.0322, 


w3 = 0.19(0.25, 1.0229 + 0.0161, 1.2231 + 0.0666) 
= 0.1(1.0390) (1.2897) = 0.1340, 
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v4 = 0.1f(0.3, 1.0229 + 0.0322, 1.2231 + 0.1340) 
= .0.1(0.3)(1.3571) = 0.0407, 


w4 = 0.19(0.3, 1.0229 + 0.0322, 1.2231 + 0.1340) 
= 0.1(1.0551) (1.3571) = 0.1432. 


Hence (d) becomes 


(f) x(0.3) = 1.0229 + 3[0.0245 + 2(0.0321) + 2(0.0322) + 0.0407] 
= 1.0552, 

y(0.3) = 1.2231 + 4{0.1251 + 2(0.1331) + 2(0.1340) + 0.1432] 
= 1.3568. 


Since we now have the needed number of preliminary estimates, we switch 
to Milne’s method to find x(0.4) and y(0.4). Before we can use formulas 
(53.14) and (53.15), however, we must, know 2’(0.1), x’(0.2), x’(0.3) and 
y'(0.1), y’(0.2), y’(0.3). We obtain these values by use of (a) and the 
values of x(0.1), x(0.2), 7(0.3), y(0.1), y(0.2), y(0.3) as found in (c) and 
(f) above. Therefore 
(g) x'(0.1) = 0.1y(0.1) = (0.1)(1.1054) = 0.1105, 

x'(0.2) = 0.2y(0.2) = (0.2)(1.2231) = 0.2446, 

x’(0.3) = 0.3y(0.3) = (0.3)(1.3568) = 0.4070, 

y'(0.1) = 2(0.1)y(0.1) = (1.0053) (1.1054) = 1.1113, 

y'(0.2) = x(0.2)y(0.2) = (1.0229)(1.2231) = 1.2511, 

y'(0.3) = x(0.3)y(0.3) = (1.0552)(1.3568) = 1.4317. 
Hence with to = 0, h = 0.1, and with the initial conditions x(0) = 1, 
y(0) = 1, we can write (53.14) as 


(hb) (0.4) = 1+ 4 paer(0.1) — 20.2) + 22°(0.3)] 


1+ a {2(0.1105) — 0.2446 + 2(0.4070)] = 1.1054, 


vp(0.4) = 1+ 4 pay'(0.1) — y'(0.2) + 2y'(0.3)] 


1+ Of (2(1.1113) — 1.2511 + 2(1.4317)] = 1.5113. 


By (a) and (h), we obtain 


(i) 2p'(0.4) = 0.4y(0.4) = 0.4(1.5113) = 0.6045, 
Yp'(0.4) = x(0.4)y(0.4) = (1.1054)(1.5113) = 1.6706. 
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The corrector formulas (53.15) are therefore 


(i) 


ze(0-4) = 2(0.2) + [2'(0.2) + 40'(0.3) + 29/(0.4)] 


1.0229 + ot (0.2446 + 4(0.4070) + 0.6045] 
= 1.1055, 
ye(0.4) = y(0.2) + & fy'0.2) + 44/03) + 49'04)] 


= 1.2231 + 9 [1.2511 + 4(1.4317) + 1.6706] 
= 1.5114. 


EXERCISE 53 


1. Using the values of z(0.4) and y(0.4), given in (j) of Example 53.16, as new 


2. 


3 


1 


. 


by 


predictor values, use corrector formulas (53.15) to see if they will correct these 
results. If they do, repeat the process until two successive values of (0.4) 
and y(0.4) agree. Then compute 2(0.5) and y(0.5) by means of the predictor 
formulas and the repeated use of the corrector formulas. With five values of 
z(t) known in addition to the initial condition, use corrector formula (50.63) 
to check the accuracy of +(0.5). Do the same for y(0.5). How many deci- 
mal place accuracy can you assume in 2(0.5), y(0.5)? Hint. See 3 after 
“3. Cumulative Errors,” Lesson 52A. 

Find approximate values when z = 0.1, 0.2,---, 0.5, y = 0.1, 0.2,---, 
0.5 of the particular solution of the first order linear system 


vQ=x-y, y(t) =—4e+y, 


for which z(0) = 1, y(0) = 1. Take A = 0.1. Use Taylor series to the fourth 
order, direct substitution method, to calculate x(0.1), y(0.1), x(0.2), y(0.2); 
Runge-Kutta method to calculate x(0.3), y(0.3); Milne’s method to calculate 
2(0.4), y(0.4), x(0.5), y(0.5). Finally apply corrector formula (50.63) to 
compute 2(0.5), y(0.5). How many place accuracy can you assume in (0.5), 
y(0.5)? Now solve the system and compare results. 

In problem 2, compute x(0.2), y(0.2) by the creeping up method. Then apply 
(46.57) to correct x(0.2), y(0.2). With these corrected values of x(0.2), y(0.2), 
use Runge-Kutta method to compute z[(0.2-+ 0.05) + 0.05], x(0.2-+ 0.1). Do 
the same for y(0.3). Correct 2(0.3), y(0.3) by means of (47.42). Compute 
xp(0.4), x-(0.4), D(0.4). Correct z,(0.4) by means of (51.35). Do the same for 
y-(0.4). Compute z,(0.5), z-(0.5), D(0.5). Correct z,(0.5). Do the same for 
y-(0.5). Finally apply corrector formula (50.63) to compute 2(0.5), y(0.5). 
How many decimal place accuracy can you assume in your results? Compare 
with results obtained in 2 and with actual solution. 


ANSWERS 53 


2(0.4) = 1.1055, y(0.4) = 1.5114; x(0.5) = 1.1776, y(0.5) = 1.6938. 
Corrector (50.63): 2(0.5) = 1.1776, y(0.5) = 1.6939. Can assume four and 
three decimal place accuracy. 
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2. x(t) values: 1.01609, 1.06940, 1.17026, 1.33246, 1.57490. y(t) values: 0.68234, 
0.31740, —0.11807, —0.65395, —1.33021. Corrector values (50.63): 2(0.5) = 
1.57504, y(0.5) = —1.38050. Can assume three and two decimal place 
accuracy respectively, if we round off to this number of decimals. 

Solution: z = 4(e34+ 3e-4, y = 4(—e3!+ 3e-). 
Actual values: 2(0.5) = 1.5753203, y(0.5) = —1.3310485. 
3. (0.2) = 1.06958, y(0.2) = 0.31705; 
2(0.3) = 1.17051, y(0.3) —0.11855; 
2(0.4) = 1.83274, y(0.4) = —0.65450; 
2(0.5) = 1.57525, y(0.5) = —1.33091. 
Corrector values (50. 63): 2(0.5) = 1.57530, y(0.5) = —1.33101. 


LESSON 54. Numerical Solution of a Second Order 
Differential Equation. 


In the proof of Theorem 62.22, we show how a second order differential 
equation y” = f(z,y,y’) can be reduced to a system of two first order 
equations. A numerical solution of this equation can therefore be found 
by the method of Lesson 53. However, it is also possible to find a numerical 
solution of such an equation without the necessity of reducing it to a 
system. We illustrate the method by an example. 


Example 54.1. Find an approximate value when x = 0.4 of a par- 
ticular solution of the equation 


(a) y” = Qe + 2 — y’, 
for which y(0) = 1, y’(0) = 1. 


Solution. In order to bring into the discussion Taylor series, Runge- 
Kutta and Milne methods, we shall find y(0.1) and y(0.2) by Taylor series 
method, y(0.3) by Runge-Kutta’s method and y(0.4) by Milne’s method. 

By Theorem 37.2, if 


(54.11) y(vo + h) = y(xo) + y/(zo)h 

4 Y"@o) y (Zo) $0) n2 4 Uo) y’ “eo ) 4 ¥@o) (es) ht. 
then 
(54.12) y"(eo-+ W) = y'(a0) + "(aay + LEO) 2 4 VEE) 48 4. 
From (a), and by differentiation of (a), we obtain 


(b) y” = 4 + 2y fe y’, yl" =2 + Qy’ ss, y", y pom Qy" ad yl". 


By the initial conditions, s = 0, y= 1, y’ = 1. Substituting these 
values in (b), there results 


() y“O=1, y"O)=24+2-1=3, y*0)=4—3= 1. 
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Substituting the initial conditions and (c) in (54.11) it becomes, with 
%y= 0, 

h? hr? ht 
(d) yh) =1lth+ay+a-a 


As in the first order case, two methods are available to us to find y(0.1) 
and y(0.2). By direct substitution, we obtain from (d), 


(e) y(0.1) = 1+ 0.1 + $(0.1)? + $(0.1)? — AQ(0.1)* = 1.105496, 
y(0.2) = 1+ 0.2 + $(0.2)? + $(0.2)3 — A,(0.2)* = 1.223933. 
The creeping up method involves much more arithmetic, but insures 


greater accuracy. By our basic equations (54.11) and (54.12), withh = 0.1 
and 2» equal successively 0.0, 0.1, we find 


(f) y(0 + 0.1) = y(0.1) 
(0) + ¥'(0)(0.1) + HO (0.1)? 


+ 4 0.9 +40 1 + 
y'(0 + 0.1) = y’(0.1) e 
= 0) + ¥"(0.1) + (0.1)? 


4 
+O 0.1 + 


y(0.1 + 0.1) = y(0.2) 
= y(0.1) + ¥'(0.1) (0.1) + POD Oy? 
+ HOD o.n* + 2OD 1+ + 
y’(0.1 + 0.1) = y'(0.2) 


saa eal 


Substituting the initial conditions and (c) in the first two lines of (f), we 
obtain 


(g) y(0.1) = 1+ (1)(0.1) + $(0.1)? + 30.1)? — A,(0.1)* = 1.105496, 
y'(0.1) = 1+ (1)(0.1) + $0.1)? — £(0.1)3 = 1.114833. 


Therefore with z = 0.1, y(0.1) = 1.105496, y’(0.1) = 1.114833, we find 
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by (b), 

(h) —-(0.1) = 2(0.1) + 2(1.105496) — 1.114833 = 1.296159, 
y'"(0.1) = 2 + 2(1.114833) — 1.296159 = 2.933507, 
y(0.1) = 2(1.296159) — 2.933507 = —0.341189. 


Substituting (g) and (h) in the third and fourth lines of (f), there results 


(i) y(0.2) = 1.105496 + (1.114833)(0.1) + Lames (0.1)? 
s 2.999007 oirel oats 0.841189 ¢ 1+ — 1 20048, 
y'(0.2) = 1.114833 + (1.296159)(0.1) + san (0.1)? 
= ese (0.1)? = 1.259060. 


We now switch to the Runge-Kutta method to find yO. 3). The fourth 
order form for the second order equation y” = f(zx,y,y’) for which y(xo) = 


Yo, y' (Xo) = yr is 
(54.13) y(%o + h) = y(xo) + $1 + 2ve + 2vg + v4), 
y' (to + h) = y'(xo) + $(wi + 2we + 2wz + wa), 
where, with yo’ = y'(xo), 
(54.14) v1 = hyo’, 
w, = hf(zo,Yo,yo'), 
ve = h(yo’ + $u,), 
we = hf(xo + $h, yo + 401, yo’ + fu), 
vg = Ayo’ + $w2), 
ws = hf(xo + th, yo + 42, yo’ + fue), 
vg = h(yo’ + ws), 
wa = hf(zo + h, yo + v3, yo! + ws). 
Therefore with xo = 0.2,h = 0.1, y(to) = y(0.2) = 1.223948, y’(0.2) = 
1.259060, (54.13) becomes 
(j) (0.3) = y(0.2 + 0.1) = 1.223948 + 3(v, + Que + 2v3 + v4), 
y’(0.3) = y’(0.2 + 0.1) = 1.259060 + d(w, + 2we + 2ws + wy). 


With h = 0.1, yo’ = y’(xo) = y’(0.2) = 1.259060, yo = y(x0) = y(0.2) = 
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1.223948, and f(z,y,y’) = 2x + 2y — y’, (54.14) becomes 


(k) 0, = 0.1(1.259060) = 0.125906, 


w, = 0.1f(0.2, 1.223948, 1.259060) 
= 0.1[2(0.2) + 2(1.223948) — 1.259060] = 0.158836, 


ve = 0.1(1.259060 + 0.0794418) = 0.1338502, 


We = 0.1f(0.25, 1.223948 + 0.062953, 1.259060 + 0.079418) 
= 0.1(0.5 + 2.573802 — 1.338502) = 0.173530, 


vg = 0.1(1.259060 + 0.086765) = 0.1345825, 


ws = 0.1f(0.25, 1.223948 + 0.066925, 1.259060 + 0.086765) 
= 0.1(0.5 + 2.581746 — 1.345825) = 0.173592, 


v4 = 0.1(1.259060 + 0.173592) = 0.1432652, 


ws = 0.1f(0.3, 1.223948 + 0.1345825, 1.259060 + 0.173592) 
= 0.1(0.6 + 2.717061 — 1.482652) = 0.188441. 


Substituting (k) in (j), there results 


(1) (0.3) = 1.223948 + 3(0.125906 + 0.267700 + 0.269165 + 0.143265) 
= 1.223948 + $(0.806036) = 1.358287, 


y’(0.3) = 1.259060 + 3(0.158836 + 0.347060 + 0.347184 + 0.188441) 
= 1.259060 + $(1.041521) = 1.432647. 


We summarize the results thus far obtained 


(m) y(0) = 1.000000, y’(0) = 1.000000; 
y(0.1) = 1.105496, y’(0.1) = 1.114833; 
y(0.2) = 1.223948, y’(0.2) = 1.259060; 
y(0.3) = 1.358287, y'(0.3) = 1.432647. 


The Milne predictor formulas for the second order equation y” = 
S(,y,y’) for which y(to) = yo, y'(%o) = y1 are 
(54.15) (a) yp'(to + 4h) = y'(%o) 
+2 Ley" (ao +h) — "(eo + 2h) + 2y" (ao + 3h), 
(b) Yp(%o + 4h) = y(xo + 2h) 
+ Bly/(eo+ 2h) +4y'(0 + 3h) + yp!(20 + 4h). 


The corrector formulas are 
(54.16) (a) ye'(wo + 4h) = y'(20 + 2h) 
+ A ty!"(eo + 2h) + 4y""(ao + Bh) + up!" eo + 4h)], 
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(db) ye(to + 4h) = y(eo + 2h) 
+ Bly’ (eo + 2h) +4y/ (ao + Bh) + ye! (wo + 4h) 


As in the first order case, formulas (54.16) can be used again and again 
until two successive values of ya(xo + 4h) agree. 
By (54.15) and (54.16), with z9 = 0, h = 0.1, 


(nm) p'(0.4) = 90) + 9 [2y"(0.1) — y"(0.2) + 2¥"(0.3)], 
vp(0-4) = y(0.2) +S [y'(0.2) + 4y'(0.3) + 49"(0.4), 
yd(0.4) = (0.2) +S [y"(0.2) + 440.3) + v9(0.4)] 
ye(04) = y(0.2) + 92 ty(0.2) + 4y'0.3) + ¥/04)) 


Before we can use these formulas, we must know the value of y’”” when 

z = 0.1, 0.2, 0.8. By (a) and (m), these needed values are 

(0) y’(0.1) = 2(0.1) + 2(1.105496) — 1.114833 = 1.296159, 
y’(0.2) = 2(0.2) + 2(1.223948) — 1.259060 = 1.588836, 
y’(0.3) = 2(0.3) + 2(1.358287) — 1.432647 = 1.883927. 


Substituting in (n), the initial conditions and the values in (m) and (0), 
we obtain 


(p) yp’(0.4) 


+ os {2(1.296159) — 1.588836 + 2(1.883927)] 
1.636178, 
1.223948 a Ot mate 259060 + 4(1.432647) + 1.636178] 
= 1.511476. 


Yp(0.4) 


To use the third formula in (n), we need to know y,’’(0.4). With z = 0.4 
and yp(0.4), yp'(0.4) having the values in (p), we obtain from (a), 


(q) —-yp'"(0.4) = 2(0.4) + 2(1.511476) — 1.636178 = 2.186774. 


Hence the last two formulas in (n) become 


(r) ye’(0.4) = 1.259060 ras mate 588836 ++ 4(1.883927) + 2.186774] 
1.636104, 
1.223948 ge mate 259060 + 4(1.432647) + 1.636104] 


= 1.511473. 


y-(0.4) 
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EXERCISE 54 


1. Using the value of y(0.4), given in (r) of Example 54.1, as a new predictor 
value, apply corrector formulas (54.16) repeatedly until two successive values 
of y(0.4) agree. Then find y(0.5) by means of the predictor formulas and re- 
peated use of the corrector formulas. Do the same for y(0.6). Finally apply 
Weddle’s rule (50.64) to compute y(0.6). How many decimal place accuracy 
can you assume in y(0.6)? See 3 after “3. Cumulative Errors,” Lesson 52A. 
Solve (a) of Example 54.1 and compare your results with actual values. 
Apply the method of this lesson to find an approximate value when z = 0.5 
of a particular solution of the equation y”” = z+ 2y-+ y’ for which y(0) = 1, 
y'(0) = 1. Apply corrector formula (50.63) to evaluate y(0.5). How many 
decimal place accuracy can you assume? Solve the equation and compare 
your results with actual values. 
3. The Adams method, see Exercise 50,6, can also be used as a continuing formula 
for finding a numerical solution of a second order equation. The needed 
formulas are 


(54.2) (a) y(to + h) = y(z0) 
+ hly’(@o) + 4Vy' (20) + 3V2y'(z0) + 3V3y’(20)]. 


(b) y'(to + h) = y'(x0) 
+ hly’’ (20) + $Vy"(20) + 2V2y"’(z0) + §V3y"’(z0)]. 


Use these formulas to find approximate values of y(0.4) and y’(0.4) of the 
particular solution of the equation y” = 2x-+ 2y — y’ for which y(0) = 1, 
y(0) = 1. Hint. With to = 0.3, h = 0.1, you must know y’(0), y’(0.1), 
y' (0.2), y’(0.3); y’’(0), y’’(0.1), y’’(0.2), y’’(0.3) in order to set up the needed 
tables of differences. You will find these values in Example 54.1. 

4. Use Milne’s method to find an approximate value of y(0.4) of the particular 
solution of the equation y/” = y+ zy’ + 2y for which y(0) = y’(0) = 
y’’(0) = 1. The necessary Milne’s formulas are 


2 


yp (0.4) = y"(0) + “3 [2y’"(0.1) — y/’"(0.2) + 2y'”’(0.3)], 


yp (0.4) = y’(0.2) + “ [y’’(0.2) + 4y’’(0.38) + yp’’(0.4)], 


ye(04) = (0.2) + 9 fy'(0.2) + 4y/(0.3) + ¥9'(04)} 


Obtain the needed preliminary values by means of Taylor series, direct 
substitution. 


ANSWERS 54 


1. y(0.4) = 1.511473, y(0.5) = 1.686538, y(0.6) = 1.886643. y,,(0.6) = 1.886640. 
Can assume five decimal place accuracy. Solution: y = $e? — e—2* — x — 4. 
Actual value: y(0.6) = 1.886666. 


2y= 3 2s —s +4. Actual value: (0.5) = 2.038711. 


3. y(0.4) = 1.51145, y/(0.4) = 1.63612. 
4. (0.4) = 1.520. 
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LESSON 55. Perturbation Method. First Order Equation. 


In physical problems, we frequently encounter a differential equation, 
as for example, the differential equation 


(55.1) y+y?=0, yf) = 1, 

which has been disturbed by a small effect, so that (55.1) has to be modi- 
fied to read 

(55.2) yt+y? =e, y(l) = 1, 


where € is small. It then becomes necessary to determine by how much 
the solution of (55.1) has been altered because of the presence of the dis- 
turbing function ex. We refer to this change in the solution as a per- 
turbation. 

A precise perturbation theory is extremely difficult. In this lesson, we 
shall aim to give only a rough outline of a method by which this problem 
can be handled. Call yo(x) a solution of (55.1) satisfying y(1) = 1, and 
denote the solution of (55.2) by 


(55.3) y(z) = yo(x) + p(x) 


where p(x) is the perturbation. We next expand y(z) in a series in powers 
of €, so that 


(55.4) —- (x) = yo(x) + eyr(x) + €?yo(x) + e®ys(z) +---. 
Comparing (55.3) with (55.4), we see that 
(55.5) p(x) = eyi(x) + €?yo(x) + eFy3(z) +---. 


The first term e€y;(z) is called the first order perturbation; the second 
term €”y2(z) is called the second order perturbation, etc. 
Substituting (55.4) in (55.2), we obtain 


(55.6) yo’ + eyr’ + €7yo’ + €8yg’ ++: 
+ (yo + ey: + e7yo + eFyg +--+)? = ex. 


Carrying out the indicated multiplication, then collecting coefficients of 
like powers of €, we have 


(55.7) (yo’ + yo?) + (y1’ + 2yoyr)e 


+ (yo’ + 2yoye + yr2)e? + (ree jee te-s = 
Next we equate like powers of ¢. There results 
(55.8) yo + yo = 0, 


yi’ + 2yoyi = 2, 
yo’ + 2yoy2 + yi? = 0, 
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By solving each equation of (55.8) in succession, we can thus determine 
the functions yi(x), ye(x), --> in (55.4). Each of these functions, how- 
ever, must satisfy an initial condition. Since the initial condition asso- 
ciated with the original equation (55.1) is y(1) = 1, and since yo is a 
solution of (55.1) so that yo(1) = 1, this initial condition will be satisfied 
if, in (55.4), we assume 


(55.81) yol) = 1, yi(l)=0, = yo(1) = 0,-->. 


We illustrate the details of the above method by solving Example 55.9 
below. In practice the first and second order perturbation terms of (55.5) 
are usually sufficient. 


Example 55.9. Find the first and second order perturbation terms in 
the solution of 


(a) y' +y? = 0, for which y(1) = 1, 
due to the presence of a disturbing function ex, where e€ is small. 


Solution. Because of the disturbing function ex, (a) must be modified 
to read 


(b) y t+y? = a, 


for which y(1) = 1. Following the procedure outlined above we let, see 
(55.4) and (55.81), 


(c) y(x) = yo(x) + eyi(x) + e?yo(z) +---, 
with initial conditions 
(d) yol) = 1, yi(l)=0, yo(1) = 0,--> 


Substituting (c) in (b), we obtain, see (55.7), 
(e) (yo! + yo?) + (y1' + 2yoyr)e + (yo’ + 2yoye + yr?)e? +--+ = ex. 


Equating coefficients of like powers of €°, €, e”, we obtain from (e) the 
system of equations 


(f) yo! t yo? =0, yr’ + 2yoyr = 2, —-yo!’ + 2yoye + yi? = O. 


A solution of the first equation of (f), satisfying the initial condition 
yo(1) = 1 of (d), is 


(g) 


~ 
° 
ll 
Sil 
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Substituting (g) in the second equation of (f), we obtain 
12 
(h) yi toy =o. 


A solution of (h) satisfying y,(1) = 0 of (d) is 


(i) n=4(2-4). 


Substituting (g) and (i) in the third equation of (f), we obtain 
: 2 1/4 1 
/ — es es ‘cine —sy. 
(j) Ye aoe, is (= 2+) 


A solution of (j) satisfying y2(1) = 0 of (d), is 


1 (x® 2x 1 2 
(e) nm — 497 - 3-4) - ae 


Substituting (g), (i), (k) in (c), we obtain 
—~1,6(.2 1)\)_ © (5.5 _ 14, — 214 32). 
Q  y=stq (: 4) 336 (3. 142 + 


The solution of (a) satisfying y(1) = 1, i.e., its solution if there were no 
disturbing function ex present, is 1/z. Because of the disturbing function 
ex, the first and second order perturbation terms are, respectively, the 
second and third terms in (1). 


EXERCISE 55 


1. Find the first and second order perturbation terms in the solution of y’ + 
y? = 0, for which y(1) = 1, due to the presence of a disturbing function ez?, 
where ¢ is small. 


ANSWERS 55 


2 
j .£(,3 1). » — © (957 — 9,2 — 184 25). 
1. First order: 5 (: 4) ; second order: 750 (2: 9x + ) 


LESSON 56. Perturbation Method. Second Order Equation. 


In Lesson 55, we outlined a method of determining the perturbation of 
a solution of a first order differential equation due to a small disturbance. 
We shall now apply this method to determine the perturbation of a solu- 
tion of a second order equation. Consider the differential equation 


(56.01) yoeaas o. 
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for which 


(56.02) y(0) = 0, y'(0) = 1. 


Note that (56.01) is the differential equation of simple harmonic motion. 
Let the disturbing function be —2e(y’)?, where € is small. Therefore 
(56.01) becomes 


(56.1) y’ ty = —2€(y')? 
for which 
(56.11) y0)=0, y'(0)=1. 


We wish to find the first and second order perturbation terms of a solution 
of (56.01) satisfying (56.02) resulting from the presence of a disturbing 
function —2e(y’)?. 

Call yo(x) a solution of (56.1) satisfying (56.11). Let 


(56.12) y= yo t ey + €*y2 fieees 


therefore 
y= yo” + ey” + Pye” +-°-. 


In order that (56.12) may satisfy the initial conditions (56.02), we assume 
(56.13) yo(0) meal 0, yi(0) = 0, y2(0) = 0, eres 

yo(0)= 1, yr'(0) = 0, = y2"(0) = 0, «+ -. 
Substituting (56.12) in (56.1), we obtain, using only terms to e?, 


(56.14) yo” + eyr” + €7y2” + yo + ey + €7y2 
= —2e[(yo’)? + €7(yr’)? + ef(yo’)? + 2eyo'ys’ 
+ 2e?yo’yo’ + 2e%yi’yo']. 
Collecting coefficients of like powers of €, we have 


(56.15) (yo” + yo) + (yi? + ye + (y2"” + yo)e? 
= —2(yo’)"e — 4yo’yi’e”. 


Equating coefficients of like powers of €°, €, €?, we obtain from (56.15), 
(56.16) yo’ +yo=0, yi” +41 = —2(yo’)”, yo” + y2 = —4yo'yr’. 


A solution of the first equation of (56.16) satisfying yo(0) = 0, yo’(0) 
= lis 


(56.2) Yo = sing, Yo’ = cos 2. 


Substituting (56.2) in the second equation of (56.16), we obtain 
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(56.21) yi’ + y, = —2 cos? x. 
A general solution of (56.21) is 


(56.22) yi = ¢, sinz + cgcosz — $sin? x — ¥cos? zx, 
yi’ = c, cosz — cesing — $sin x cosz. 


A particular solution of (56.22) satisfying y,(0) = 0, y1’(0) = 0 is 
(56.23) yi = Zcosz — $sin? x — ¥ cos? z, 


1) = —sinz — $sinzcosz + $sinzcosz 
y a 


= —2sinz — $sin x cos z. 


Substituting in the third equation of (56.16), the values of yo’ and yj,’ as 
given in (56.2) and (56.23), we obtain 


(56.24) yo" + yo = —4(—¥sin x cos xz — $sin x cos? 2) 
= sin zcosz + 4£ sin z cos? x 
= &sinxcosz + 48sinxz — 48sin? x. 


The complementary function of (56.24) is 


(56.25) Yo = €, Sinz + ce cosz. 

A particular solution 

(56.251) of yo” + ye = $sin z cos 2, is yo = —$sinz cosz, 
of yo” + yo = 48sin z, is ye = —§8r cos 2, 


of yo” + yo = 48sin? x, by Example 21.32, 
is yo = $sin 3x — 2x cos zx. 


Hence a general solution of (56.24), by (56.25) and (56.251), is 


(56.26) ye = c,sinz +c2cosx — $sinxcosz — ¥rcosz — $sin 32, 
Yo’ = ¢, cosz — cesin x + §(sin? x — cos? x) 
+ &(xsin x — cosx) — 4 cos 32. 
By (56.13), yo(0) = 0, y2’(0) = 0. Inserting these values in (56.26), 
we find 
(56.27) O=c, 1 = §+$t+h= He. 


Therefore by (56.26) and (56.27), a particular solution of (56.24) satisfying 
y2(0) = 0, y2’(0) = Ois 


(56.28) yo = #fsinz — $sinxzcosx — ¥ccoszx — sin 32. 
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Substituting, in (56.12), the values of yo, yi, and yz as found in (56.2), 
(56.23), and (56.28), we obtain 


(56.29) y = sinz + e(&cosz — $sin? x — ¥ cos” z) 
+ (isin z — $sinzcosx — $¢cosz — }sin 3z). 


The solution of (56.01) satisfying (56.11), i.e., its solution if there were no 
disturbing function present, is sin zx. Because of the disturbance function 
—2e(y’)?, the first and second order perturbation terms are, respectively, 
the second and third terms in (56.29). 


EXERCISE 56 


1. Find the first and second order perturbation terms in the solution of y/’/ — 
y = 0 for which y(0) = 0, y’(0) = 2 due to the presence of a disturbing 
function ey’, where ¢ is small. 


ANSWERS 56 
(7 7). 
1. First order: ¢ ( 5) 5) ) : 
second order: ¢ [E (—1+2+ 2”) + > Q+2— 2| . 


Chapter 11 


Existence and Uniqueness Theorem 
for the First Order Differential 
Equation y’ = f(x,y). Picard’s Method. 
Envelopes. Clairaut Equation. 


Introductory Remarks. As we have repeatedly emphasized, differ- 
ential equations whose solutions can be expressed explicitly or implicitly 
in terms of elementary functions are relatively few in number. Even a 
first order differential equation 


(57.1) y’ = f(x,y) 


will usually not have an elementary solution. In these cases, it is desirable 
to have theorems which will answer the following questions for us. 


_ 


. Does (57.1) have a 1-parameter family of solutions? See Examples 
4.21 and 4.22 for differential equations which have no solutions; Exam- 
ple 4.2 for one which has only one solution; (4.652) or Example 5.3 
for one which has two 1-parameter family of solutions. 

. If (57.1) has a 1-parameter family of solutions, is it a general solution 
as we defined this term in Definition 4.7, i.e., does it contain every 
particular solution? See the first example in Lesson 4C for a 1-para- 
meter family which does not contain every particular solution. 

3. Is there a particular solution of (57.1) valid on some interval and satis- 

fying a given initial condition y(zo) = yo? 

4. Is a particular solution satisfying an initial condition y(xo) = yo 

unique? See (b) of Example 5.3 where the point (0,1) lies on an infinite 

number of particular solutions. 


i) 


Fortunately there are theorems which will give us, under appropriate 
hypotheses, the answers to these questions. A theorem which answers 
questions 1, 2, and 3, ie., one which tells us whether a solution exists is 
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called an existence theorem. A theorem which answers question 4, i.e., 
one which tells us whether a solution is unique is called a uniqueness 
theorem. 

It should be emphasized that an existence and uniqueness theorem only 
guarantees or assures the existence and uniqueness of a solution. It will 
not tell you whether the solution can or cannot be expressed in terms of 
elementary functions, or help you to find the solution. For example, the 
particular solution of the differential equation 


(57.11) y =e, 
for which y(zo) = Yo is 


(57.12) y(e) = yo + J e~* de. 
Zo 


It has been proved that this integral cannot be expressed in terms of ele- 
mentary functions. However, the existence and uniqueness theorem, 
which we shall state later, will not help you to discover this fact. All the 
theorem will tell you, is that since the function e~*’ and the point (x9,yo) 
satisfy its hypotheses, an unique particular solution satisfying (57.11) and 
the initial condition exists. 

There are several ways of proving the existence and uniqueness theorem 
for the first order differential equation y’ = f(x,y), satisfying the condi- 
tion y(%o) = yo. The one we shall use is dependent on a method which is 
known as Picard’s approximation method, named after the French 
mathematician, Charles Emile Picard (1856-1941). Hence before we can 
prove the theorem, we shall first need to explain Picard’s method. 


LESSON 57. Picard’s Method of Successive Approximations. 


We assume for the moment that a unique particular solution of the 
differential equation 


(57.2) y’ = f(x,y), 
satisfying the initial condition 
(57.21) y(%o) = Yo; 


exists. Let y(x) be the required particular solution. Then by (57.2), 
y’ = flz,y(x)], where f[z,y(x)] is now a function only of z. Integrating 
this equation between the limits zo and x and noting, by (57.21), that 
when x = 20, Y = Yo, we obtain 


y z Ed 
(57.22) [ dy = [ : flty@ldt, = y(e) = yo + [ ; flt,y()] at. 
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In employing numerical methods to approximate the particular solution 
y(x) of (57.22), we used a polynomial interpolating function in place of the 
integrand, f[x,y(z)]. In Picard’s method we also use the idea of an approxi- 
mation but of a totally different kind. In this method, we obtain a sequence 
of functions yo(x), yi(z), +++, yn(x), each of which satisfies the initial con- 
dition (57.21). The existence and uniqueness Theorem 58.5 which follows 
will then give the conditions that f(x,y) of (57.2) must fulfill in order 
that an interval about zo exist, on which, as n — oo, this sequence of 
functions approach the particular solution y(x) of (57.22). Furthermore, 
each function in the sequence is an approximation of the particular solu- 
tion y(x): a later one, in general, being a better approximation than a 
preceding one. Hence the name successive approximations. 

We illustrate the method by means of examples. We concentrate for the 
moment only on the mechanics of the method without considering the size 
of the interval about zo for which the sequence of functions thus obtained 
converges to the particular solution y(x) of (57.22). (For the meaning of 
the convergence of a sequence of functions, see Definition 58.1 and 
Example 58.13.) 

The first approximation of a solution of (57.2) satisfying (57.21) is called 
yo(x). The function yo(x) may, as we shall show later, be any arbitrary 
continuous function defined in a neighborhood of zo. In the absence of 
additional information, it is usually taken to be the constant function 


(57.23) Yyo(%) = Yo, 


where Yo is the initial value given in (57.21). It is evident that this ap- 
proximation to the solution is not a very satisfactory one. It is the equa- 
tion of a straight line parallel to the z axis and yo units from it. 

The subsequent members of the sequence of approximating solutions of 
(57.2) satisfying (57.21) are called y;(x), yo(x),--*, yn(z), +++, and are 
obtained in the following manner. 


(57.24) yi(z) = Yo + S flz,yo(x)] dz, 
vate) = vo +f flea (a)] ae, 


y3(2) = Yo + iar dz, 


Ce ee 


Yn(2) = yo+ / f[z,yn—1(x)] dx, 


where 2p and yo are given in (57.21). (Remember f[z,yo(x)] means replace 
y in f(x,y) by yo(x); f[z,y1(x)] means replace y in f(x,y) by yi(z), ete.) 
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Comment 57.241. For different permissible starting approximations 
yo(x), different sequences yo(x), yi(z),-+-, Yn(x) will result. However, 
each will have the property that for an x in an interval about 2o, 


lim Yn(x) = y(2), 


where y(x) is the solution of (57.2) satisfying (57.21). The rapidity with 
which the sequence of approximations will converge to the solution y(z) 
will depend on how closely the starting solution yo(x) approximates the 
actual solution y(x); the closer the approximation, the quicker the con- 
vergence. 


Example 57.25. Find the first four Picard approximations if 
(a) y’ = zy, 
and y(0) = 1. 


Solution. Comparing (a) and the initial condition with (57.2) and 
(57.21), we see that f(x,y) = zy, 9 = 0, yo = 1. By (57.23), our first 
approximation is therefore yo(x) = 1. The succeeding approximations, 
by (57.24), are 


xz 0 2 
(b) na) = 1+ f pen) ae = 1+ f ade=1+4, 
y2(z) = 1 a f(x,y1) dx 
‘ ca 2? xt 
a4 fs(45)eni+5+3, 
x xo yf ot 
wo) =14f fear it fe 2(1+ 54%) as, 
0 0 


2 4 6 
x x x 
= barge hg bag. 

Comment 57.251. If we solve (a) by the method of separation of 
variables, we obtain the particular solution.y = e7’/? whose series expan- 
sion is 2 44 46 

x 
lt+yt ett 
Note that each succeeding function in the sequence Yo, y1, Y2, ¥3,°°* is a@ 
closer approximation to the actual solution than is the previous one. 

Example 57.26. Find the first three Picard approximations if 
(a) y=r—y 
and y(1) = 2. 
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Solution. Comparing (a) and the initial condition with (57.2) and 
(57.21), we see that f(z,y) = 2? — y, to = 1, yo = 2. By (57.23) our 
first approximation is therefore yo(x) = 2. The succeeding approximations 
are, by (57.24), 


(b) yi(e) = 24+ I f(x,yo) dx 


= 3 
2 a ieee il 
24 (x 2)dt= 3 2x +3 


2 a f(x,y) dx 


= 3 
2 2 _u 
24 (2 3 + 2x +) a, 


3 4 7 
x x 2 
3 Tt? ~3 


ye(z) 


53 
Picard’s Method Applied to a System of Two First Order Equa- 
tions. Picard’s method of successive approximations can also be applied 


to a system of first order equations. We illustrate the method for the pair 
of first order equations 


(57.3) Zapitew, 2 = pltow), 
satisfying the initial conditions. 
(57.31) 2(to) = %o, (to) = Yo. 
The first approximations of the solution of the system (57.3) satisfying 


(57.31) are called x9(¢) and yo(t). In the absence of additional information, 
they are usually taken to be the constant functions 


(57.32) Xo(t) = Zo, yo(t) = Yo, 


where Xp and yo are given in (57.31). The subsequent approximations are 


t 

(57.33) 1. 21(t) = 2 + / ° Filt,zo),yo(d)] dt, 
t 

yi(t) = yo t i : Ffelt,zo(t),yo(t)] dt. 


t 
2. xo(t) = to + [ filt,z1(,y1 (0) dt, 
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t 
ye(t) = Yo + [ satan dt. 


Cr 


t 
n. En(t) = Xo +f Filt,tn—1(4),Yn—1)] dt, 


t 
Yn(t) = Yo + [. Ffelt,¢n—1(2),Yn—1 0] dt. 


Picard’s method thus yields two sequences of functions, ro, 21,°-°, 
Zn,***, and Yo, Y1,°°*, Yn, °**, each satisfying the appropriate initial 
condition in (57.31). The existence Theorem 62.12 which follows, will then 
give the conditions which f, and f2 of (57.3) must fulfill in order that an 
interval I about to exist, on which, as n — 00, the first sequence approach 
a limiting function x(é) and the second sequence approach a limiting func- 
tion y(t). This pair of functions is, on 7, the unique solution of (57.3) 
satisfying (57.31). For different permissible starting approximations, dif- 
ferent sequences will result but each will have the property that on J, 


lim z,(é) = z(t) and lm y,(t) = y(é). 


The rapidity with which each sequence will converge to its limiting func- 
tion will depend on how close the starting approximations are to the 
actual solutions. 


Example 57.34. Find the first three Picard approximations if the first 
order system is 


dx dy, _ 
(a) Gat ts ao az, 


and x(0) = 1, y(0) = —1. 


Solution. Comparing (a) and the initial conditions with (57.3) and 
(57.31), we see that f,(t,2,y) = t+ 2, fo(t,z,y) = t — 2, tp = 0, 2%) = 1, 
Yo = —1. By (57.32) our first approximations are zo(t) = 1, yo(t) = —1. 
By (57.33), the succeeding approximations are 


t t 
(b) 1. ai) = 1 ah filt,2o,Yo) dt = 1 46) (t+ 1) dt 
2 
t t 
yi) = —1 ef fo(t,to,yo) dt = —1 +f (¢ — 1) dt 


t? 
=-14+5-+ 
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t t 2 
2. te(t) = ey fi(t,21,y1) dt = +f («+ 1 +o4ia 
3 


t 
1+t+P +a 


yo(t) 


t 
—1 +f fo(t,t1,y1) dt 


sf (i$ He 


ea25 


Example 57.35. Find the first four Picard approximations if the first 
order system is 


(a) anh ays 
and 2(0) = 1, y(0) = 

Solution. Comparing (a) and the initial conditions with (57.3) and 
(57.31), we see that f:(t,2,y) = ty, fo(t,z,y) = zy, to = 0,29 = 1l,yo = 1. 


By (57.32), our first approximations are ro(¢) = 1, yo(t) = 1. By (57.33), 
the succeeding approximations are 


t t 2 
(b) 1. 2, (t) = eal Si(t,to,yo) dt = 1 ra | tdt=1 +5) 
t t 
yill) = eae fe(t,20,Yo) dt = 1 +f dt=1+4. 


t t 
2. e(t) = +f, filtt1,y1) dt = 1 a) (t + ¢?) dt 


I] 
+ 
t9| Ww 
+ 
oo| 


; ‘ 2 4B 
0 0 


Il 


agen an 
l+ttgt egt® 


: Bb t* ? 
3. xa(t) = a) ae 


146 aes ee ae ee 
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t 
= 2, 43, lit 17t8 5) 
wt) = 1+ [ Cais +o ta)a 
? 170° Ve 4 ae 
Sits +4 at ath + ons + 92" 


EXERCISE 57 


Find the first k Picard approximations after yo(x), of the particular 
solution of each of the following equations 1-5, where k is the number 
shown alongside each equation. 


ly =z—y,y0) =1,k = 4. 
2y = 2? + y, y(1) = 3,k = 3. 
3 y = «+ y?, y0) = 0,k = 3. 
4.y° = 1+ zy, y(1) = 2,k = 3. 
5. y = e + y, yO) = 0,k = 4. 


Find the first & Picard approximations after zo(¢), yo(t), of the particular 
solution of each of the following systems, where k is the number shown 
alongside each system. 


= —=ft— 2 = srs om 
6. a = t+ Yy; dt t Zz, 2(0) 2, y(0) 1, k 3. 
dz 2 dy _ < = = 
% ttt ys ay = 2 — 420) = 0,40) = Lk = 3. 
dx 1. uo pt = ee = 
38. 7 = at, u e, x(0) = 1, y(0) aa 1, k = 3. 


9. Picard’s method of successive approximations can also be applied to a system 
of first order equations greater than two. For the system of three first order 
equations: dz/dt = fi(t,z,y,z), dy/dt = fo(t,z,y,z), dz/dt = Sa(t,2,y,z) for 
which x(to) = xo, y(ts) = yo, z(to) = zo, the successive approximations are 


(57.4) 0. zo(t) = zo, yolt) = yo, —zo(t) = Zo. 


t 

1. 21(f) = to+ ‘A ; S1(t,x0,yo,20) at, 
t 

yi(t) = yo+ / . fe(t,20,yo,20) at, 
t 

ai(ét) = zot | ; J3(t,x0,yo,20) dt. 


2. z2(t) = w+ | Si(t,z1,y121,) dt, 
0 


t 
y(t) yo ach fe(t,e1,y1,21) dt, 
‘0 
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6. 


7. 


8. 


9 


t 
zo(t) = zo+ i fa(t,x1,y1,21) dt. 
0 


i 


t 
n. tn(t) = zo ca S1(t,2n—1,Yn—1,2n—1) dt, 
0 


t 
ynlt) = n+ { fo(t,2n—1,Yn—1,2n—1) dt, 
0 


t 
2n(t) = zo-+ : $3(t,¢n—1,Yn—1,2n—1) db. 
0 


Use (57.4) to find the Picard approximations x3, y3, 23 of the particular 
solution of the system 


73 


alee BY oe 


dt eee 


dt 
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LESSON 58. An Existence and Uniqueness Theorem for the 
First Order Differential Equation y’ = f(x,y) 
Satisfying y(xo) = 


For a clearer understanding of the proof of the existence and uniqueness 
Theorem 58.5 which follows, it will be necessary to know the meaning of 
the convergence of a sequence of functions, the meaning of the uniform 
convergence of a sequénce of functions, the meaning of a Lipschitz condi- 
tion, and to be acquainted with certain theorems from analysis. Hence, 
before beginning the proof, we shall briefly discuss these topics and list the 
needed theorems. 


LESSON 58A. Convergence and Uniform Convergence of a Se- 
quence of Functions. Definition of a Continuous Function. 


Definition 58.1. A sequence of functions 


(58.11) f(z), fe(z), cera , fn(2), eee 


each defined on a common set S is said to converge to a function f(x) 
on 8S, if for each x in S and for each fixed € > 0, no matter how small, 
there is an N such that 


(58.12) lfn(z) — f(x)| < €, whenn > N. 


In words the definition says the following. Pick any x you wish in this 
set S and choose any positive number € as small as you like. For this x 
calculate f,(x), fe(x), f3(z),--- and f(x). If the sequence of functions 
fil), fo(z), ++, fn(x), ++ + converges to f(x), then according to the defini- 
tion you must eventually reach a function fy+1(x) in the sequence, such 
that |fv+i(z) — f(z)| is less than this chosen positive €. Further every 
function in the sequence after fy 41(x) must also differ from f(x) in absolute 
value by an amount less than e. 


Example 58.13. Show that the sequence of functions 
1 
(@@) i@) = 7aG * z? Cfkle) =] ime m AM =ToR 


fn() =e 
converges to the function f(z) = 0on 7:0 < + $1. 


Solution. Let x be any number in the interval J: 0 < x S 1, and 
let € be any positive number. Here f,(x) of (58.12) is 1/(1 + na) and 
f(x) = 0. Hence by Definition 58.1, we must show that there exists an 
N such that 


(b) 


| 1 


te - ol <6 when n > N. 
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The inequality (b) is equivalent to 

1 1 1/1 
(c) z< itm, e7i<m, n>i(t-1). 


If, therefore, 
1/1 
then (b) will hold when n > N. [Nors. If 1/e — 1 is negative, take 
N = 0.] For example, if we choose + = 4 and € = 0.02, then by (d), 
N = 2(50 — 1) = 98. It should therefore follow that the value of each 
1 Sto Ns 

1499/2’ f100(@) =T450° 
should be less than € = 0.02. You can easily verify that each such func- 
tion is indeed less than 0.02; remember, with a fixed numerator, the value 
of a fraction decreases as the denominator increases. And if we choose 
x = 1/100, then by (d), N = 100(50 — 1) = 4900. We would therefore 
need to go to the 4901th function in the sequence before coming to the first 
one whose value differs from zero by less than € = 0.02. And if we pick 
x = 1/1,000,000, then by (d), N = 1,000,000(50 — 1) = 49,000,000, i-e., 
we shall need to go to the 49,000,001st function in the sequence before 
coming to the first one whose value differs from zero by less than 0.02. 

It is evident from (d) and the above examples, that for each fixed posi- 
tive €, and for each different 2, a different N will be required in the sequence 
to insure the validity of (58.12), i.e., N depends on both the values of 
xande. This dependency of N on both z and € is common to a great many 
sequences. On the other hand, there are certain sequences where N does 
not depend on zx but only on the value of ¢, i.e., for a fixed € > 0, no matter 
how small, it may be possible to find an N such that (58.12) will be valid 
for every xin [ when n > N. In other words, we do not, in this case, need 
to hunt for a different N for each different x. We find an N once and for 
all which will hold for every x in J. In this event, we say the sequence of 
functions (58.11) converges uniformly on I to the function f(z). 


eee 


function after the 98th, namely, fo9(4) = 


Definition 58.14. A sequence of functions (58.11), each defined on a 
common set S is said to converge uniformly on S to a function f(z), if 
for a fixed positive €, no matter how small, there is an N such that 


(58.15) |fn(xz) — f(x)| < € whenn > N, 


for every x in S. 


We emphasize once more, that here for a fixed € > 0, we pick an N only 
once. For each x in 8, the absolute value of the difference of each of the 
functions fy +1(x), fy4o2(x), +++ and f(x) will be less than e. 
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Example 58.16. Show that the sequence of functions 
1 
(a) fi(x) = eae + a fe(x) = i ck a’ f3(x) = T+ 32’ tee, 


fale) = gee 
converges uniformly to the function f(z) = 0 on J: 1 S «. 


Solution. Note that this sequence of functions is the same as that of 
Example 58.13, but that the interval is different. Here we must show, by 
Definition 58.14, that for a given € > 0, 


1 
(b) |. -0|<« when n > N, 


for every xin I: 1 S x < o. By (c) of the previous example, 


1/1 
(c) n> - ¢ = 1) : 
For a fixed € > 0 and for anzin J: 1 S 2, the expression on the right of 


(c) will have its largest value when c = 1. And when x = 1, (c) becomes 


n> : — 1. If therefore 
(a) wv =[!-1] 
=|5 ’ 


then (b) will hold for each z in J when n > N. For example, if € = 0.02, 
then by (d), N = 49. You can verify that os functional ar in the 


ap fa = eure 
is less than 0.02. Hence for x > 1, each functional value in the sequence 
after the 49th is surely less than 0.02. Our given sequence of functions, 
therefore, converges uniformly on J: 1 = x < & to the function f(x) = 


sequence after the 49th, namely, fso(1) = 


Definition 58.17. A function f(x) is continuous at a point x = a 
if f(a) exists and if 


(58.171) lim f(x) = f(@). 
ra 
Definition 58.172. A function f(x) is continuous on, or in, an 
interval J if it is continuous at every point of J. 


Definition 58.18. A function f(x,y) is continuous at a point (a,b), 
if f(a,b) exists and 


(58.181) lim | feu) = f(a,b). 
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Definition 58.19. A function f(x,y) is continuous on, or in, a 
region S if it is continuous at every point of S. 


LESSON 58B. Lipschitz Condition. Theorems from Analysis. 
(The theorems from analysis which we shall need have been stated without 
proof. Their proofs can be found in advanced calculus text books.) 


Definition 58.2. If f(x,y) is a function of x and y in a region S such 
that, for every two pints (x,y) and (2,9) in S, 


(58.21) fey) — f(z9)| S My — Jl, 


where N is a positive constant, then f(x,y) is said to satisfy a Lipschitz 
condition in S (see Fig. 58.57). 


Theorem 58.22. Law of the mean. See Fig. 58.57. If f(x,y) ts a 
function of x and y that has a continuous partial derivative with respect to y 
in a region S, then for each x there exists a number Y such that 


fay) — $@9) _ 9 
(58.23) yao Gy f(z, Y), 
where (x,y) and (x,9) are any two points in S and Y lies between y and 9. 


ts) 
Remark. The notation — ay f(x, Y) means the value of the partial deriv- 
ative of the function f(x,y) with respect to y when y = Y. 


Comment 58.24. If f(x,y) has a continuous partial derivative with 
respect to y in a region S, and if this partial derivative as a function of the 
two variables x,y is bounded in S, then f(z,y) satisfies a Lipschitz condi- 
tion. The proof proceeds as follows. Since df(z,y)/dy is bounded in S, 
there exists a constant N such that 


(a) Zien sy 


for every point (z,y) in S. Let (x,y) and (2,9) be any two points in S. 
Then by Theorem 58.22 there exists a number Y between y and J, such that 


few Ss a 7” 2 1.79] : 


Since (x,Y) is a point in S, we can substitute the inequality (a) for the right 
side of (b) and thus obtain (58.21). 


Theorem 58.25. If f(x) is a Riemann-integrable function on I: a S 
x Sb, then 


(b) 


(58.26) | f f(z) ae| < if f(a)| de. 
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Theorem 58.3. If f(x) ts a continuous function on the interval I: 
asxsbani 


(58.31) F(x) -{ fd, agarsb, 
then F(x) is continuous on I, and 
(58.32) F(z) = f(t), a<a2x<b. 


Theorem 58.4. If a sequence of continuous functions f(x), fo(x), °°: , 
Sn(x), +++. each defined on a common interval I, converges uniformly on 
I, to a function f(x), then f(x) is continuous on I. 


Comment 58.41. The preceding theorem is not true if, on J, the 
sequence of functions merely converges to f(x), but not uniformly. For 
instance, the sequence of continuous functions of Example 58.13 converges 
on J: 0 S$ x S$ 1, but not uniformly. The sequence converges on 0 < 
x S 1 to the function f(x) = 0. But when z = 0, each function in the 
sequence has the value one. Hence on the interval 7:0 S x S 1, the 
limiting function of the sequence is 


(a) fay = (0 9 S381 


The function f(x) is therefore discontinuous on I. 


Theorem 58.42. If a sequence of continuous functions f,(x), fe(x),+--, 
fn(x), +++, each defined on a common interval I, converges uniformly on 
I to a function f(x), then 


(58.43) lim / fa(x) dx = i lim fr(z) dx = i f(x) dx, 


where the interval (x9,x) ts contained in I. 


Definition 58.44. A series of functions 


fil) + foe) + +++ + fale) +++, 


each defined on a common interval J, is said to converge uniformly on J 
to a function f(z), if the sequence of partial sums F’) (x), F2(x),-+-, Fr(x), 
where 


F(x) = fi(z) er + fa(2), 
converges uniformly on J to f(z). 


Theorem 58.45. If each function f,(x), fo(x),---, fa(x) ts defined and 
bounded on a common interval I, 1.¢., if 


(58.46) lfi(x)| S Mi, 1 = 1,2,---,n,---, 
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and if the infinite series of positive terms 

(58.47) Mi+Mr+-+-+Ma+- 

converges, then the series 

(58.48) fix) + fo) +--+ +fr@) +°: 


converges uniformly on I to a function f(z). 


Comment 58.481. By the above theorem, if each |f;(z)| S M:, and 
XM; converges, then for a given € > 0, there is a positive N such that 


(f1(a) + fo(z) +--+ +Ffn(z) — f(x)| < € whenn > N, 
for every x in I. 


Example 58.49. Show that the series of functions, 
< 1 
a = ————-) . < < 
(a) > f(x) = p> lee 08281, 


converges uniformly on I. 


Solution. Take M; = 1/2*. Therefore 


1 1 1 
(b) Mim Mit Mat Mate = ata tot 
By (a), and for each x such that 0 S$ x S 1, 
0 1 1 1 
(c) DO) =s. 5th tet 


t=] 


1 1 1 
Sgtatat 


The last series on the right of (c) is a geometric series which converges to 
one. Hence the first series of functions, which is the given series (a), by 
Theorem 58.45, converges uniformly on J to a function f(z). 


LESSON 58C. Proof of the Existence and Uniqueness Theorem 
for the First Order Differential Equation y’ = f(x,y). In Theorem 
38.14, we gave a sufficient condition for the existence of a power series 
solution of y’ = f(x,y) satisfying an initial condition y(x%o) = yo. Com- 
pare it with the theorem we now state, which gives a sufficient condition 
for the existence and uniqueness of a solution of y’ = f(x,y) for which 
y(to) = Yo. 
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Theorem 58.5. See Fig. 58.57. Let f(x,y) be a bounded, continuous 
function of x and y in a region S of the xy plane and let (xo,yo) be a point 
of S. In 8, let the function f satisfy the Lipschitz condition (68.21), namely 


for every two points (x,y) and (2,9) in S. 
Then an interval 


(58.52) Io: |x — xo| < h, h > 0, 


exists on which there is one and only one continuous function y(x), with a 
continuous derivative on Io, satisfying the differential equation 


(58.53) y’ = f(x,y) 
and the initial condition 
(58.54) y(to) = Yo. 


Remark. The above theorem is a special case of the more general 
Theorem 62.12 on systems of first order equations. 


Proof. The proof of the theorem will be based on Picard’s methods of 
successive approximations. By (57.23) and (57.24), these approximating 
functions are 


(58.55) yo(x) = Yo, % 
yi(z) = Yo i Slbyo)] dt, 


yo(x) = Yo fh fltyi@] dt, 


ee 


Yn(a) = Yo + [ tna dt, 


where f(x,y) is the continuous function of (58.53), yo is the constant of 
(58.54) and the interval (xo,x) is contained in S. Because the proof is 
long, we have divided it into four parts. Nor. We shall use J: |x — zo| 
S h to denote the closed interval (58.52). 


A. First we shall show how to determine the interval J of (58.52). 
B. Second we shall prove that on J each of the functions yo(z), y1(2), 
+, Yn(x) of (58.55) is continuous and its graph lies in a rectangle R 
contained in the given region S. 

C. Third we shall prove that this sequence of functions yo, y1, °°, Yn of 
(58.55) converges uniformly on J to a function y(zx) which, on Jo, is a 
solution of (58.53) satisfying (58.54). We thus establish the existence 
of a particular solution y(z). 
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D. Finally we shall prove that this solution y(x) is, on I, the unique par- 
ticular solution of (58.53) satisfying (58.54). 


A. Determining an interval I. Since the given function f(z,y) is, by 
hypothesis, bounded in S, there exists a positive constant M such that 


(58.56) lf(z,y)| < M, 


for every point (z,y) in S. The point (x0,yo) of (58.54) is by hypothesis a 
point of a region S. (See Fig. 58.57 and keep referring to it.) Hence we 


\iyeas0-re9) 
ly -5l 


I: |x- Xo] Sh 


ae ae 


YA 


Figure 58.57 


can find a positive number A such that the rectangle of dimensions 
|x — xo| S h, ly — yol < Mh which has this point (xo,yo) at its center, 
and where M is the constant in (58.56), lies entirely in S. Call this rectangle 
R. Therefore all points in R (since they are also in S) whose x coordinates 
are in the interval 


(58.58) I:to ~-A Seu S auth, |x — xl SA, 


satisf (58.51) and (58.56). This interval J, without its endpoints, is the 
interval I of (58.52) referred to in the theorem. 


Proof of B. Each function yo(z), yi(),°°*, Yn(x) of (68.85) is, on the 
interval I of (58.68), continuous and its graph lies in R. Consider the first 
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function yo(z) = yo. Its graph is a straight line parallel to the x axis 
and yo units distant from it. Hence for all z in J, the graph of yo(x) = yo 
lies in R (keep referring to Fig. 58.57). To complete the proof, we use the 
inductive method of reasoning described in Lesson 24A. We assume the 
graph of the function y,—1(z) lies in R and must then show that the graph 
of the function y,(2) is also in R. 

Hence we assume that for all x in I of (58.58), the graph of yn_1(z) lies 
in R. This means we assume that for each z in I, yn—1(x) will give a value 
of y which is in R. Therefore [x,yn_,(x)] is a point of R. Hence by (58.56) 


(a) [flz,yn—1(x)]| < M. 


By the last equation of (58.55), by (58.26), (a) and (58.58), in the order 
listed, we obtain 


(b) lyn(z) — yol = [ten al s 


< u|/ dt 
Zo 


Equation (b) says that for each x in J, the distance from yn(x) to yo < 
Mh (see Fig. 58.57). Therefore the graph of y,(x) lies in R. 

We have thus proved that for each x in I of (58.58), [z,yx(x)], k = 0, 
1, 2,--+,n,--++isa point of R contained in S. Hence, by the hypothesis 
of the theorem, each integrand f[x,yz(x)], k = 0, 1, 2,---, n,--> of 
(58.55) is, in R, and therefore on J, a continuous function. It therefore 
follows by Theorem 58.3, that each function y;(z), -+-, yn(x), -++ of 
(58.55) is also a continuous function on 7. And since yo(x) = yo, a con- 
stant, it too is a continuous function on J. 


ic Iflt,yn—1 (d)]]| al 


= M\|x — 2xo| S Mh. 


Proof of C. There exists a particular solution of (68.53) satisfying 
(68.64). By the second equation in (58.55) and Theorem 58.25, 


if _Sleyo(O1 al = |f _[fleyo(0l at 


In B, we proved that for each x in J of (58.58), the point [z,yo(x)] is in R. 
Therefore by (58.56) and (58.58), (c) becomes 


ze 
fa 
Zo 


Subtracting the second equation of (58.55) from the third, we obtain 


(c) lyi(z) — yo(x)| = 


(d) lyi(z) — yo(x)| < M = M|z — xo| S Mh. 


(e) lye — yl [ {fltyi(] — fltyo()} al 


IIA 


, \flt,yi(4)] > fit,yo(]| al ‘ 
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For each x in I, both points [x,y1(z)] and [z,yo(x)] are, by B, in R. 
Hence by (58.51), we can write (e) as 


(f) lye —-nl Ss 


wl ff la — vol a 


Replacing the integrand in (f) by its value M|t — zo| as given in (d), we 
obtain with the help of (58.58), 


Ea 
(g) lve — wl < anf 1 — sae] = aw ES 2? ye 
" ! 


Repeating the above procedure, we find, with the help of (58.55), (58.51), 
(g), and (58.58), in the order listed, 


(h) lys — yel S 


i. _lieva(0] — steal al 


s 


w\f lye(t) — yi(t)| al 


Ed 
|t — aol? | _ 2 |z — 2ol® 
a a | EN ay 


2 he 
31° 


< MN? 


< MN 
And in general, it can be shown by the same type of inductive argument 
we used in B, that for every x in J and every n, 


(i) lyn(z) — Yn—1(x)| < MN™"} fp — sol" 


(Wh) 
n! 


n—1 Rh” — M 
< MN al WN 
By (i) 


MN 
@) lyr — vol < ay GP? 


ey 


M (Nh)” | 
n! 


Yn — Yn—il <W 


The sum of yo and the positive terms on the right side of (j) is 


2 n 
wot MINA, OT. OT ST, 
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M 
a series which, by (37.42), converges to yo + a (eM* — 1). Hence, by 
Theorem 58.45, the series 


(k) Yo + (yr — Yo) + (y2 — m1) He°* + Yn — Yn—1); 


which is the sum of yo and the functions on the left side of (j), converges 
uniformly on J to a function y(z). But the sum (k) is yn. We have thus 
proved that on the interval J of (58.58), 


@) lim ya(e) = yC@) 


uniformly, i.e., the sequence of continuous functions yo(x), yi(z),-°-, 
yn(x), defined in (58.55), converges uniformly on J to a function y(x). By 
Theorem 58.4, therefore, this function y(x) is continuous on J. Moreover, 
it follows by Definition 58.14 since the graph of y,(x) is in R, that the 
graph of y(x) must also be in R. 

Since for every x in J, [z,y(zx)] and [x,yn(x)] are points of R, we have, 
by (58.51), 


(m) flx,yn(x)] — flz,y(@)]] S Niyn(z) — y@)|. 


By (1), the sequence yn(z) — y(x) uniformly on J. Therefore, by Defini- 
tion 58.14, there exists an index P such that |yn(z) — y(x)| < €/N, when 
n > P for every x in J. Hence, by (m), 


[flz,yn(x)] — flz,y(e)]| < €, whenn > P, 


for every x in J. Therefore, by Definition 58.14, the sequence of con- 
tinuous functions f[z,yo(z)], f[z,yi(z)], -- +, f{[z,yn(x)], «++, converges uni- 
formly on J to f[z,y(x)], i-e., 


lim Slz,yn(x)] = fle,y@)] 


uniformly. Therefore, by Theorem 58.4, f[z,y(x)] is a continuous function 


on J. 
Hence by (1), the last equation of (58.55), Theorem 58.42, and the equa- 
tion immediately above, in the order listed, 


(n) y(z) = lim Yat) = yo + lim i} F[tyn—1(0)] dt 


vo + | ima fam x(0) a 
Zo no 


w+ f _Sley Oat 
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We showed above that f[x,y(zx)] is a continuous function on J: |x — xo| Sh. 
It therefore follows by (n) and Theorem 58.3, that 


y'(x) = fiz,y(@)], To: |n — aol < h. 
By (n), we see also that 


bad) 


y(o) = Yo +f flt,y@] dt = yo + 0 = yo. 


We have thus proved the existence on J of a particular solution of 
(58.53) satisfying (58.54). It is the limiting function y(z) of (1). We must 
still prove that this particular solution y(x) is unique. 


Proof of D. The function y(x) of (1) ts the unique particular solution of 
(58.58) satisfying (58.54). Assume g(x) is another particular solution of 
(58.53) satisfying (58.54). Therefore we assume 


(0) g(x) = fiz,9@)], 


for which g(zo) = yo. By integrating (0) and inserting the initial condi- 
tions g(zo) = Yo, we obtain 


g(x) = Yo +f fit,g(t)] de. 


Subtracting (n) from the equation immediately above, we have 


(p) lg(x) — y(z)| 


a {fit.g] — flty@} al 


i: _(Mo(O] — stew al 


IA 


We proved in B, that for every x in J of (58.58), the graph of each function 
Yo: Yi, °°", Yn Of (58.55) lies in a rectangle R contained in S. We proved 
in C that this sequence of functions converges uniformly on J, to a continu- 
ous function y(z) whose graph also lies in R. Similarly, it can be shown 
that g(x) is a continuous function on I whose graph lies in a rectangle 
contained in S. Therefore for each x in I of (58.58), the points [x,y(zx)] 
and [z,g(x)] are in S. We may therefore apply (58.51) to the last expression 
on the right side of (p). We thus obtain 


i (g(t) — y())| de}. 


For every x in J, the graphs of g(x) and y(x) are in bounded rectangles 
contained in S. Call D the maximum value of |g(x) — y(x)| for x in J. 


(q) lg(z) — y(x)| S$ N 
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Ed 
fa 
xo 


Substituting (r) for the integrand in (q), we obtain 


z 
i li — Lol dt 
Zo 


Again substituting (s) for the integrand in (q), we obtain 


[S lt — zol* ol at 


Continuing in this manner, we find, with the help of (58.58), 


DN" _ 5 (Nh) 
nto n! 


Then by (q) 
(r) lg(z) — y(x)| S DN 


= DN\|z — xl. 


_ 2 |e — Sol”. 
= DN a 


(s) — |g(z) — y@)| S$ DN? 


3 
3 |t — ol 
= DN aT aaa 


(t) — |g(x) — y(a)| S DNF 


(u) Ig) — yi s by B= 


In the last term of (u), D is a constant and (Nh)"/n! is, by (37.42), the 
general term of the series expansion of e%* which converges for all Nh. 
Its nth term, therefore, approaches zero as n — oo. Hence D(Nh)"/n! 
approaches zero as n approaches oo. Since |g(x) — y(x)| can be made 
less than any number no matter how small, it follows that 


(v) g(x) — yz) = 0, = g(x) = y(z). 


We have thus proved finally that the particular solution y(x) of (1) is 
unique. The assumed second solution g(x) is the same as y(z). 


Comment 58.59. It is now evident why in Picard’s method the first 
starting approximation yo(x) need not be the line yo(x) = yo, where yo is 
the initial condition given in (58.54). It can be any continuous function 
through the point (29,yo) whose graph is in R. Each such starting function 
will determine a sequence of functions whose limiting function is a par- 
ticular solution of the given equation satisfying the given initial condition, 
valid on the interval I of (58.52). By the theorem there can be only one 
such particular solution. 


Comment 58.6. Let xo be a fixed value of x. Then each point (x9,c) 
of S, where c is an arbitrary constant, determines a unique solution y(zx) 
of (58.53). Hence the solution y(x) is a function not only of x but also of 
the ordinate c, ie., y = Y(z,c). There is therefore a 1-parameter family of 
solutions of. (58.53) cutting across each line x = 2. 


Comment 58.61. Theorem 58.5 gives only a sufficient condition for 
the existence and uniqueness of a particular solution of a differential equa- 
tion y’ = f(x,y) for which y(zo) = yo. It is not a necessary condition. 
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The sufficient condition means that if a region S contains only points which 
fulfill (58.51) and (58.56), then the conclusion of the theorem must follow, 
i.e., each point of S lies on one and only one particular solution of (58.53). 
That the condition is not necessary implies its conclusion may still be true 
for points in S which do not fulfill (58.51) and (58.56), i.e., these points 
may still lie on one and only one particular solution. 


Comment 58.62. Theorem 58.5 serves another useful purpose. By 
Definition 5.4, an ordinary point of a first order equation y = f(z,y) lies 
on one and only one integral curve. Hence every point (x0,yo) of a region S 
that fulfills (58.51) and (58.56) must be an ordinary point since, by the 
theorem, each such point lies on one and only one integral curve. Assume 
that S contains only ordinary points and that we are able to write a 
1-parameter family of solutions of a differential equation explicitly or im- 
plicitly in terms of elementary functions. If for each point (x0,yo) of S, 
the 1-parameter family yields a particular solution through it—and by the 
theorem there is only one such solution—then this family, by Definition 4.7, 
must be a general solution since it contains every particular solution of the 
differential equation. In this special case, therefore, the theorem makes 
us aware whether our n-parameter family of solutions is a general one or 
not. 


Example 58.63. Obtain four Picard approximations if 
(a) y=1+y 


and y(0) = 0. Find an interval for which the sequence of Picard approxi- 
mations will converge to the actual solution. 


Solution. Following the method outlined in Lesson 57B, we find 
(b) yo(2) = 0, - 


no) = | a=, 
* 2 23 
yo) = J +e%)de=2+ 5, 
% 3\2 3 
wt) = f 1+(2+4) deo Sah 4 Fal, 


f(x,y) 
F 


Here f(x,y) of Theorem 58.5 is 1 + y? and = 2y. Therefore in any 


bounded region S, no matter how large, f(x,y) is continuous and satisfies 
(58.56). Its partial derivative is also continuous and bounded in S. Hence, 
by Comment 58.24, f(x,y) satisfies (58.51). Let us take for S the region 
—5 < y < 5 (see Fig. 58.64). Then the M of (58.56) is found as follows. 


(c) lf(zy)| = [I+ y?] <14+25 = 26 = M. 
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We must now choose h, according to A of the theorem, so that the rec- 
tangle R of dimensions (here ro = 0 and yo = 0) |z| Sh, ly| < 26h 
which has the point (0,0) at its center lies in S. Remember S is now 
bounded by the lines y = 5 and y = —5. If therefore we choose h = 


I: |x| 0.19 


Figure 58.64 


0.19, then the rectangle R of dimensions |z| S 0.19, |y| < 4.94 which has 
(0,0) at its center will lie in S. The interval J of (58.58) and the rectangle 
R are shown in Fig. 58.64. Hence the sequence of functions yo, y1,° ++, Yn 
will converge on the interval —0.19 < x < 0.19, toa function y(x) which, 
on this interval, is the actual solution of (a) satisfying y(0) = 0. 


Comment 58.65. The actual solution of (a) satisfying y(0) = 
(d) y = tanz. 
Its Maclaurin series is 
17x” | 622° 
(e) tong =2+% ae 315 + og35 tO 


which converges for |x| < 2/2. A comparison of (e) with y3(x) of (b) 
shows that the first three terms of each series are the same. If we had 
obtained additional Picard approximations, subsequent functions in the 
sequence would contain more and more terms in agreement with (e) and 
would approach the actual solution tanz. Note, however, how much 
smaller the interval J, obtained from the theorem, is than the interval 
(—7/2, 7/2) for which the series (e) is valid. In the absence of a solution, 
we would know by the theorem only, that for |z| < 0.19, the sequence of 
approximating functions yo(x), yi(z),--+, Yn(xz) converges to a function 
y(z) which is the particular solution of (a) satisfying y(0) = 0. We would 
thus know, for example, that yn(0.1) is an approximation to tan (0.1). 
However, we could not know from the theorem whether yo(0.5), 
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yi(0.5), +++, yn(0.5) converges to the actual solution tan (0.5) unless we 
could find a larger h. The theorem therefore does not always give us a maxi- 
mum interval of convergence. 


3 


4 


5 


. 


2. 


EXERCISE 58 


. Show that the sequence of functions z, z?, x3,--+, 2" converges on I: 


0S x < 1, to the function f(z) = 0, but not uniformly. What is the limiting 
function of this sequence if J is the interval 0 S x S 1? Is the limiting 
function continuous? 


22 


. x nz 
. Show that the sequence of functions it. ite ide converges 


on [:0 < x < © to the function f(z) = 1, but not uniformly. What is the 
limiting function of this sequence if J is the interval 0 S x < ©? Is this 
limiting function continuous? 


Show that the sequence of functions 1/z, 1/2z, 1/3z,-+-, 1/nz converges 
uniformly on J: 1 S x < © to the continuous function f(z) = 0. 


Show that the series 


2 4 2 6 4 
fone og (a any OS chee) ey (Pee ce nape anlaO, EE 
1+ 22 l+24# 1+22 1+26 1+ 24 , 
whose sequence of partial sums is 
Tfa2’ 1 tat? 71 a2)’ 
converges to the function 
fe) = 0, |z] <1, 
4, |x| = 1, 
=1, |z| > 1. 
In comment 58.59, we stated that the first Picard approximation need not 
be the function yo(z) = yo, where yo is the given initial value. In Example 
58.63, our first approximation was yo(x) = 0. Show that yo(z) = x would 
have been a better first approximation. Solve the problem starting with this 
new first approximation. 


Solve the problem in Exercise 57,1, starting with the approximation yo(z) = 
1 — x. See 5 above. Is it a better or poorer approximation? 


. Find an interval of convergence for each sequence of Picard approximations 


obtained in Exercise 57,1, Exercise 57,2, Exercise 57,5. 


ANSWERS 58 


f(z) = 0,0 S z < 1;f(z) = 1,2 = 1. Limiting function is discontinuous. 
f(z) = 1,0 < t < @;f(z) = 0,2 = 0. Limiting function is discontinuous. 
Better approximation. Actual solution is y = 2e-*+2—1=1—2+ 
2 gt gd 
Dice Feo 
3° 12 60 
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7 (1) [f(z,y)| S |z] + ly] < Mf. Any values of z and y are permissible tor 
region S. Choose h so that rectangle of dimensions |z| < h, |y — 1] < Mh 
which has (0,1) at its center lies in S. The interval is |x| < h. 

(2) |f(z,y)| S |z2| + ly] < Mf. Any values of z and y are permissible for 
region S. Choose A so that rectangle of dimensions |x — 1| < h, |y — 3| < 
Mh which has (1,3) at its center lies in S. The interval is |z — 1| < h. 


LESSON 59. The Ordinary and Singular Points of a First Order 
Differential Equation y’ = f(x,y). 


In Lesson 5, we introduced the concept of an ordinary point and of a 
singular point of a first order equation 


(59.1) y’ = f(x,y). 
For convenience we repeat these Definitions 5.4 and 5.41. 


Definition 59.11. An ordinary point of a first order differential equa- 
tion (59.1) is a point in the plane which lies on one and only one member 
of a 1-parameter family of solutions, i.e., it lies on one and only one integral 
curve. 


Definition 59.12. A singular point of the first order differential equa- 
tion (59.1) is a point in the plane which meets the following two require- 
ments. 


1. It lies on none or more than one integral curve of (59.1). 
2. If a circle of arbitrarily small radius is drawn about this point, there is 
at least one ordinary point in its interior. 


Comment 59.13. By Definition 59.11 and Comment 58.61, all points 
(x,y) of a region S, in which f(z,y) satisfies (58.51) and (58.56), are ordinary 
points of (59.1). They lie on one and only one integral curve of its family 
of solutions. If the region S contains points which do not fulfill (58.51) 
or (58.56), then by Definition 59.12 and Comment 58.61, they may be singu- 
lar. Hence in hunting for singular points, we need only examine those 
which fail to fulfill (58.51) or (58.56). There is certainly no need to look 
for them among those which do. 


Example 59.2. Determine whether the differential equation 
(a) y’ = 2 
has singular points. 


Solution. Here f(x,y) of Theorem 58.5 is 2x and df(x,y)dy = 0. 
Therefore in any bounded region S, f(x,y) is continuous and satisfies 
(58.56). Its partial derivative with respect to y is also continuous and 
bounded in S. Therefore by Comment 58.24, f(x,y) satisfies (58.51). 
Hence, by Comment 59.13, each point of S is an ordinary point. There 
are no singular points. 
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Remark. The solution of (a) is 
(b) y=2+¢, 


which is a family of parabolas with its vertices on the y axis. For each 
point (29,yo) in the plane, (b) will give an unique particular solution of (a) 
satisfying the point (x%o,yo). Hence, by Comment 58.62, we now also know 
that (b) is a general solution of (a). 


Example 59.21. Determine whether the differential equation 
(a) y= —v1l—y, -lsysl, 
has singular points. 


Solution. Since \/1 — y? is defined only for values of y for which 
—1 Ss y S 1, we confine our attention to a region which is contained 
between these lines. Here f(x,y) of Theorem 58.5 is —\/1 — y? and 
Of(x,y)/dy = y/V/1 — y2. Let us take for S the region defined by 
—1 <y <1, |x| < A, where A is a positive number, Fig. 59.22. Let 


Figure 59.22 


(x0,Yo) be a point of S. Since it is an interior point of S, it can be sur- 
rounded by a rectangle contained in S. In this rectangle, f(x,y) is con- 
tinuous and satisfies (58.56). Its partial derivative with respect to y is 
also continuous and bounded. Therefore, by Comment 58.24, f(z,y) satis- 
fies (58.51). Hence each point in this rectangle, by Comment 59.13, is an 
ordinary point. Since each point of S can be similarly surrounded by a 
rectangle, all points of S are ordinary points. 

If we enlarge S to include the lines y = 1 and y = —1, then for these 
values of y, (58.51) is not satisfied. [In (58.51), take 7 = 1. Then as 
y— 1, |((—V1 — y?2 + 0)/(y — 1)| > o.] Hence the points on these 
lines may, by Comment 59.13, be singular points of (a). That they are 
in fact singular points can be seen from the solutions of (a). These are 


(b) y = cos (x + ¢) 
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where c is the usual arbitrary constant, and the functions 
(c) y= +1. 


Each point on the line y = 1, ie., each point (xo,1) lies on the integral 
curves y = cos (t — o) and y = 1; each point on the line y = —1, ie, 
each point (%o,—1), lies on the curves y = cos (x + @ — zo), and y = 
—1. For example, the point (0,1) lies on the integral curves y = cos x 
and y = 1, the point (—2,1) lies on the integral curves y = cos (x + 2) 
and y = 1, the point (3,—1) lies on the integral curves y = cos (x + a — 3) 
and y = —1. Hence, by Definition 59.12, the points on the lines y = 1 
and y = —1 are singular points. 


Comment 59.23. If the region S in the above example excludes the 
lines y = +1, then each point of S, as remarked above is an ordinary 
point. Hence by Definition 59.11, there is one and only one particular 
solution through each point of S. Since for each point of S the family (b) 
yields a particular solution through it, we now know, by Comment 58.62, 
that the 1-parameter family (b) is, in S, a general solution of (a). If, how- 
ever, S includes the lines y = +1, then in the absence of further informa- 
tion, we cannot know whether (b) is a general solution of (a), i.e., whether 
it contains every particular solution. For since (z,+1) may be singular 
points, there may or may not, by Definition 59.12, be solutions through 
these points. Actually, as we saw above, y = +1 are particular solutions 
of (a) not obtainable from the family (b). Hence for this enlarged region S, 
(b) is not the general solution of (a). 


Example 59.24. Determine whether the differential equation 
(a) y=(t))*/y, y 0, 


has singular points. 


Solution. Here f(x,y) of Theorem 58.5 is (y + 1)?/y and af(z,y)/ay = 
(y? — 1)/y?. Let us take for S the region defined by —B < y < 0, 
|z| < A, where A, and B > 1, are positive numbers, Fig. 59.241. Let 
(xo,yo) be a point of S. Since it is an interior point of S, it can be sur- 
rounded by a rectangle contained in S. In this rectangle f(z,y) is continu- 
ous and satisfies (58.56). Its partial derivative with respect to y is also 
continuous and bounded. Therefore, by Comment 58.24, f(z,y) satis- 
fies (58.51). Hence, each point in this rectangle, by Comment 59.13, is an 
ordinary point. Since each point of S can be similarly surrounded by a 
rectangle, all points of S are ordinary points. Therefore, by Definition 
59.11, each point in S lies on one and only one integral curve of (a). 

The n-parameter family of solutions of (a) is 


1 ae a 
(b) Pert eee See y x —1, 
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We now note that (b) excludes particular solutions of (a) that lie on points 
whose y coordinate is —1. Hence we now also know that (b) cannot be 
the general solution of (a) and that there must be an additional solution 
(or solutions) of (a) that lie on the points (z,—1). This particular solution 


Figure 59.241 


is, in fact, the line y + 1 = 0. This solution together with (b) contain 
every solution of (a). There are no others. Note the role played by the 
existence theorem in warning us that (b) cannot be the general solution 
of (a). 

EXERCISE 59 


Determine the singular points, if there are any, of each of the following 
equations. 


ly =<—y. 

27 = 4, z #0. 

3% yy’ =V1i—y, ly] Sly ¥ 0. 
4y =Vy, y20. 

5. yf = z—y #0 

y ma y 


ANSWERS 59 


1. None. 2. None in each half plane x > 0, 2 < 0. 
3. Lines y = +1, 4. Line y = 0. 5. None in each of the two regions 
divided by the line x — y = 0. 


LESSON 60. Envelopes. 


In this text, we have described various techniques for finding a 1- 
parameter family of solutions f(z,y,c) = 0, for special types of first order 
dy 


—J]= 0. If this 1-parameter 
dx 


differential equations of the form F (aw 
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family of solutions is not a general one, then the problem of finding par- 
ticular solutions, if there are any, that are not obtainable from the family 
is usually a complex and difficult one. However, there is one case where 
a standard method exists for finding such particular solutions. The method 
we shall describe is closely associated with the notion of an “envolope” of 
a family of curves. Hence we shall first discuss the meaning of an envelope 
of a family of curves. 


LESSON 60A. Envelopes of a Family of Curves. Consider the 
family of circles (rx — c)? + y? = 1, with centers at (c,0) and radius 1, 
Fig. 60.01. Each circle is tangent to the lines y = +1. Since these two 


FINI Ae 
SS EC SECS, 


Figure 60.01 


lines may be looked at as enclosing the family of circles, and since the 
word envelope means a wrapper for enclosing something, each has been 
called an envelope of the given family of circles. More generally, we de- 
fine the envelope of a family of curves as follows. 


Definition 60.1. Let f(z,y,c) = 0 be a given family of curves, Fig. 
60.2. A curve C will be called an envelope of the family if the following 
two properties hold. 


1. At each point of the envelope there is a unique member of the family 
tangent to it. 
Envelope curve cy) 


Members of family f(x,y, c)=0 


Figure 60.2 
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2. Every member of the family is tangent to the envelope at a distinct 
point of the envelope. 


Definition 60.21. A function f(x,y,c) is said to be twice differentiable 
if all its first and second partial derivatives exist. 


We now state without proof* a theorem which gives a sufficient condition 
for the existence of an envelope of a family f(z,y,c) = 0. 


Theorem 60.22. If f(x,y,c) is a twice differentiable function defined for 
a set of values of x,y,c, and if, for this set of values, 


(60.23) f(x,y,c) — 0, Hews) pa 0, 
and 
(60.24) a 2 a 
2 2 v= 9, 02 #0, 
Oe oS, 
dxdc dydc 


then the family of curves f(x,y,c) = 0 has an envelope whose parametric 
equations are given by (60.23). 


Assume that f(z,y,c) is a function which satisfies the hypothesis of 
Theorem 60.22 so that we can be sure the family of curves 


(60.25) S(ay,c) = 0 


has an envelope. In place of the difficult proof of the above theorem 
which we have omitted, we shall now describe a formal method of finding 
this envelope. At the same time, we shall discover how the equations in 
(60.23) originated. No attempt will be made to justify each step rigorously. 
For each value of c, we obtain a member of the family (60.25). Hence if 
C = Co and c = Cg + Ac, where Ac = 0 is small, then 


(60.26) f(x,y,¢o) = 0 and f(z,y,¢o + Ac) = 0 


are two neighboring members of the family (60.25). By Definition 60.1, 
each of these two curves is tangent to the envelope of the family (60.25). 
Let us call P;, Pz their respective points of tangency, Fig. 60.29. The 
two curves themselves will usually intersect in a point, called P in the 
figure, which is not too far distant from P, and P»2. Since the coordinates 
of the point P satisfy each of the equations of (60.26), it will also satisfy 
the equation 


(60.27) f(z,y,co + Ac) — f(x,y,¢o) = 0. 


*A proof can be found in William F. Osgood, Advanced Calculus. 
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(The point P lies in each curve; its coordinates will therefore make each 
term zero.) Since Ac ¥ 0, we may divide (60.27) by it to obtain 


(60.28) Lenco F Ae) — flessrea) =r 


f(x,y,eo+ Ac)=0 


f(xy, €o)=0 


Figure 60.29 


By the definition of a derivative, which we assumed exists, 


(60 3) lim f(z,y,Co + Ac) = f(x,y,Co) as of(x,y,c) ; 
: Ac—0 Ac dc 


evaluated at c = Co. 
Therefore as Ac — 0: 
a 
(a) The expression on the left of (60.28) approaches oes : 
(b) The points P2 and P approach P,. 
(c) The curve f(x,y,co + Ac) = 0 approaches the curve f(x,y,co) = 0 
so that both are tangent to the envelope at P. 


Since ¢o is an arbitrary value of c, we have thus proved that if a family 
of curves has an envelope, then each point of the envelope, by (c) and (a) 
above and (60.28), must satisfy the two equations 


(60.31) feu) =0, Lew) — 9, 


These two equations may be regarded as the parametric equations of an 
envelope of the family (60.25). Note that they are the same as (60.23). 


Comment 60.32. It may not always be possible to eliminate the 
parameter c between the two equations in (60.31), but if it can be elimi- 
nated, then the resulting Cartesian equation y = g(z) is called the elimi- 
nant of (60.31). An eliminant, however, may introduce additional loci 
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which are not part of the envelope. For example, 
(a) =v2+¢, y=v2—c 


are the parametric equations of that part of a circle of radius two that lies 
in the first quadrant (since x and y are positive). Their eliminant is x? ++ 
y? = 4, which is the entire circle. 


Comment 60.33. Not every family has an envelope. For example, 
the family of concentric circles x? + y? = c? has no envelope. 


Comment 60.34. Theorem 60.22 gives only a sufficient condition for 
the existence of an envelope, not a necessary one. This means that if a 
family satisfies the hypotheses of Theorem 60.22, it must have an en- 
velope; if it does not, it may or may not have an envelope. 


Example 60.35. Find the envelopes, if there are any, of the family of 
curves 


(a) y = cos (tx + ¢). 


ae) sin (x +c). 


Solution. Here f(z,y,c) = y — cos (x +c) and 
The determinant (60.24) is therefore 


sin(za+c) 1 
(b) cos(x+c) 0 


Also 0?f/dc? = cos(x +c). If +c # 7/2, then cos(x +c) ¥ 0. 
Hence, by Theorem 60.22, the sets of values, excluding x + ¢ = 7/2, that 
satisfy the parametric equations 


(c) y — cos (x +c) = 0, 
sin (x + c) = 0, 


are envelopes of the family (a). Writing the first equation of (c) as 
cos (x + c) = y, then squaring both equations of (c) and adding, we obtain 
the eliminant, 


(d) y=1, y=Hl. 
The two curves y = 1 and y = —1 are the envelopes of the family (a). 
Comment 60.36. If we write (a) as 


= —cos (t+ c). 


(e) Arc cosy = «+ ¢, 

then f(z,y,c) = Are cosy — x — c and df/dc = —1. Equations (60.23) 
therefore become 

(f) Are cosy — x —c=0, 


—1= 0. 
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Since —1 + 0, the parametric equations are not satisfied. Yet we showed 
above that (a) has two envelopes, y = +1. The trouble is that now 
8°f/dc? = 0 for all x,y, so that one of the hypotheses of Theorem 60.22 
is not fulfilled. The fact that the family (e) has an envelope shows that 
the theorem gives only a sufficient condition, not a necessary one. 


Example 60.37. Find the envelopes, if there are any, of the family of 
circles 


(a) (2 —e)?+y? = 1, 
where c is a parameter. 


Solution. Here f(x,y,c) = (x — c)? + y? — 1, af/dc = —2(x — c). 
The determinant (60.24) is therefore 


2(a@—c) 2y 
—2 0 


Hence by Theorem 60.22, the sets of values, excluding y = 0, which satisfy 
the parametric equations 


(c) (x —c)? +y? —1=0, 
—2(2-—c)=0, t—c=0, 


: a*f 
(b) = 4y #0 ify # Oand 55 = 2 # 0. 


are envelopes of the family (a). Substituting the second equation of (c) in 
the first, we obtain the eliminant 


(a) y=1, y= 1. 
Therefore by Theorem 60.21, y = 1 and y = —1 are envelopes of (a). 
See Fig. 60.01. 


Comment 60.38. A trouble similar to that mentioned in comment 
60.36, occurs if we write (a) as 


(e) e=zxztvi1— y?. 

Equations (60.23) therefore become 

) e—24Vi-#=0, 
1= 0. 


Since 1 # 0, (f) cannot be satisfied. But here d°f/ac? = 0 for all z,y,c, 
so that one of the hypotheses of Theoremi 60.22 is not fulfilled. The fact 
that the family (e) has an envelope shows again that the theorem gives 
only a sufficient condition, not a necessary one. 


Example 60.39. Find the envelopes if there are any of the family 


(a) y? = 2cx — c?. 
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Solution. You can verify that (60.24) is satisfied if y ~ 0. The 
parametric equations (60.23) are: 


(b) y? — 2x +c? =0 
—224+2¢=0, r=. 


Substituting the second equation of (b) in the first, we obtain the elimi- 
nants 


(ec) y?—227?4+27=0, y®—2?=0, z—y=0, xty=0. 
Hence x = y and x = —y, y ¥ 0, are envelopes of (a). See Fig. 60.4. 


Figure 60.4 
Example 60.41. Find the envelopes, if there are any, of the family of 
curves 
(a) (x — ¢)? = 8y? — 9’. 


Solution. Here f(z,y,c) = (x — c)? — 3y? + y3, af/ac = —2(x — c). 
The determinant (60.24) is therefore 


(b) 2a —c) —by + 3y? 
2 0 


: o*f 
#0, ify + Oand2; ag2 2 0. 


By Theorem 60.22, sets of values, excluding y = 0 and 2, that satisfy the 
parametric equations 


(c) (x — ce)? — 3y? + y? = 0, 
2(¢ —c) = 0, («—c)=0 
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are envelopes of (a). Substituting the second equation in the first, we 
obtain 


(d) —3Yr ++y¥3=0, y=0, y=3. 


The eliminant y = 0 is excluded by (b). However, since Theorem 60.22 
gives only a sufficient condition, we cannot assert without further study 
that y = 0 is not an envelope. (Actually it is not, see Example 60.53.) 
However, y = 3 is an envelope. 


Example 60.42. Find the envelopes, if there are any, of the family of 
curves 


(a) ci =x—y-—l. 

Solution. Here f(z,y,c) = ce’ — x + y + 1, Of/dc = e%. The deter- 
minant (60.24) is therefore 
(b) —1 ce¥4+1 
0 e& 


Hence one of the hypotheses of Theorem 60.22, namely d2f/dc? ¥ 0, is not 
satisfied. The family (a), therefore, may or may not have envelopes. 
(It actually has none, see Example 60.54.) 


2 
=-e #0, but2t=0. 


LESSON 60B. Envelopes of a 1-Parameter Family of Solutions. 
Let f(z,y,c) be a 1-parameter family of solutions of the differential equation 
y’ = f(x,y). The family may or may not have an envelope. If it has, then 
by Definition 60.1, at each point of the envelope, there is a member of 
the family of solutions that is tangent to it. Hence the envelope, at each 
of its points, has the same slope y’ as an integral curve. It therefore follows 
that each envelope of the family of solutions, excluding those points of the 
envelope where the tangent is vertical, also satisfies the given differential 
equation y’ = f(x,y). Hence an envelope of a family of solutions of y’ = 
f(x,y) ts also a solution of this differential equation. 

Unless an envelope is coincident with an integral curve of a family, it is, 
by Definition 59.12, a locus of singular points. For each point of the en- 
velope lies on two integral curves: the envelope itself and an integral curve 
of the family. Hence an envelope is a particular solution of a differential 
equation y’ = f(x,y) that cannot be obtained from a 1-parameter family 
of solutions by assigning a value to the arbitrary constant. The converse, 
however, need not be true. A particular solution not obtainable from a 
1-parameter family of solutions is not necessarily an envelope. If, there- 
fore, we can find an envelope of a 1-parameter family of solutions of a 
differential equation y’ = f(x,y), we shall at the same time have succeeded 
in finding a particular solution of the equation, not obtainable from the 
family. 
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Comment 60.43. By Theorem 60.22, we know that if f(z,y,c) = 0 
is a twice differentiable function and satisfies (60.24) over a set of values 
of x,y,c, then the parametric equations of its envelope are given by 


(60.44) jlzy,e) = 0, fea 0. 


If the parameter c can be eliminated between these two equations, the 
resulting equation y = g(x), which we called the eliminant, gives an en- 
velope. However, as noted in Comment 60.32, the eliminant may introduce 
extraneous loci. It is essential, therefore, to verify by actual substitution 
in a given differential equation whether each factor of the eliminant satisfies 
the equation. If it does, it is a particular solution not obtainable from the 
family. See Example 60.53 below for an eliminant which is not a solution. 


Example 60.5. Find, by means of envelopes, particular solutions, if 
there are any, of the differential equation 


(a) y =vi—¥, 
not obtainable from the family of solutions 
(b) y = cos (x + c) 
Solution. In Example 60.35, we found that y = 1 and y = —1 are 


envelopes of the family (b). You can verify by direction substitution that 
each is a solution of the given differential equation (a). Hence each en- 
velope is a particular solution of (a) not obtainable from (b). 


Example 60.51. Find by means of envelopes, particular solutions, if 
there are any, of the differential equation 


(a) y= wee, 
not obtainable from the family of solutions 
(b) (x —e)? +y?=1. 
Solution. In Example 60.37, we found that y = 1 and y = —1 are 


envelopes of (b). Since each function satisfies (a), each is a particular 
solution of (a), not obtainable from the family (b). 


Example 60.52. Find, by means of envelopes, particular solutions, if 
there are any, of the differential equation 


/e2 — a2 
(a) ee aevent, 
not obtainable from the family of solutions 


(b) y? = 2cxr — c?. 
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Solution. In Example 60.39, we found that y = +2 are envelopes 
of (b). Since these functions satisfy (a), they are particular solutions of 
(a), not obtainable from the family (b). 


Example 60.53. Find, by means of envelopes, particular solutions, if 
there are any, of the differential equation 


(a) 9(y’)?(2 — y)? = 4(3 — y), 
not obtainable from the family of solutions 
(b) (w — ¢)? = 3y? — 9°. 


Solution. In Example 60.41, we found two eliminants, namely y = 3 
and y = 0. The first satisfies (a), and is therefore a particular solution 
of (a), not obtainable from (b). The second y = 0, however, does not 
satisfy (a). Hence, we now also know that y = 0 is not an envelope of (b). 
(In example 60.41, we remarked that in the absence of further information, 
we could not know whether or not y = 0 is an envelope.) 


Example 60.54. Find, by means of envelopes, particular solutions, if 
there are any, of the differential equation 


1 
=> ’ 
t—y 


(a) y’ 


not obtainable from the family of solutions 
(b) ceY=x—y—l. 


Solution. In Example 60.42, we found that (60.24) of Theorem 60.22 
was not satisfied. Hence we did not know whether or not the family (b) 
had an envelope. However, if we apply the existence Theorem 58.5 to the 
function f(z,y) = 1/(x — y) of (a), we find that the only possible singular 
points lie on the line x — y = 0. Since the function y = x does not 
satisfy (a), it cannot be an envelope of the family (b). In this example, 
therefore, a particular solution not obtainable from (b), if there is one, 
cannot be found by means of envelopes. 


EXERCISE 60 


Find the envelopes, if there are any, of each of the following family of 
curves. 


ly =ate 5& y = cr + 38V1+c2,y>0 
Q2y=r2+t+he+o)’. 6. (yt2—c)® = 4zy. 
By = (« — ¢)°. 7 y = sin[(x — c)*]. 


4. yi'3 =2—c. 
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Find, by means of envelopes, particular solutions, if there are any, of 
each of the following differential equations, not obtainable from the given 
family of solutions. 


By =Vy—ctly=ctheto*» 2s yS2tl. 

ay = By y = (@ —0)*. 

10. y = ay + 8V1-+4 (y’)2,y = ce + 8V14+ c2, y > 0,22 <9. 

IL. y! = 2V(1 — y?) VAresiny,z = VAresiny +c. 

ANSWERS 60 

1. None. 6. zy = 0. 

2.y = 2. Wy = +1. 

3. y = 0. 8 y = 2. 

4. y = 0. See problem 3 and read 9. y = 0. 
Comments 60.36, 60.38. 10. y = V9 — 22. 

5. y = V9 — x2, lly =0O,y = +1. 


LESSON 61. The Clairaut Equation. 


The simplest type of family of curves is a family of straight lines. From 
analytic geometry we know that 


(61.1) y= m+, 


represents such a family. The slope of each line of the family is m, and 
its y intercept is b. The family (61.1) is thus a 2-parameter family. We can 
form a 1-parameter family from it by requiring that b be a function of the 
slope m, i.e., that b = f(m). Hence (61.1) becomes 


(61.12) y = mz + f(m). 


To find a differential equation whose 1-parameter family of solutions is 
the family of lines (61.12), we proceed as we did in Lesson 4B. Differenti- 
ation of (61.12) gives y’ = m. Substituting this value of m in (61.12), we 
obtain the differential equation 


(61.13) y= yx + fly’). 
Equation (61.13) is called Clairaut’s equation.* 


Comment 61.14. If we start with the differential equation (61.13), 
its solution (61.12) is easily found. Replace y’ by the parameter m (or, if 
you prefer, by c). For example, the solution of the Clairaut equation 

= yx + (y’)? is the family of nonvertical lines y = max -+ m? or 
y = cx + c?. 


*Named after the French mathematician, Alex Claude Clairaut (1713-1765). 
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As we pointed out in Lesson 60B, if the family (61.12) has an envel- 
ope, then this envelope is a particular solution of (61.13) not obtainable 
from the family of solutions (61.12). By Theorem 60.22, a sufficient 
condition, among others, for the existence of an envelope of the family 
(61.12) is that points of the envelope satisfy the parametric equations 


(61.15) y — cz — f(c) = 0, 

t+ fi(c) =0. 
The first equation in (61.15) has the same form as (61.12). It therefore 
satisfies Clairaut’s equation (61.13). The eliminant of (61.15) also satisfies 
this first equation. (A solution of two simultaneous equations satisfies 
each equation.) Hence, if (61.15) yields an eliminant, then this eliminant 
by Comment 60.43, may be a particular solution of (61.13). It is if it 
satisfies (61.13). 


Example 61.2. Find a 1-parameter family of solutions of the Clairaut 
equation 
(a) y= yx t (y')?. 
Also investigate for envelopes of the family of solutions. 


Solution. First we note by (61.13), that (a) is a Clairaut equation 
with f(y’) = (y’)?. Hence by Comment 61.14, its 1-parameter family of 
solutions is 
(b) y = cx + c?. 

You can verify that (b) satisfies (60.24). Therefore, by Theorem 60.22, a 
set of values that satisfies the parametric equations (60.23), 
(c) y—cx—c? = 0, 

z+2e=0, c= —2/2, 


is an envelope of (b). Substituting the second equation of (c) in the first, 
we obtain the eliminant 


2 4 x 


ee 2 
(d) Bee, cor eae 


which is an envelope of the family of nonvertical lines (b). Since this 
function (d) satisfies (a), it is a particular solution of (a) not obtainable 
from the family (b). 


Example 61.21. Find a 1-parameter family of solutions of the Clairaut 
equation 


(a) y = y'x + logy’. 
Also investigate for envelopes of the family of solutions. 
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Solution. First we note by (61.13) that (a) is a Clairaut equation 
with f(y’) = log y’. Hence by Comment 61.14, 
(b) y = cx + loge, 


is a family of solutions of (a). You can verify that (b) satisfies (60.24). 
Therefore, by Theorem 60.22, the set of values that satisfies the para- 
metric equations (60.23), 


(c) y— cx — loge = 0 


ol 


1 
eer ge, :>- 


is an envelope of (b). Substituting the second equation of (c) in the 
first, we obtain 


(4) yt+t1—log(—z7')=0, yt1+log(—z)=0, 2 <0, 


which is an envelope of the family of nonvertical lines (b). Since this 
function (d) satisfies (a), it is a particular solution of (a) not obtainable 
from the family (b). 


Example 61.3. A source of light or sound which strikes a curve in the 
same plane with it, is reflected in a fixed direction. Find the equation of 
this curve. 


O(0,0) x 


Figure 61.31 


Solution. (See Fig. 61.31.) We place the origin at the source of the 
light or sound, and let the x axis be parallel to the fixed reflected direction. 
Let y = y(x) be the equation of the curve we seek. We assume y(x) is 
defined and differentiable on an interval J. 
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Call: 


(a) 7zthe angle the incident ray OP makes with the normal to the required 
curve, 
r the angle the reflected ray PQ makes with the normal to the re- 
quired curve, 
y’ the slope of the tangent to the required curve y = y(zx) at P(zx,y), 
m, the slope of the normal to the required curve at P(z,y), (=—1/y’), 
mg the slope of OP (~y/z). 


By a law of physics 


(b) tan? = tanr, 


and by a formula of analytic geometry 


1 sey 
(c) aig as Ee 
1+ mime 1-14 ay’ —y 
y x 


From Fig. 61.31, we see that tan (180° — r) = —1/y’. Hence, tanr = 
1/y’. Therefore by (b), tanz = 1/y’. Substituting this value of tan 7 in 
(c), we obtain 

1 —z<— 
(@) = Sy = Day + yy"). 
The equation is almost like a Clairaut equation, but not quite. If, however, 
we multiply it by y, we obtain 


e) y? = ayy’ + y?(y')?. 
Now let 

apd Poe , 12 __ (u’)? : 
(f) tee ES ee Oe, 
Substituting (f) in (e), we have 
(g) u= wet 2u')?, 


which is a Clairaut equation in u. Hence its 1-parameter family of solu- 


tions is 
2 


(h) user+F- 


Substituting in (h) the value of wu as given in (f), we obtain the family of 
parabolas 


(i) y=ot sz: 
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Geometric Problems Giving Rise to a Clairaut Equation. In Les- 
sons 13 and 36D, we solved geometric problems which gave rise, respec- 
tively, to a first order equation and to a special type of second order 
equation. A curve whose tangents have properties which are independent 
of the point at which the tangent is drawn will lead to a Clairaut equa- 
tion. Since the solution of a Clairaut equation is a family of straight 
lines, and since these straight lines will have the properties of the tangent 
lines, the envelope of the family will give the curve we seek. 


Example 61.4. Every tangent to a curve has the property that the 
sum of its intercepts has a constant value k. Find the curve. 


Solution. By Exercise 13,1(a) and 1(b), the x and y intercepts of a 
tangent line are respectively x — y/y’ and y — xy’. Hence the curve must 
satisfy the condition 
(a) 2 ay —m =k wy —ytyy — ay)’ = hy, 


ky’ : 
y —1 


yy — Y= ayy —I+ky, y= ay t+ 


The last equation in (a) is, by (61.13), a Clairaut equation. Hence its 
solution, by Comment 61.14, is 


(b) y=ort—, we? — (x+y —ke+y=0, 


which is a family of straight lines. You can verify that (b) satisfies (60.24). 
Therefore, by Theorem 60.22, the c-eliminant of 
(c) ace? — (ec t+y—kye+y=0 
—k 
2ac — (x + y — k) = 0, eo ites, 


may be an envelope of (b). Substituting the second equation of (c) in the 
first, we obtain the eliminant 


=. 2 eer 2 
@ Cc eat Case Bead 2 


(@ty—k?—4ry=0, sty — k= +2r)/?%y'? 
t+ Qu)! %y1!2 + y= k, gl? + yl? = +4h!?, 


Since it satisfies (a), it is the required solution. 


EXERCISE 61 


Find a 1-parameter family of solutions of each of the following Clairaut 
equations 1-6. Also investigate for envelopes. 
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Ly = zy — (y’)’. 4.y = cy — (y’)’. 
2 y = ty + [1+ (y)7). Sy = ay + V1 + (y’)2. 
3. y = zy — (y)?”. 6. y = xy’ — e”. 


7. Solve the equation y = 3zy’ + 6y?(y’)2. Hint. Multiply by y?. Then make 
the substitution u = y?, du/dz = 3yy’ to obtain the Clairaut equation 


du , 2 (du\? 
wn edt 2 (B). 
In problems 8-13, every tangent to a curve has the property indicated. 


Find the curve. 


8. The sum of its intercepts has a constant value 9. 
9. The product of its intercepts has a constant value k. 

10. The length of the segment intercepted by the coordinate axes has a constant 
value k?, Hint. Set the square root of the sum of the squares of its intercepts 
equal to k?. 

11. Its distance from the origin has a constant value k. Hint. First show that 
the equation of a tangent line at a point (x,y) on the required curve is given 
by y’X — Y+y— zy’ = 0, where (X,Y) is a point on the tangent line. 
Then use the fact that the distance of a point (A,B) to the line aX + bY + 
c = Ois t(ad + DB + c)/Va? +62, Here A = 0,B = 0. 

12. The sum of its distances from the points (a,0) and (—a,0) has a constant 
value k. In the distance formula from a point to a line, as given in 11, take 
the positive square root. 

13. The segment intercepted by the coordinate axes forms with these axes a right 
triangle whose area has a constant value k?. 


In each of problems 14-16, find the Clairaut equation whose family of 
solutions of straight lines has the envelope indicated. Hint. First find x 
and y in terms of y’ and then solve (61.18) for f(y’). 


14. y? = Qz. 15. 2y = 22. 16. zy = —k. 


ANSWERS 61 
ley = cx — c2, y = 22/4, 
2y =cr+1+c?, 22+ 4y = 4. 
3. y = cx — c2/3, Q772y + 4 = 0. 
4, y = cx — c3, Wy? = 423, 
By =certV1l4+c2,y = V1 — 22,y>0. 
6. y = ce — ec, y = clogz — =. 
7 y® = cx + &c?. 12. 4(2? + y?) = k?. 
8 ol? + yl? = +3, 13. zy = +k?. 
1 
9. 4zy = k. a 
J 
10. 27/3 -+ y7l3 ny ie 15. y = y/z — wy : 


lL. 2? + y? = Rk’. 


yx + WS ky’. 
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for a System of First Order 

Differential Equations and for Linear 
and Nonlinear Differential Equations 

of Order Greater Than One. Wronskians. 


LESSON 62. An Existence and Uniqueness Theorem for a 
System of n First Order Differential Equations 
and for a Nonlinear Differential Equation of 
Order Greater Than One. 


LESSON 62A. The Existence and Uniqueness Theorem for a Sys- 
tem of n First Order Differential Equations. In Theorem 39.12 we 
gave a sufficient condition for the existence of a power series solution of a 
system of n first order equations 


d 
(62.1) sn = fill,yr,y2,°°*, Yn), 


d 
7a = fo(ty1,Ye2, ep Yn); 


Cr 


d 
o = fa(tyr1,Ye,***, Yn), 


satisfying the initial conditions, 
(62.11) y1(to) = 4, Ya(to) = da,°'°, Yn(to) = an. 


Compare it with the theorem we now state, which gives a sufficient condi- 
tion for the existence and uniqueness of a solution of (62.1) satisfying 
(62.11). 
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Theorem 62.12. Let the functions f,, fo, +++, fn of the first order system 
(62.1) be continuous in a region S defined by 


(62.13) |t — tol S ko, ly: — a| S ky, 
lye — Gel S ke,+-+, lyn — Gal S kn. 


In S, let each function satisfy a Lipschitz condition 


(62.14) |felt,yr,Ye, 2+) Yn) — Ft,FiJ2, °° +, Jn) | 
s Ny — Hil + lye — Jal +--+ + lyn — Dal), t= 1,2,-++n, 


where (t,y1,Y2,°**, Yn) and (t,91,92,-+*, Jn) are any two points in S. 

Then an interval Io: |t — to| < h,h > O, exists in which there is one and 
only one set of continuous functions y;(t), ye(t), --°°, Yn(t) with continuous 
derivatives in Ig satisfying the given system (62.1) and the initial conditions 
(62.11). 


Nore. The theorem does not always give a maximum interval of con- 
vergence; read Comment 58.65. 


Remark. When n = 1, the system (62.1) reduces to a first order 
equation y;’ = f,(t,y1). Theorem 58.5, which we proved previously for 
this first order equation, is thus a special case of the above more general 
theorem. 


The proof of Theorem 62.12, which we have omitted, although more 
complicated than the proof of Theorem 58.5, follows its pattern exactly. 
We find the interval Ig of Theorem 62.12, for example, in practically the 
same manner we found the interval J) of Theorem 58.5. Since the region S 
consists of closed intervals and the functions f, fe,---, fn are each con- 
tinuous in S, each is bounded in S. Hence there is a positive number 17 
such that 


(62.15) Ifs(t,y1,Y2, °°, Yn)| <M, ¢=1,2,-+-,n, 


for every point (t,y1,Y2,°°-, Yn) in S. By (62.18), (to,a1,---,@n) is an 
interior point of S. It is therefore possible to pick an h such that the 
n + 1 dimensional rectangle R, 
(62.16) lt =~ tol Shs ko, lyi a a,| <Mhs ky, ae 
lY¥n — Qn] < Mk S kn, 
which has this point (to,@1,@2, °- > , @n) at its center, lies entirely in S. The 
M is given by (62.15); the k’s are given in (62.13). 
We then find sets of sequences of Picard approximations 
Yrt, Y12,° °°» Yin, 
Yo1, Y22,°°*, Yen, 


Yni, Yn2,°°* 5 Ynny 
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in a manner similar to that given in (57.33) for a system of two first order 
equations. The graph of each function in each approximating set, it is 
then proved, lies in the n + 1 dimensional rectangle R, and each set of 
sequences of approximating functions converges uniformly on I: |¢ — to| 
S h to the respective set of functions y;(é), ye(t), «> +, ya(t), which on I 
is a solution of (62.1) satisfying (62.11). Finally we show that this set of 
functions y1, ye, +* +, Yn Is unique. 


Example 62.17. Find an interval, for which the approximating func- 
tions obtained in Example 57.35 converge to the actual solution. 


Solution. In this Example f,(é,7,y) = ty, fe(t,2,y) = zy. Comparing 
the initial conditions of this example with (62.11) we see that to) = 0, 
a, = 1, ag = 1. Since f; and f2 are continuous for all t,7,y, we may take 
for S any bounded region, say one defined by |} S$ 5 = ko, |x — 1] S 
10 = ky, |y — 1| S 15 = ke. Hence |z| S$ 11, |y| S 16 and 


(a) lfil $ 80, [fol S$ 176 = M. 
We must now choose h according to (62.16) so that 
(b) |] Sh S5, la — 1] < 176A S 10, ly —1| < 176A S 15. 


If h = 0.056, all three inequalities in (b) will be satisfied. The Picard ap- 
proximations obtained in Example 57.35, will therefore converge to the 
actual solutions 2x(é), y(t) for at least |t| < 0.056. 


LESSON 62B. Existence and Uniqueness Theoren. for a Non- 
linear Differential Equation of Order n. In Theorem 39.32, we gave a 
sufficient condition for the existence of a power series solution of the nth 
order nonlinear differential equation 


nr 


d : es 
(62.2) ae = f(ayy'sy ie nar y »y 


satisfying the initial conditions 
(62.21) y(Xo) = Qo, y' (xo) = 4, y"’ (Xo) = d2,°°", 

y*—” (xo) = An-1.- 
Compare it with the theorem we now state which gives a sufficient condi- 


tion for the existence and uniqueness of a solution of (62.2) satisfying 
(62.21). 


Theorem 62.22. Let the function f in the nth order differential equation 
(62.2) be a continuous function of its arguments z,y,y',-++,y%—? in a 


region S defined by 


(62.23) |x —2o] Sho, |ly—al Sh, ly’ — ail S ke, 
ly” a ap| s kz, ey yore aes On| Ss Rn, 
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and let f satisfy a Lipschitz condition, 


(62.24) Wf(qyruyn'’s a yi") =. f(x,y2,y2', ea y2"—)| 
S N(lys — yal + Iya’ — yo!| + ly” — yo" +--- 
+ In? = 2%), 
where (x,y1,Y1', sae we) and (x,y2,y2’, cee yo") are any two points 
in S. 


Then an interval Io: |x — xo| < h, h > 0, exists in which there is one 
and only one continuous function y(x) with a continuous derivative of order n 
satisfying (62.2) and the initial conditions (62.21). 


Proof. Assume that y(x) is a solution of (62.2). We now define new 
functions y;(x), yo(x),-++, Yn(x) by the following relations 


(62.25) y(z) = yi(z), 
‘y' (x) = yr'(x) = ye(z), 
y' (x) = yr’ (x) = yo'(x) = ya(x), 


Ce SY 


ya) = yr P(x) = y2-(@) = ++ = Y—a'(2) = Yn@). 
Differentiating the function in the last line of (65.25), we obtain 
(62.251) (a) = (2) = ya —P(@) = ++ = yna(2) = o'(@). 
By (65.251) and (62.25), we can therefore write (62.2) as 
(62.26) Yn'(x) = f(t,yr,Yaa,** +s Yn)- 


Hence, because of (62.25) and (62.26), the set of functions y1,yo,°++, Yn 
satisfies the system of first order differential equations 


(62.27) yi'(z) = ye(z), 

Yyo'(x) = y3(z), 

y3 (x) = ya(2), 

Yn—1'(Z) = Yn(z), 

Yn! (x) = S(&,Yr,Y2,Y3; veey Yn). 
By (62.25), yi(to) = y(xo), y2(%o) = y'(Xo), °° +, Yn(Zo) = y™ (x9). 
We can therefore replace the initial conditions (62.21) by the conditions 
(62.28)  yi(%o) = 40, a(t) = 1, ~—- 340) = ae, ---, 

Yn(%o) = Gn—1. 
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Conversely, if we start with the system (62.27) and the initial conditions 
(62.28), and define 


(62.281) y(z) = yi(z), 


then the relations in (62.25), (62.251), and (62.26) hold; the last equation 
of (62.27) becomes identical with (62.2), and the initial conditions (62.28) 
become (62.21). Hence if there exists a set of functions y,,yo,-++, Yn 
which is a solution of the system (62.27) satisfying (62.28), then, by 
(62.281), the function y,(x) of this set is the solution y(x) of (62.2) satis- 
fying (62.21). 

You can verify that the system (62.27) with initial conditions (62.28) 
satisfies the hypotheses of Theorem 62.12. Hence by the theorem, an 
interval Io about x9 exists on which there is one and only one set of par- 
ticular solutions y;, y2,°+*, Yn satisfying (62.27) and (62.28). Since y;(z) 
exists and is unique, it follows, by (62.281), that its equal y(x) exists and 
is the unique solution of (62.2) satisfying (62.21). 


Comment 62.282. We wish to emphasize that it is always possible, 
by means of (62.25) and (62.26), to replace a single differential equation of 
order n > 1 by an equivalent system of n first order equations. 


Example 62.29. Set up a system of first order equations equivalent to 
the third order nonlinear equation 


(a) y!"(2) = Bry! — y?y"” 
for which 
(b) yO)=1, yO=-1, y"0)=2. 


Solution. Let y(x) be a solution of (a). As suggested in (62.25), we 
define 


(c) y(xz) = yi(z), 
y' (x) = yi'(2) = ye(z), 
y'(#) = yi’ (&) = yo" (t) = ysa(z). 


Differentiating the last equation in (c), we obtain 

(d) yx) = yr" (e) = yo!"(@) = ys'(z). 
By (d) and (c), we can write (a) as 

(e) ya’ (x) = 3ry2 — y17ys. 


Hence, by (c) and (e), we can replace the single equation (a) by the system 
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of first order equations 


(f) yi'(x) = ye(z), 
Yyo'(x) = y3(z), 
y3 (x) = 3xy2 — yi7ys, 


and the initial conditions (b) by 
(g) yi(0) = y) = 1, -y2(0) = yO) = —1, —_y3(0) = y"(0) = 2. 


The function y,(x) of the solution of the system (f) satisfying (g) will be 
the solution y(z) of (a) satisfying (b). 


LESSON 62C. Existence and Uniqueness Theorem for a System 
of n Linear First Order Equations. In Theorem 62.12, no restrictions 
were placed on the degree of the dependent variables in the functions 
fi, fe,-++, fn of (62.1). In Theorem 62.3 below, each of the dependent 
variables yi, y2,°°*, Yn appears linearly, i.e., each of these variables has 
exponent one. 


Theorem 62.3. Given a system of n linear first order equations 


(62.31) cag: = fi@yi +hieOye +--+ +fin®yn + Qi, 


ae = for(y1 + feelt)y2 +--+ + fenlyn + Qe(d), 


OY 


Bn = fux()yr + SaalOue + +++ + Saa(Dun + Onl), 


where all functions f;; and Q:, i = 1, 2,---, n, jf = 1, 2,-++n, are con- 
tinuous on a common interval I. Then there is, on Io, t.e., I without its end 
points, one and only one set of continuous functions y;(t), ye(t), «++, yn(t) 
with continuous derivatives, satisfying the system (62.31) and the initial 
conditions 


(62.32) yi(to) = @1,°+*, Yn(to) = an, 
where to is a point in I. 


Remark. In Theorem 39.22, we gave a sufficient condition for the 
existence of a power series solution of (62.31) satisfying (62.32). Compare 
it with the above theorem which gives a sufficient condition for the exist- 
ence and uniqueness of a solution of (62.31) satisfying (62.32). 


Proof of Theorem. The proof of the theorem will consist in showing 
that the continuity requirement of the functions f;; on J is equivalent to 
the requirement that each function satisfy a Lipschitz condition (62.14) 
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in I, provided J is finite and closed. If J is not finite and closed, then it is 
sufficient, as we shall show, that each function satisfy this Lipschitz con- 
dition on a slightly smaller closed subinterval J’ contained in J. And since 
all functions on the right of (62.31) are, by hypothesis, continuous on this 
common, closed interval J or I’, the hypotheses of Theorem 62.12 will be 
satisfied. Hence its conclusion will follow. Let 


(a) fiiltsy1,Yo,°°+, Yn) = fiir + fiey2 +--+ +Sinyn + A), 
fo(t,y1,Yer ++, Yn) = feriyi + feoye +++ + fen(yn + Q(t), 


oe 


Fn(t,yrsye, e+, Yn) = faiys + fn2(y2 + --- + fan(t)yn + Q(t). 


We assume the interval J of Theorem 62.3 is finite and includes its end 
points. If it is not, we take a finite closed subinterval 7’ of J. Hence in J’, 
whether it is a subinterval of J or the whole interval J, each function f;;(¢) 
and Q,(é) of (62.31) is, by hypothesis, continuous. All are therefore bounded 
in I’. This means that the absolute value of each function for all ¢ in I’ 
is less than some positive number. Let N be the largest of these numbers. 
Then for each function f,,;(¢) of (62.31) and for every ¢ in I’, 


(b) lfu()| SN, t= 1,2,-+--,n, J=1,2,-++,n. 


Let yi, yo,.--, Yn and Ji, Jo,°*+, Jn be two sets of values of the de- 
pendént variables. Therefore by (a) 


(c) filt,y1,Yo,°°°) Yn) = fay + fio(y2 + -+- + finyn + 2:0), 
Filt,F1,92,° °°) Jn) = far(O91, + fie + +++ + fin(OIn + O:(2), 


for each i = 1, 2,---,n. Subtracting the second equation in (c) from the 
first, we obtain 


(d) [Felt,y1,Ye, aes Yn) ~_ Filt,1,9 2, Saaratc | Gn)| 
= |faO(i — Ii) + fie (ye — Je) + +++ + Fin) (Yn — Indl; 


p= 1,2,---,n. 
Since [a — b{ S Ja] + |bJ, and since, by (b), |f;;| < N, we obtain from (d) 


(e) filtyi, +++, yn) —Falt,Ii, °°, In| S fal lyr — Val 
+ \fio(t)| lye = Jel feet lfin(t)| lyn me Dal 
S N(ly1 — Iil + ly2 — Dol +--+ + lyn — Jal). 


If you will compare (e) with the Lipschitz condition (62.14), you will find 
that both are alike. Hence we have proved that for the special system of 
linear equations (62.31), the continuity requirement of the functions f;; in I’ 
is equivalent to the Lipschitz condition (62.14) of Theorem 62.12. 
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If the interval J of the theorem is finite and closed, then J = I’. If it is 
not, then since it is always possible to surround each ¢ in J by a finite, 
closed subinterval J’ contained in J, in which the theorem is valid, it 
follows that the theorem is valid on J. In this last case J = Ip. 


EXERCISE 62 
The following problems refer to the solutions of the systems in Exercise 
57. For each find an interval for which the approximating solution con- 
verges. 


1. Problem 6. 2. Problem 7. 3. Problem 8. 4. Problem 9. 


Set up a system of first order equations with appropriate initial condi- 
tions equivalent to each of the following equations. 


5. y(z) = 822y’ — y?, y(0) = 0, y’(0) = 1. 
6. y"(z) = 2x(y’)? — 8yy” + ay, y(0) = 1, y'(0) = —1, y"(0) = 2. 
ANSWERS 62 


1. In Theorem 62.12, f1 = t+ y, fe = ¢ — 27, to = 0,a1 = 2,a2 = 1. Scan 
be any bounded region: |t| S ko, |z — 2| S ki, |y — 1] S ke, where ko, 
ki, ke are arbitrary. M is the larger of Jf; and Me in|f,| S |é| + ly| < Mi, 

fe| S |t| + |z?| < Me. Choose h so that |t] S A S ko, |x — 2| < Mh S ky, 

y— 1| < MAS ke. 

2. See answer to problem 1 for method. 

3. This system is a first order linear one. See Theorem 62.3: f11(¢) = t, fei(é) = 1, 
Qeo(t) = —e'. Each function is continuous for all ¢. Therefore the approximat- 
ing functions converge for every t. 

4. In Theorem 62.12, fi = y?, fo=a+tz, fg =z—y; to = 0, a, = 1, 
az = 0, a3 = 1. S can be any bounded region: |é| S ko, [zx — 1| S hi, 
ly| S ke, |e — 1| S ks, where ko, ki, kg are arbitrary. M is the larger of M1, 
Mo, Mz in |fil < y? < Mi, |fe| S |x| + |2] < Mo, |fs| S jz] + [yl < Ms. 
Choose h so that |] S$ AS ho, |x —1| < MhS ky. ly] < MhS ko, 
lz —1| < MhS hs. 

5. y1'(z) = ye, yo'(z) = 82?y2 — yi?; yi(0) = 0, y2(0) = 1. 

6. yi'(z) = y2, y2'(z) = ys, ys'(z) = eye” — 3yiy3 + zy1; yi(0) = 1, 

= —l, y3(0) = 2. 


LESSON 63. Determinants. Wronskians. 


LESSON 63A. A Brief Introduction to the Theory of Deter- 
minants. In this lesson, we shall outline only those essentials of the 
theory of determinants that we shall need for our purposes. We have al- 
ready given the definition of a 2X 2 and a 3X3 determinant in 
Comment 31.35 and (31.72). For convenience we recopy them here. 

a by 


(63.1) = a;be — a2bi, 


a2 be 
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(63.11) 

ay, bi Ci 

G2 be C2] = aybecg3 + aebgc, + a3bic2 — agbecy — aeb\c3 — ayb3co. 
ag b3 c3 


We observe that each term in a determinant, as written on the right, 
contains one and only one element from each row and each column. Hence 
we conclude: 


Theorem 63.12. If each element in a row or in a column of a deter- 
minant is zero, then the determinant is zero. 


Consider a system of two equations in two unknowns. 


(63.2) a,x + by = 1, 


Aer + bey = C2. 


Multiplying the first equation by be, the second by —b,, adding the two 
and then solving for z, we obtain 


a C}b2 = C2b1 z 
(63.21) e= oe 


By (63.1), we can write (63.21) as 


(63.22) 


bal | 


bi 


by 
be 


Note that the elements of the denominator determinant are the coefficients 

of x and y in (63.2); the elements of the numerator determinant are ob- 

tained by replacing the coefficients of x by the constants c, and cz and 

recopying the coefficients of y. Similarly you will find, if you solve (63.2) 

for y, that 

a Cy 
a2 C2 


(63.23) 


where the numerator determinant is obtained by replacing the coefficients 
of y by c, and ce, and the denominator is the same as that in (63.22). 
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Comment 63.24. From (63.22) and (63.23), we infer the following: 


1. If a, by 
a2 be 
solution. 

2. If the determinant in 1 equals zero and the numerators of (63.22) and 

(63.23) are ¥ 0, the system has no solutions. 
3. If the determinant in 1 equals zero and the numerators of (63.22) and 


(63.23) also equal zero, the system has an infinite number of solutions. 


~ 0, the system of equations (63.2) has one and only one 


Each of these three possibilities is illustrated in the examples below. 


Example 63.25. Solve the system 


(a) 22 + 3y = 1, 
r—-y=4. 
Solution. By (63.22) and (63.23), 
1 |: i 
a ie 


Hence (a) has an unique solution. Note that the denominator determinant 
~ 0. 


Example 63.26. Solve the system 


(a) 22 + 3y = 1, 
4r + by = 38. 
Solution. By (63.22) and (63.23), 
; 3 : i 
0) =prapr pane 
fa a 


Hence there are no solutions for x and y. Note that the denominator de- 
terminant is zero but the numerator determinants are not. [The lines in 
(a) are actually parallel lines.] 


Example 63.27. Solve the system 


(a) Qa + 8y = 1, 
4x + 6y = 2. 
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Solution. By (63.22) and (63.23) 


3 2 i 

2 6 0 4 2 0 

(b) | [ee oa 
4 6 4 6 


Note that both numerator and denominator determinants are zero. As 
you can easily verify, the system (a) has an infinite number of solutions. 
Give x any value you wish in the first equation of (a). Solve it for y. You 
will find that these values of x and y will satisfy the second equation of (a). 
{The lines in (a) are in fact coincident.] 


Comment 63.24 is also applicable to a system of n equations in n unknowns. 
For n = 3, the system becomes 
(63.3) aya + by + oz = di, 
ax + boy + coz = do, 
a3x + bsy + csz = dg. 
Its solution is 


(63.31) 
dy bi cy a dy Cy a, b, dy 
daz be Ce G2 dg Ce G2 be de 
raat, afield pea. 
Gg be Ce G2 be Ce G2 be Ce 
ag 63 cg ag bs cz a3 bs cs 


The system will have an unique solution for x, y, and z if the denominator 
= 0; no solution if the denominator equals zero and at least one numerator 
is not equal to zero; an infinite number of solutions if denominator and all 
numerators are equal to zero. 

Our primary purpose in introducing determinants is to enable you to 
prove the following two important theorems. Although for convenience, we 
have stated the theorems for three unknowns, they are applicable to a system 
of n equations in n unknowns. 


Theorem 63.4. The system of equations 
(63.41) Q\x + by +oz= di, 
ex + boy + coz = de, 
agz + bgy + cgz = dz, 
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has one and only one solution for x, y, 2 if the determinant formed by their 
coefficients is not equal to zero. It has none or an infinite number of solutions 
af this determinant equals zero. 


Theorem 63.42. The system of equations 


(63.43) a,x + byy + cyz = 0, 
Qex + boy + coz = 0, 
a3x + bgy + cgz = 0, 


always has the trivial solution x = 0, y = 0,z = 0. It has an infinite num- 
ber of nontrivial solutions, 7.e., it has an infinite number of sets of values of 
x, y, and z satisfying (62.43), where at least one of x, y, z is not zero, if and 
only if the determinant formed by their coefficients is zero. 


LESSON 63B. Wronskians. In Lesson 19A, when we discussed the 
linear dependence and independence of a set of functions, we stated that 
we would in time produce theorems by which their linear dependence or 
independence could be determined. Since these theorems are closely asso- 
ciated with the concept of a Wronskian, we shall first discuss this subject 
below. 


Definition 63.5. The Wronskian* of a set of functions f;(z), f2(z), 
+++, fn(x), each of which possesses derivatives of order n — 1, is defined 
to be the following determinant. 


(63.51) fi(ft) — fa(z) ++ fn(z) 
fiz) fa’(@) + + + fa’ (2) 
fie) fol" (e) e+ fn!) 


? 


fi@—P(w)fa*—P@) +++ fa) 


Note that the elements of the deterniinant are the given set of functions 
and their derivatives through ordér n — 1. We denote the Wronskian 
(63.51) by 


(63.52) Wfi,far +++ fai 2). 
If n = 2, the Wronskian of f, and f2 is, by (63.52) and (63.51), 
(63.53) Wufas 2) =| F) = pipe — fost. 

fi’ fe’ 


*Pronounced Vronskian and named for Hoéné Wronski, a Polish mathematician. 
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Definition 63.54. A function f(x) is said to vanish identically on 
an interval J: a S$ x S 5, or to be identically zero on /, if for every 
xin I, f(x) = 0. We indicate this fact by writing f(x) = 0. 


Theorem 63.55. If a set of functions fi, fo,+++, fn, each of which 
possesses a derivative of order n — 1, is linearly dependent on an interval 
I:a S$ x S b, then its Wronskian vanishes identically on I. 


Proof. Since the set of given functions f,, fe,---, fn is linearly de- 
pendent on J, there exist, by Definition 19.1, constants c), c2,° ++, Cn not 
all zero such that 


(a) Cif + Cofe tess terafp = 0, 
for every xin J. By differentiating (a) (n — 1) times, we obtain 


(b) fie: + foce +--+ +fnen = 0, 
fi'ey + fe'ce + ee + fn'Cn la 0, 


f1—Per + fo Meg +e + fe PM Cn = 0. 


The system (b) is a set of n equations, each equal to zero for every x in J. 
The c’s in each equation are not all zero. There is therefore a set of c’s 
not all zero that satisfies each equation in (b). Hence this set of c’s is a 
solution of the system of equations (b). It therefore follows by Theorem 
63.42, that the determinant 


(c) fi fe sot fn 


CY 


fern ‘fn Agree f=) 
which is the Wronskian of the given set of functions, is zero. 


Comment 63.56. Theorem 63.55 gives a necessary condition for the 
dependence of a set of functions. It says that if a set of functions is de- 
pendent on J, then its Wronskian is identically zero on J. Unfortunately 
it is not a sufficient condition. If the Wronskian of the set of functions is 
identically zero on J, one cannot conclude that the set is linearly dependent 
on J. It need not be. Here is an example. Let f,(z) = 2x”, fe(x) = zlz|, 
Fig. 63.57. Let the interval J include x = 0. By (63.53), the Wronskian 
of the functions is 


(a) 


x gla 


22 z|z|’ + |2| 


= 2x le|’ + 2?|2| — 22° I2\. 
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When zx > 0, |z| = x. Therefore |x|’ = x’ = 1. The right side of (a) 
thus becomes x? + 2? — 223 = 0. When x = 0, |x| = x = O,.and again 
the right side of (a) is zero. When x < 0, |x| = —z and therefore 
jal’ = —2x’ = —1. The right side of (a) now becomes x3(—1) — x3 + 
2x3 = 0. We have thus shown that the Wronskian of the two given func- 


Figure 63.57 


tions is identically zero on an interval J which includes s = 0. However, 
we shall now show that the two functions are linearly independent on I. 
Form with them the linear combination cz? + cez|z| = 0. If x = 1, 
then c; + ce = 0, and if = —1, thenc, — ce = 0. The only solution 
of this pair of equations is c; = 0, cg = 0. Hence by Definition 19.1, the 
functions x? and 2|z| are linearly independent. 

On the other hand, if the Wronskian of a set of functions is not equal to 
zero for only one x in an interval J, then the set, by Theorem 63.55, must 
be linearly independent on J. In short, no conclusion can be drawn as 
regards the linear dependence or independence of a set of functions on J, 
from the fact that its Wronskian is identically zero on J. But if the 
Wronskian of the set is not equal to zero for only one value of z in J, then 
the set must be linearly independent on J. 

In Exercise 63,5, you will find a necessary and sufficient condition for 
the linear independence of a set of functions on an interval. 


EXERCISE 63 


1. Determine, for each of the following systems, whether it has one, none, or 
infinitely many solutions. 


(a) c+ 4y = 1, (d) z+ 2y = 0, 
22 — y = 3. 22+ 4y = 0. 
(b) z+ y = 5, (e) —t#+y = 0 
22 + 2y = 10. z—y=0. 
(c) 22+ y = —2, (f) 5¢+ y = 0, 


—22 — y = 3. z— 3y 


Lesson 63—Exercise V7 


2. Set up the Wronskian of each of the following set of functions. 


(a) 1, e7. (b) 1, x. (c) 2, e*. (d) x, xe*. (e) x, xe”, 32. 

(f) sin 2, sin 22. (g) sin x, cos z. (h) az, br +c,c ¥ 0. 

(i) 9, &, a # b. (j) x — cos 2x, 2x — 2 cos 22. (k) 1, 2, 2?. 

(1) 2, e*, xe*, 2e. (m) 1, e?, e?*. (n) 2, e”, xe*. (o) 1, sin? z, 
cos? 2, (p) sin? z, sinz — 4 sin 3z. 


3. Determine, by Comment 63.56, which of the sets in 2 are linearly independent 
over a suitable interval. For those sets whose Wronskian is zero, use Defini- 
tion 19.1 to determine which are dependent and which are independent. 

4. Prove that any two nonconstant functions that differ by a constant are 
linearly independent. 

5. Theorem 63.55 gives only a necessary condition for the linear independence 
of a set of functions. The following theorem gives a necessary and sufficient 
condition for the linear independence of a set of functions. A set of functions 
Si(z), fe(z),-++, fn(z), each continuous on an interval I: a S x Sb, is 
linearly dependent on I, if and only if the determinant 


[ix dz [irae ~ o [ra 


b b b 
f tnae [stra ve [ soa 


on I. The determinant G is called the Grammian of the set of functions. 
Use this theorem to prove that 


(a) 2, 22, 3x is a linearly dependent set on J: —1 S x S 1, 
(b) e*, e?* is a linearly independent set on J: —1 S x S$ 1, 
(c) =, |z| is a linearly independent set on J: —1 S$ x S 1. 


6. Prove Theorem 63.4. 
7. Prove Theorem 63.42. 


ANSWERS 63 


1. (a) one. (b) Infinitely many. (c) None. (d) Infinitely many. (e) Infinitely 
many. (f)z = 0,y = 0. 


z xz 
2. (a) {1 e*| _ é. (d) ° ze = 26 
0 e 1 se”*+ 
(b) ; | _4 (e) |x ze” 3a 
01 1 ze +e 3)=0. 
Q ze*+ 2e" 0 
ye eles (e — De”. = —2sin*z. 


cosz 2 cos 2a 


(f) ene sin 22 
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sin cosz (1) W(z,e",ae",2e"; x) = 0. 


(g) 


cosz —sin x 
ax be+ec 


(m) 2e°”. 


= (b — ae**, (n) e*(e — 2). 


ae’? bee 
x—cos2x 2x — 2cos 2x 
1+ 2sin 2x 2(1-+ 2sin 2x) 
(k) [1 2 2 (p) 0. 
0 1 2z| = 2. 

0 0 2 


3. Linearly independent sets are (a), (b), (c), (d), (f), (g), (h), (i), (k), (m), (n). 
Linearly dependent sets are (e), (j), (1), (0), (p)—see Example 21.32. 


(i) =o, 0 


LESSON 64. Theorems About Wronskians and the Linear 
Independence of a Set of Solutions of a 
Homogeneous Linear Differential Equation. 


In the previous lesson, we proved that if a set of functions is linearly 
dependent on J, then their Wronskian is identically zero on J. We also 
showed by an example, that the converse need not be true. If, however, 
the set of functions are n solutions of a homogeneous linear differential 
equation of order n, namely of 


(64.1) fa(z)y + fa—i(z)y*—? + +++ + fila)y’ + folz)y = 0, 


where f(x), fi(z), +++, fn(z) are each continuous functions on an interval 
I, and f,(xz) #¥ 0 when z is in J, then, as we shall show (see Comment 
64.15 below) the vanishing of their Wronskian is a necessary and sufficient 
condition for the linear dependence of the set on J. 


Theorem 64.11. If each function y,, yo, +++, Yn ts a solution of (64.1) 
on an interval I:a S x S b, then the Wronskian of this set of functions is 
either identically zero on I, or it is not zero for any x in I. 


Proof. We shall prove the theorem only for n = 2. Call y1,y2 the 
two solutions of (64.1) when n = 2. Since each function satisfies a linear 
equation of the second order, their first and second derivatives exist. 
By (63.53), 


(a) Yi =-Y2 


Sk gene yiye’ — yayr’. 
1 2 


W(yiy2; 2) = 


, 
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Differentiating both sides of (a) with respect to x, we obtain 
(b) W'(y1,yo; 2) = yrye” + yr'y2’ — yo'yr’ — yoyr”’ = yiye” — yoy”. 


By hypothesis, each of the functions y, and ye is a solution of (64.1) with 
n = 2. Hence, 


(c) fo(a)yi” + filz)yr’ + folz)y1 = 0, 
fo(x)ye” + filx)ye’ + folx)y2 = 0. 


Since we assumed fz ~ 0, we may divide each equation in (c) by it to 
obtain 


(d) Wiese fiys' + fous | piss frye! + foye . 


fa fa 


Substituting these values in (b) gives, with the help of (63.53), 
‘ , 
= (a + fv) pe (eu tL foi) 
fe fa 


-4 (yiy2’ — yeyr’) = -# Wyiye; 2). 


(ec) W’'(y1,y2; 2) 


By (e), therefore 
@ W'+2W = 0, 


an equation which is linear in W. Its solution is 
(64.12) Wyr,y2; 2%) = ce®™, 


where F(x) = —fh dx/fz). Since, by (18.86), the exponential function 
e¥) is never zero, we conclude from (64.12) that, if c = 0, then W = 0 
for every x in J; if c ¥ 0, then W # 0 for every z in J. 


Remark. Formula (64.12) is known as Abel’s formula. 


Theorem 64.13. If each function y;, y2,°+*, Yn ts a solution of (64.1) 
tin an interval I:a S x S b, andif 


(64.14) Wyi,y2,***, Yn} t) = 0, 


at a point x = Xo in I, then the set of functions is linearly dependent on I. 


Proof. We shall prove the theorem only for n = 2. By hypothesis, 
there is a point xo in J, for which 


(a) W(y1,y23 Zo) = 0, 


where y; and ye are two solutions of (64.1) with n = 2. Hence, by (63.53) 
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and (a), 
(b) yi(Zo) —-y2(Xo) 


y1'(o) 2’ (Xo) 


Using the elements of the determinant (b) as coefficients, we form the two 
equations 


(c) Yi(to)er + ye(xo)ce = 0, 
Y1'(Zo)er + Yo’ (x0)C2 = 0. 


Since the determinant whose elements are the coefficients of c; and C2 of (c) 
is, by (b), zero, it follows, by Theorem 63.42, that there is an infinite num- 
ber of pairs of nontrivial solutions of (c) for c; and co. With any one such 
pair, form the linear combination 


(d) y3(x) = c1yi(x) + caye(z), 


where y; and y2 are the two given solutions. Therefore, by Theorem 19.3, 
y3(x) is also a solution of (64.1) with n = 2. By (d) and (c), y3(%o) = 
C1yi(o) + ceye(ro) = O and ys’(xo) = ¢1yi'(%o) + c2ye'(%o) = 0. 

We have thus proved that y3(x) of (d) is a solution of (64.1), with 
n = 2, i.e., it is a solution of 


(e) fo(z)y” + fiz)y’ + folx)y = 0, 
satisfying the conditions 
(f) ys(to) = 0, = ya’(%o) = 0. 


But you can easily verify that y(z) = 0 is also a solution of (e) and that 
this solution satisfies y(ro) = 0, y’(zp) = 0. By the uniqueness Theorem 
19.2 (which we still have not proved but shall soon, see Theorem 65.2) 
the two solutions y3(x) of (d) and y(x) = 0 are identical. Hence by (d) 


(g) C1yi(%) + coye(x) = 0. 


We remarked after (c), that c, and ce are nontrivial solutions of (c) and 
hence not both are zero. Therefore by Definition 19.1, the functions y, 
and ye are linearly dependent. 


Comment 64.141. If the Wronskian of a set of solutions of (64.1) is 
zero at a point Xo in J, then it is easy to show, by Theorem 64.13, that the 
Wronskian is identically zero on J. We prove the statement, which is 
equivalent to Theorem 64.11, for n = 2. Let y1, y2 be two solutions of 
(64.1). Since W = 0 at a point zo in J, the solutions, by Theorem 64.13 
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are linearly dependent. Therefore 


(a) Ciyi + coy2 = 0 
on J, where c; and cz are not both zero. Differentiation of (a) gives 
(b) C1y1' + coye’ = 0. 
Since c; and cg are not both zero, it follows by Theorem 63.42, that 
(c) Yi Ye 

yr’ Ye" =e 


But the determinant in (c) is, by (63.53), the Wronskian of y; and ye. 


Norr. Although the above proof is much shorter than the one in 
Theorem 64.11, the latter proof was given in order to obtain (64.12), 
an equation which will be needed later. 


Comment 64.15. Theorems 63.55 and 64.13 together give a necessary 
and sufficient condition for the linear dependence of a set of functions that 
are solutions of the linear differential equation (64.1). The first says that if 
the set is dependent on J, then its Wronskian is = 0 on J. The second 
says that if its Wronskian is zero for only one x in I (and therefore by 
Theorem 64.11 it is = 0 on J) then the set is linearly dependent on J. 
Hence you now have a test to determine whether a set of n solutions of a 
homogeneous linear differential equation (64.1) is linearly dependent or 
independent. If its Wronskian is zero for one z in J, the set is linearly 
dependent; if its Wronskian is not equal to zero for one x in J, the set is 
linearly independent. 


Example 64.2. Show that if m;, m2, m3 are distinct, then the set of 
functions 


mz m: m3t 
(a) y=er,* Yo = e™, yg = ee", 


which are three solutions of a third order homogeneous linear equation, 
are linearly independent on I: —0 <4 < 0. 


Solution. By (63.51), the Wronskian of the given functions is 
(b) em em es? 
mye"'* moe" ~—smge™3” 
mye" mo2e™* maze 
By (63.11), (b) is equal to 


(c) e™ +m +ma)zy 


‘ 


2 
(mgm3” -- mgm2”) — (mym3” — m3m,”) 


+ (mime? — memy”)], 
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which can be written as 
(d) em tmatms)* (ms — me)(m2 — ms)(m3 — m)). 


Since we have assumed m,, me, m3 are distinct and since, by (18.86), the 
exponential function e:+™2+™2)? ig never zero, it follows that (d) cannot 
be zero for any x. Hence the Wronskian (b) is not zero for any x. By 
Comment 64.15, the set of solutions in (a) is therefore linearly independent 
on I: —2w <2 < o. 


Remark. The above proof can be extended to show that if mj, 
M2,°**, Mn are distinct, then the set of n functions y,; = e™!7, yo = 
ema? +++ y, = e™n*, each of which is a solution of (64.1), is linearly inde- 
pendent on I: —w < 2 < o. 


Example 64.21. Show that the set of functions 
(a) y= ec, yg = xe, 


which are the solutions of y’” — 2ay’ + a?y = 0, are linearly independent 
on I: —o® <2 < o. 


Solution. By (63.53), the Wronskian of the given functions is 
(b) 


é xe 


ae*” axe** + e* 


_ axe?** + ert = axe?** —_ e2%*. 


Since e?** ~ 0 for every z, the given functions are independent on I: 
—o <2 < o. 


Example 64.22. Show that the second solution yo(x) of (23.28) ob- 
tained by the reduction of order method described in Lesson 23B, is inde- 
pendent of the solution y;(zx). 


Solution. Let F(x) = fi(x)/fe(x) and 
_s F(2z)dz 
e 
(a) g(z) = J a0 a dx 


Then, by (23.28), ye = yig and, by (63.53), the Wronskian of the two 
solutions is 
(b) Wyays; 2) = |" 9M. 


yo yg’ +919 


yg’ + yiys'g — yn'yg 
= "9. 
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By (a) and Theorem 58.3 
ec F(z)dz 


(c) g(x) = 
Substituting (c) in the right of (b), we obtain 


ev Wyr,yo; 2) = eS Fmee. 


Since the exponential function is never zero, it follows, by Comment 64.15, 
that the given functions are linearly independent solutions on any interval 
I over which the functions y, and ye are defined. 


EXERCISE 64 


1. Show that the set of functions 1, z, 2? which are three solutions of y’” = 0 
are linearly independent. 

2. Show that each of the functions y: = sinz — 4 sin 3z and ye = sin® z, isa 
solution of y” + (tanz — 2cotzx)y’ = 0, but that y = ciyi + ceye is not 
the general solution of the differential equation. Hint. Show that the two 
functions are not linearly independent; see Exercise 63.3(p). 

3. Prove that y = ci1sinz + cecosz is a general solution of y’+y = 0. 
Hint. Show that each function satisfies the equation and that the two func- 
tions are linearly independent. 

. Prove that y = (ci + cex)e* is a general solution of y’’ — 2y’+ y = 0. 

. Prove that y = cie* + cge2* + cgze?* is a general solution of y’” — 5y’ + 

8y’ — 4y = 0. 


LESSON 65. Existence and Uniqueness Theorem for the Linear 
Differential Equation of Order n. 


We are ready at last to prove the existence and uniqueness Theorem 19.2 
for the linear differential equation of order n. Since on the interval J in 
which we shall be interested, f,(x) * 0, we can divide (19.21) by fn(x) to 
obtain a linear differential equation 


(65.1) -y™(x) + fa—r(x)y*™—P + +++ + filz)y’ + folz)y = Q(z). 


Theorem 65.2. If the coefficients fy(x), fi(z), +++, fn—i(z) and Q(x) in 
the linear differential equation (65.1) are each continuous functions of x on a 
common interval I, then for each point xo in I and for each set of constants 
Qo, 41, °**, Gn—y, there is one and only one function y(x) that satisfies (66.1) 
and the initial conditions 


(65.21) (zo) = ao, (to) = a, ++, YP (Ho) = Gn-i. 


Remark 65.22. In Theorem 37.51, we gave a sufficient condition for 
the existence of a power series solution of (65.1) satisfying (65.21). Compare 
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it with the above theorem, which gives a sufficient condition for the exist- 
ence and uniqueness of a solution of (65.1) satisfying (65.21). 


Proof of the Theorem. Assume y(2) is a solution of (65.1). We now 
define new functions y;(x), ye(x), +++, yn(x) by the following relations. 


(65.23) y(x) = yi(z), 
y' (x) = x~x'(z) = yo(z), 
y’ (x) = yi" (x) = yo! (x) = ys(z), 


yx) ae yi" (x) = yo"? (x) — y3"—* (a) 


= = Ynir'(t) = yn(2). 
Differentiating the function in the last line of (65.23), we obtain 
(65.231) y™(x) = yy ™ (a) = yo P(x) = 0 = Yn—1'"(2) = Yn'(2). 
By (65.231) and (65.23), we can therefore write (65.1) as 
(65.24) — yn'(x) + fn—1(2)yn(e) + +++ + fi@)ye(e) + fole)yi(e) = Q@). 
Solving (65.24) for yn’(x), we obtain 
(65.25) Yyn' (x) = —fa—1yn — +++ — fiye — foyr + Q. 


Hence because of (65.23) and (65.25), the set of functions y;, yo,°-+, Yn, 
satisfies the system of linear first order equations 


(65.26) 
yi (x) = ye(z), 
y2'(x) = ys(z), 


Yn—1'(z) = yn(z), 
Yyn'(%) = —fn—1(&)yn(z) — +++ — file)ye(z) — fole)yi(z) + Q@). 


By (65.23), yi(to) = y(xo), yo(to) = y'(t0), +++, Yn(%o) = y™ (ao). 
We can therefore replace the initial conditions (65.21) by the conditions 


(65.27) = -yi(%o) = @, —-Y2(Xo) = 1, +++, Yn(To) = Gn_i. 


Conversely if we start with the system of equations (65.26) and the 
initial conditions (65.27), and define 


(65.28) y(z) = yi(z), 


then the relations in (65.23), (65.231), and (65.24) hold; the last equation 
of (65.26) becomes identical with (65.1), and the initial conditions (65.27) 
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become (65.21). Hence if there exists a set of functions y;(x), ye(z),---, 
yn(z) that is a solution of the system (65.26) satisfying (65.27), then, by 
(65.28), the function y;(x) of this set is the solution y(x) of (65.1) satisfy- 
ing (65.21). 

All the functions f(x), f1(x),--+, fn—1(x), Q(z) in the last equation of 
(65.26), are, by assumption, continuous on J. The functions yo, y3,°°+, Yn 
are also continuous since their derivatives exist. Therefore the hypotheses 
of Theorem 62.3 are satisfied. Hence, by the theorem, there is, on J, or 
Io if I is closed, one and only one set of particular solutions y;(z), y2(z), 
+++, yn(x) that satisfies (65.26) and (65.27) where zo is a point in Jp. 
And since y;(z) exists and is unique, it follows that its equal y(x) also 
exists and is the unique solution of (65.1) and (65.21). 


Example 65.3. Set up a system of linear first order equations for the 
second order linear equation 


(a) y” — 3y' + Q= 2 


and show that the solution y,(zx) of the resulting system is the same as the 
solution y(z) of (a). 


Solution. Let y(x) be a solution of (a). As suggested in (65.23), we 
define 


(b) y(x) = yi (2), 
y'(x) = y1'(z) = ye(z). 


Differentiating the last equation of (b), we obtain 


(c) yx) = yr!" (2) = ye'(a). 
By (c) and (b), we can write (a) as 
(d) y2'(z) — 3y2(x) + 2yi(z) = =. 


Hence, by (b) and (d), we can replace the single equation (a) by the sys- 
tem of linear first order equations 


(e) yi'(z) = y2(z), 

Yo' (x) = 38y2 — 2y, + 2. 
In operator notation we can write (e) as 
(f) Dy; — yz = 9, 

2y1 + (D — 3)y2 = 2. 


Multiplying the first equation in (f) by D — 3 and adding it to the second, 
we obtain 


(g) (D? —3D4+2)yy.=2, yi” — 8y;)' + 2y. =o. 
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Comparing the second equation in (g) with (a), we see that the solution 
yi(x) of the system (f) will be the same as the solution y(x) of (a). 


In Theorem 19.3, we stated that a homogeneous linear differential equa- 
tion of order n has n linearly independent solutions, but proved this part 
of the theorem only for the case when the coefficients in the equation are 
constants. We now prove the statement for nonconstant coefficients. 


Theorem 65.4. If fo(x), fil), +++, fn(x) are each continuous functions 
of x on a common interval I, then the homogeneous linear differential equation 


(65.41) y™ + fr—i(x)y*~? + ++ + fila)y’ + folz)y = 0, 
has n linearly independent solutions y1, yo,°+*, Yn- 


Proof. We consider first a special set of solutions, g1(x), g2(z), °°, 
9n(x) of (65.41), each satisfying respectively the initial conditions 


(a) gi(to) = 1, gi'(to) = 0, giao) = 0, +++, g1*~(@o) = 0, 
g2(%o) = 0, ga'(to) = 1, g2""(xo) = 0,--+, g2”~ P(x) = 0, 
g3(to) = 0, g3'(%o) = 0, g3"(xo) = 1,---, 93"? (ao) = 0, 


9n(o) = 0, 9n'(Xo) i 0, gn’ (x0) = 0,--> ’ gn —» (ao) = 1, 


where zo is a point in J. By Theorem 65.2, each function 9g), g2,-*-, 9n 
exists. We form a linear combination of this special set of solutions, set it 
equal to zero, and take its successive derivatives. We thus obtain 


(b) €191(£) + Coge(x) +--+ + Cngn(x) = 0, 
€1g1'(x) + coge’(x) + +++ + Cngn’(x) = 0, 
igi’ (x) + Coge’"(x) + +++ + engn’’ (x) = 0, 


e191: "— (x) + coge™— (2x) fous. + Cngn™~ » (x) = 0, 


Let x = 2X. Then the first equation in (b), by the first column of values in 
(a), simplifies to c) = 0; the second equation in (b), by the second column 
of values in (a), simplifies to cp = 0,---, the last equation in (b), by the 
last column of values in (a), simplifies to cn = 0. We have thus shown that 
each constant ¢,, C2, +++, Cn in (b) and in particular each such constant in 
the first equation of (b) is zero for xo in J. Therefore by Definition 19.1, 
the set of functions g1, go, ---, gn is, on J, a linearly independent set. 
Since each function is, by assumption, a solution of (65.41), they form 
collectively a set of n linearly independent solutions of (65.41). 

Let y(zx) be a solution of (65.41), and let x9 be a point in J. By Theorem 
19.3, the function 


(c) A(x) = y(xo)g1(z) + y'(wo)ga(z) + +++ + y®™— (x0)gn(z), 
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is also a solution of (65.41) since it is a linear combination of n independent 
solutions. [Remember the coefficients in (c) are constants.] Taking suc- 
cessive derivatives of (c), we obtain 


(d) 
h(x) = y(xo)gr'(x) + y'(eo)g2"(x) + +++ + y™~? eo)gn'(); 
h(a) = y(eo)gr' (x) + yeo)ge2!"() +++ + + y—” (wo) gn’ (a), 


2 


A™ V(x) = y(x9)g1"—? (x) + y'(Zo)g2™ P(x) + Fy"? (o)gn™—? (a). 


Let « = xo. Then (c), by the first column of values in (a), simplifies to 
h(xo) = y(zo); the first equation in (d), by the second column of values 
in (a), simplifies to h’(zo) = y’(zo), +++, the last equation in (d), by the 
last column of values in (a), simplifies to h"—!(ap) = y—) (ao). We have 
thus shown that the two solutions h(x) and y(x) of (65.41), and their first 
n — 1 derivatives are equal when + = zo. Hence, by the uniqueness 
Theorem 65.2, the two solutions h(x) and y(z) are identical. We can there- 
fore replace A(x) by y(x) in (c) to obtain 


(e) y(x) = y(xo)gi(x) + y’(xo)go(z) + -+- + y™—? (co) gn(z), 


where 2 is a point in J. Since y(z) is an arbitrary solution of (65.41), it 
follows that every solution of (65.41) can be expressed as a linear combi- 
nation of the special set of n linearly independent solutions gj, g2,-°°, 9n- 

Let yi(x), yo(x),°*+, Yn(x) be n solutions of (65.41), and let xo be a 
point in J. Therefore by (e), 


(f) — yi(z) = yr(to)gi(x) + y1'(20)g2(a) + ++ + yr? (xo)gn(x), 
Yo(t) = yo(Xo)gi(z) + yo’ (to)g2(x) + +++ + yo (x0) gn(z), 


| 


Yn(Z) = Yn(Xo)g1(z) + yn’ (to)g2(z) + +++ + yn”? (xo) gn(z), 


are each valid equations. The set of functions gj, g2,°--, gn are linearly 
independent. Hence the system (f) can be solved for gi, g2,--+, gn in 
terms of yi, y2,-**, Yn. This means, by Theorem 63.4, that the determi- 
nant formed by the coefficients of the g’s is not zero. Therefore, 
(g) yi(to) yr"(to) ++ yr (ao) 

y2(%o) Yy2'(to) --* ya” —(xo)| ¥ 0. 

Yn(to)  Yn’(Xo) °° in” (xp) 


A theorem of determinants now permits us to interchange rows and 
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columns to obtain from (g) the equivalent determinant 


(h) Yi(Zo) Y2(xo) "++ Yn(Zo) 
y1' (Zo) Ya’ (xo) s+ Yn! (Xo) ~ 0. 
yi"? (@o) yx (ao) ++ Yn” (ao) 


By Definition 63.5, the determinant (h) is the Wronskian of a set of solu- 
tions y1, Y2,°°*, Yn of (65.41) evaluated at + = xo, where zo is a point 
in J. And since this Wronskian is not zero for one z in J, the set of solu- 
tions, by Comment 64.15, is linearly independent on J. We have thus 
proved the existence of a set of n linearly independent solutions of (65.41). 


Theorem 65.5. If y1, Y2,°**, Yn are n linearly independent solutions 
of (66.41), then 
(65.51) Yo = C1Y1 + Co¥e + +++ + CaYn 


ts a general solution of (65.41), 1.e., every solution of (65.41) can be obtained 
from (65.51) by a proper choice of the constants c,, C2,°+*, Cn. 


Proof. We prove the theorem for n = 2. Let y;, y2 be two linearly 
independent solutions of 


(a) y” + filz)y’ + fo(x)y = 0. 
Therefore, by Theorem 19.3, 
(b) Yo = Ciy1 + CoYe 


is also a solution of (a). Assume y3 is a solution of (a) not obtainable from 
(b). In the proof of Theorem 64.11, we showed that for each two solutions 
of (a), equation (64.12) is valid. Therefore, by (64.12), 


(c) Wy1,y2; 2) = ci2e®™, 


Wy1,ys; 2) = cise™™, 


W(y2,ys; x) = cose”, 


where C2, ¢13 and ¢g3 are constants. Multiplying the first equation in 
(c) by yg, the second by ye, the third by y,, and adding the resulting 
equations, we obtain 
(4) -y3W(y1,y2; 2) + yoW(yi,y3; 2) + yiW(y2,y3; 2) 

= (y3¢i2 + Yeei3 + y1C23)e 
By (63.53), the left side of (d) is 


(e-) —-ys(yiye’ — yoyr’) + yolyiys’ — yay’) + yily2ys’ — ysYye’), 


F(x) 
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which reduces to zero. Hence the right side of (d) must also be zero. And 
since, by (18.86), e*” + 0 for every z, it follows that 
(f) ysci2 + y2ci3 + yice3 = 0. 


The solutions y;, yz are, by assumption, linearly independent. Therefore, 
by Comment 64.15, the first Wronskian in (c) is not zero, i.e., cjg ¥ 0. 
Hence dividing (f) by cy2, we obtain 


(g) 18 2 = a3 


from which we see that y3 is obtainable from (b) by a proper choice of the 
coristants c; and ce in (b). Hence our assumption that y3 is not obtain- 
able from (b) is false. 


Theorem 65.6. Let y;, y2,++*, Yn be n linearly independent solutions 
of the homogeneous linear differential equation (65.41), and let 


(65.61) Yo = C1Y1 + Co¥e2 +++ + CnYn 


be its complementary function. Let yp be a particular solution of the non- 
homogeneous linear differential equation (68.1). 
Then 


(65.62) Y = Ye + Yp 
ts a general solution of (65.1), t.e., (65.62) includes every solution of (66.1). 


Proof. By Theorem 65.2, at least one particular solution y, of (65.1) 
exists. Assume g is a solution of (65.1) not obtainable from (65.62). Since 
Yp and g are each solutions of (65.1), we have 


(a) Yo” + fn—1(t)yp” + +++ + fo(z)¥p = Q(z), 
g” + fa—r(z)g*—P + +++ + folz)g = Q(z). 


Subtracting the first equation from the second, we obtain 


(bt) g — yp) + fa—1(@)(9 — yp)? +++ + fol2)(9 — yp) = 0. 


Hence y = g — yp is a solution of the homogeneous linear equation 
(65.41). Therefore, by Theorem 65.5, (g — yp) can be obtained from 
(65.61) by a proper choice of the constants ¢1, C2,° ++, Cn. Therefore, 


(c) 9 — Yo = Q1y1 + Goye +++ + anYn, 
9 = Yo + (ary + Goye2 + +++ + any). 


We have thus shown that the solution g can be obtained from (65.62). 
Hence our assumption that g is not obtainable from (65.62) is false. 
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All statements made in Theorems 19.2, 19.3, and Comment 19.41, in 
connection with a linear differential equation of order n, have now been 
proved. 


EXERCISE 65 


1. Set up an equivalent system of linear first order equations for each of the 
following. Then show that solution yi(x) of the resulting system will be 
identical with the solution y(x) of the given equation. 


(a) y” — y+ By = 2? 41. (c) y” + 2y' + 8y = tanz. 
(b) y” + 3y’ — Qy = et? +2. (d) y’” — 5y” + 8y’ — 4y = 0. 


2. Set up an equivalent system of linear first order equations for each of the 
following. 


(a) y"” — 4y' + 24y = 2+27, (0) = 1,y/(0) = —1. 
(b) y’” + 38y” — y’ + y = e?, y(0) = 1,y/(0) = 0,y(0) = 1 
(ce) yO — 3y” + y” + Sy’ — by = 0, y(0) = 0, 90) = 1, y"(0) = 2, 
y"(0) = 3 
ANSWERS 65 
1. (a) yi'(z) = ya, (c) yr'(x) = ye, 
ye'(z) = ye — 38y1 +2741. y2'(z) = —2y2 — 8yi-+ tanz. 
(b) y1'(x) = ye, (d) y1'(z) = ye, 
y2'(z) = —3ye+2yi+e7+ 2. y2'(x) = ys, 
y3'(z) = 5y3 — 8y2 + 4y1. 
2. (a) yi’(z) = ye, 
y2'(z) = 4y2 — 2yi ta+2?, yi(0) = 1, ye(0) = —1. 
(b) y:‘(z) = ye, 
y2'(t) = ys, 
ys'(t) = —8y3 + ye — yite*, yi(0) = 1, y2(0) = 0, ys(0) = 1. 
(c) yr'(x) = ya, ys (x) = y4, 
yo’ (x) = ya, ya'(x) = 3y4 — ys — 5y2 + 6y1, 
yi(0) = 0, y2(0) = 1, ys(0) = 2, ys(0) = 3. 
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Index 


Note: A boldfaced number refers to a problem in the exercises. 


Abel’s formula, 779 
Absolute value of a complex number, 198 
Acceleration, definition of, 138 
due to gravity, 140 
in polar coordinates, 461 
in rectangular coordinates, 460 
Accretion problems, 122-124 
Adams’ method, y’ = f(z,y), 681 
second order equation, 712—3 
Air resistance, 141 
Airplane problems, see Pursuit curves 
Algebra, of complex numbers, 200-201 
fundamental theorem of, 197, 198 
of operators, 255-259 
Amplification ratio, 363 
Amplitude, 317 
damped, 351 
modulated, 345 
slowly varying, 345 
Analog computation, 375-376 
Analytic function, 537, 548 
on an interval, 537 
Analytic geometry, review of, 62 
Angular momentum, 472 
Apogee, 490 
Approximations, to e, 689—9, 644—8 
to integrals, see Numerical methods 
to log 2, 639—10, 644—9 
to pi (x), 6839—8, 644—7 
by Picard method, see Picard’s method 
of successive approximations 
by polynomial interpolation, see Poly- 
nomial interpolation 
Arbitrary constants, 129, 130 
Arc length of a curve, 111 
Arc tan x, expansion of, 533, 537 
Archimedes’ principle, 335 
Argument (Arg) of a complex number, 199 
Arithmetical errors, 636 
Associative law for operators, of addition, 
256 
of multiplication, 257 
Atmospheric pressure, 186-188 
Axis of a beam, 383 


Backward differences (V, del), 668-670 
Beams, axis of, 383 

bending of, 383-389 

bending moment of, 384 

cantilever, 384 

condition of continuity of curve of, 387 
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Beams, (continued) 
condition of continuity of slope of, 387, 
388 
elastic curve of, 384 
modulus of elasticity of, 385 
neutral surface of, 384 
simple, 384 
simply supported, 384 
Young’s modulus of, 385 
Beats, 346 
Bending of beams, see Beams 
Bending moment, 384 
Bernoulli equation, 95-96 
Bessel equation, 579, 583, 609-622 
equations leading to a, 615-619 
of index 1/2, 579 
of index zero, 583 
Bessel functions, 611-622 
of the first kind, Jz (x), 611-615 
Jo(z), J, (x), 614 
J_x(x), 613 
modified Bessel functions of the first 
kind, 619 
properties of Bessel functions of the 
first kind, J;,(x), 619-622: integral, 
620-622; orthogonal, with respect to 
weight function x, 622; zeros, 619-620 
of the second kind, —N;(x), 612 
Beta function, 306 
Binomial series, 599 
Biological problem, 447-451 
Body falling in water, 144 
Bounded region, 14 
Bridge, over gorge, 362 
troops crossing a, 362 
Buoyancy, 335 


Cable, hanging, 507-512 
suspension, 507-514 
Calorie, 185 
Cantilever beam, 384 
Capacitance, 370 
Capacitor, 369 
in series, 455—3 
Carbon-14 test, 5 
Catenary, 510 
Cave, prehistoric, 2 
Center of attraction, 470 
Central force, 380, 470 
See also, Particle in motion in space 
subject to a central force 
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Centrifugal force, 380 
Centripetal force, 380 
Chain around a cylinder, 188-189 
Chain sliding from a table, 190 
Characteristic equation, 212-220, 444 
definition of, 212 
roots of: real and distinct, 213-214; real 
but some multiple, 214-217; imagi- 
nary, 217-220 
Charcoal problem, 2 
Charge, electric, 370 
Circuit, closed electric, 369 
See also, Electric circuits 
Clairaut equation, 757-760 
geometric problems giving rise to, 761 
parabolic reflector, 759-760 
Closed electitic circuit, 369 
Coefficient, of friction, 160 
of inductance, 370 
of resistance, 348 
of sliding friction, 160 
of static friction, 160 
Combination, linear, 205 
Commutative law for operators, of addi- 
tion, 256 
of multiplication, 258 
Complementary function, 210 
Complete elliptic integral of the first kind, 
333 
Complex electric circuits, 451-455 
Complex functions, 201-203 
exponential, 201 
hyperbolic, 203 
trigonometric, 201 
Complex numbers, 197-201 
absolute value of, 198 
algebra of, 200-201 
argument (Arg) of, 199 
conjugate of, 198 
definition of, 197 
imaginary part of, 197 
polar form of, 199 
real part of, 197 
rectangular form of, 199 
Complex variables, 201-203 
solution by use of, 230 
Compound interest, 128—5, 6 
Computation, analog, 375-376 
Condition of continuity, of a curve, 387 
of a slope, 387, 388 
Conductivity, thermal, 185 
Conic, equation in polar coordinates, 
483 
Conjugate of a complex number, 198 
Conservation, of angular momentum, 
472 
of energy, 329, 475 
Conservative field, 473 
Construction of a table of Laplace trans- 
forms, 302-306, 309-311 


Continuing formulas, Adams, 681, 712—3 
improvement of polygonal method, 
641-643 
polygonal, see Polygonal method 
Runge-Kutta, see Runge-Kutta method 
Taylor series, 645-652 
third degree interpolating polynomial, 
676 
Continuing methods, 632 
Continuous function, 732 
on an interval, 730 
at a point, 730 
in a region, 731 
Convergence, of improper integral, 292, 
294 
interval of, 532 
of power series, 531-532 
ratio test for, 532 
of a sequence of functions, 728, 732 
uniform: of a sequence of functions, 
729, 732; of a series of functions, 
732-733 
Coordinates of a point, 6 
Corrector formulas, 680 
fifth degree polynomial, 676 
Simpson, 675 
sixth degree polynomial, 677 
three-eights rule, 681 
trapezoidal, 675 
Weddle’s rule, 677 
Corrector methods, 632 
Cosine, hyperbolic, 203 
Cosine 2, cosine z, expansions of, 201 
Coupled springs, 440-443 
Critically damped, 350 
Cumulative errors, 636, 690 
Current, electric, 369, 370 
induced, 185 
steady state, 372 
transient, 372 
Curvature, radius of, 528 
Curve, elastic, 384 
Curves, envelopes of a family of, 748- 
754 


of pursuit, 168-175, 523-525 
Cycloid, 335 


D, differential operator, 251 
D-", inverse operator, 270 
Damped, amplitude, 351 
critically, 350 
frequency, 351 
harmonic motion, 348-353 
motion, 347-353, 359-364; definition, 
347; forced, 359-364; free (damped 
harmonic), 348-353 
period, 351 
periodic, 351 
Damping factor, 351 
Decomposition problems, 131-132 


Decrement, logarithmic, 356 
Degenerate systems, 413-415 
Dependence, see Linear dependence of 
functions 
Determinant, definition of, 399, 770, 771 
Grammian, 777 
of a system of equations, 400 
theory of, 770-774 
Wronskian, 774 
Diagram, lineal element, 39 
Differences, backward, 668-670 
finite, 659-661 
forward, 659-668 
tables of, 660, 662, 663, 670 
Differential, exact, 72 
operator, 251 
total, 72 
Differential, of a function, 47-51 
of one independent variable, 48 
of two independent variables, 50 
Differential equations, Bernoulli, 95-96 
Bessel, 579, 583, 609-622 
Clairaut, 757-760 
definition of ordinary, 20 
Euler, 247 
exact, 70-78, 248—26: definition of, 73; 
recognizable, 80-82 
existence of solutions of, see Existence 
and uniqueness theorems 
explicit solution of a, 22 
finding a, from its n-parameter family, 
31-33 
finding an integrating factor, 84-90, 
94-95, 248: for first order, 84-90; 
for linear first order, 94-95; for linear 
second order, 248 
of first order, see First order equations 
Gauss’s, 587 
general solution of, 28-37: definition, 35 
Hermite, 607 
with homogeneous coefficients, 57-60 
homogeneous in z, 505 
hypergeometric, 589 
implicit solution of, 24 
initial conditions, 36 
integral curve of, definition, 39 
integrating factor of, see Integrating 
factors 
Laguerre, 624-630 
Legendre, 586, 591-605, 606—13 
with linear coefficients, 63-68 
linear: of first order, 91-95; of higher 
order, see Linear differential equations 
miscellaneous first order, 101-103 
multiplicity of solutions of, 28 
n-parameter family of solutions of, 30 
nonlinear, see Nonlinear equations 
numerical solutions of, see Numerical 
methods 
order of, 21 
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Differential equations, (continued) 
ordinary, 20 
partial, 20 
particular solution of, 35 
recognizable exact, 80-82 
Riccati, 97, 247—22, 23, 24 
with separable variables, 51-55 
singular, point of, 43: solution of, 34 
solution of a, definition, 22 
systems of, see System of equations 
Tschebyscheff, 589 
variables separable, 51-55 

Dilution problems, 122-124 

Dirac 5-function, 344 

Direction field, 39 
construction of a, 38-41 
isoclines of a, 40-41 

Distributive law of multiplication for 

operators, 258 
Divergence of improper integrals, 292 
Domain of independent variable, 9, 11 


e, an approximation to, 639—9, 644—8 
e*, e*, expansion of, 201 
Elastic curve, 384 
Elastic helical springs, 324-326 
parallel, 330—13 
in series, 330—14 
Elasticity, modulus of, 385 
Electric circuits, complex, 451-455 
first order, 184-185, 377—7, 10 
simple, 369-375 
Electromotive force, 369 
induced, 185 
Element, line, 39 
lineal, 39 
of a set, 6 
Elementary functions, 17 
Eliminant, 750 
Ellipse, equation in polar coordinates, 483 
Elliptic integral of the first kind, complete, 
333 
incomplete, 334 
Energy, inverse square law, 487-488 
kinetic, 329, 475 
law of conservation of, 329, 475 
potential, 329, 473 
Envelopes of a family, of curves, 747-754 
definition of, 748 
eliminant of, 750 
of solutions, 754-757 
Equation, indicial, 574 
Equilibrium position, 317 
Equivalent triangular system, 405, 406, 
416 
Error, in fifth degree polynomial, 679 
function, 670 
in an improvement of polygonal 
method, 644—3 
in Milne method, 688-689 
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Error, (continued) 
in Newton’s interpolation formulas, 
670-671 
in polygonal method, 636-638 
in polynomial interpolation, 670-671, 
679 
in Runge-Kutta, 657-658 
in Simpson’s rule, 679-684 
in Taylor series, 537, 649-652, 653—4 
in third degree polynomial, 679 
in trapezoidal rule, 679, 683 
in Weddle’s rule, 679 
Errors, arithmetical, 636 
cumulative, 636, 690 
formula, 636, 690 
general comment on, 636, 690-691, 703 
rounding off, 636, 690 
Escape velocity, 148 
Euler equation, 247 
Exact differential, 72 
Exact differential equation, 70-78, 
248—25 
definition of, 73, 248—25 
necessary and sufficient condition for, 
73, 248—25 
recognizable, 80-81 
solution of, 73, 76 
Existence and uniqueness theorems, 720 
first order equation y’ = f(x,y), 734-743 
linear equation of order n, 783-786 
nonlinear equation of order n, 765-767 
system: of n first order equations, 763— 
765; of n linear first order equations, 
768-770 
Explicit solution, 21-23 
definition of, 22 
Exponential complex function, 201 
Exponential shift theorem, for inverse 
operators, 277 
for polynomial operators, 260 


F-2 region of atmosphere, 155 
Factorial function (n!), 306-308, 596 
Factors, integrating, see Integrating 
factors 
of polynomial operators, 258 
Falling bodies, see Vertical motion 
Faltung theorem, 303 
Family, of curves, envelopes of, 748-754 
n-parameter, of solutions, 30, 31-33: 
envelopes of, 754-756 
Field, of force, 473 
conservative, 473 
direction, 39 
slope, 39 
Fifth degree interpolating polynomial, 
676, 678, 679 
Finite differences, 659-661 
First order equations, Bernoulli, 95-96 
Clairaut, 757-760 


First order equations, (continued) 
exact, 70-78 
existence and uniqueness theorem for, 
734-743 
with homogeneous coefficients, 57-60 
integrating factors of, 84-90, 94-95 
linear, 91-95 
with linear coefficients, 63-68 
miscellaneous, 101-103 
perturbation theory, 713-715 
problems giving rise to, see Problems, 
first order equations 
recognizable exact, 80-82 
Riccati, 97, 247—22, 23, 24 
with separable variables, 51-55 
solution of y’ = f(x,y): by numerical 
methods, see Numerical methods; by 
Picard’s method, 720~-723; by series 
method, 548-553 
First order, processes, 137 
systems, see System of first order 
equations 
Flow through an orifice, 183 
Force, central, see Particle in motion in 
space subject to a central force 
centrifugal, 380 
centripetal, 380 
damping, 349, 350, 351 
electromotive, 369 
field, 473 
field of, 473 
frictional, 160 
function, 473 
of gravity, 140 
impressed (forcing function), 338, 360 
induced electromotive, 185 
intermittent, 344 
inversely proportional: to cube of dis- 
tance, 521-522; to square of distance, 
481-488, 494 
moment of, 381 
proportional to distance, 476-479 
Forced motion, with damping, 359-364 
undamped, 338-342 
Forcing function, 338 
Formula errors, 636, 679 
Forward differences, (A, delta), 659- 
668 
Fourth degree interpolating polynomial, 
681—2 
Fractions, partial, 283-284 
of inverse operators, 287, 289 
Free motion, damped, 347-353 
undamped, 313-329 
See also, Simple harmonic motion 
Frequency, damped, 351 
impressed, 339 
natural (undamped), 318, 319 
normal, 443 
resonance, 373, 443 


Frequency, (continued) 
undamped resonant, 341 
Friction, coefficient of, 160 
sliding, 160 
static, 160 
Frictional force, 160 
Frobenius, method, 572; see also, Solution 
about a regular singularity 
series, 572 
f(a), definition of, 11 
S(b,y), meaning of, 18—10 
F(z,a), definition of, 13 
Function of one independent variable, 
6-11, 14-17, 48 
definition of, 6, 9 
definition of f(a), 11 
differential of a, 48 
elementary, 17 
implicit, 14-17 
range of, 9 
Function of two independent variables, 
11-14, 18, 50, 57-58 
definition of, 11 
definition: of f(z,a), 13; of f(b,y), 18- 
10 


differential of a, 50 

domain of definition of a, 11 

homogeneous, of order n, 57, 58 

range of, 11 

Functions, analytic, 537: on an interval, 

537 

Bessel, see Bessel functions 

beta, 306 

complementary, 210 

complex, see Complex functions 

continuous, 730, 731: on an interval, 
730; at a point, 730; in a region, 731 

Dirac 5, 344 

elementary, 17 

elliptic, 333, 334 

error, 670 

factorial (n!), 306-308, 596 

force, 473 

forcing, 338, 360 

gamma, 306-309 

homogeneous, of order n, 57, 58 

hypergeometric, 587 

Legendre, 594: of second kind, Q:(z), 
597 

linear dependence of, see Linear 
dependence of functions 

linear independence of, see Linear 
independence of functions 

orthogonal, 602 

polynomial interpolating, 662 

remainder, 670 

sequence of, 728, 729, 732 

series of, 732-733 

unit impulse, 344 

vector point, 473 
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Fundamental theorem, of algebra, 197, 198 
of calculus, 70 


Gamma function, 306-309 
definition of, 307 
Gauss’s equation, 587 
General solution, of a differential equation, 
28-37 
definition of a, 35 
of a first order linear equation, 93 
of a homogeneous linear equation, 210, 
788 
of a nonhomogeneous linear equation, 
210, 789 
Geometric problems leading to, Clairaut 
equation, 761 
first order equation, 107-111 
special types of second order equations, 
528-530 
Grammian, 777 
Graphical solutions, 38-44, 424438 
Gravitation, Newton’s universal law of, 
491 
Gravitational constant, 139, 491 
Gravity, force of, 140 
specific, 153 
Growth problems, 131-132 


Halley’s comet, 492 
Hanging cable, 507-514 
Harmonic motion, damped, 348-353 
simple, see Simple harmonic motion 
undamped, see Simple harmonic motion 
Harmonic oscillators, 323-329, 377 
elastic helical spring, 324-326 
simple pendulum, 327-329 
Heat, specific, 130 
steady state flow of, 185-186 
Helical spring, see Elastic helical springs 
Hermite, equation, 607 
polynomials, 607 
Homogeneous function, order of a, 57, 58 
Homogeneous linear equations, see Linear 
differential equations 
Homogeneous in z, equation, 505 
Hooke’s law, 324 
Horizontal motion, 160-162 
Hyperbolic, cosine, 203 
sine, 203 
tangent, 203 
Hypergeometric, equation, 587 
function, 587 
series, 587 


t (current), 369, 370 
t (imaginary unit), 197 
Identically zero, meaning of, 775 
Imaginary number, part of a complex 
number, 197 
pure, 197 
Impedance of a circuit, 372 
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Implicit function, 14-17 
definition of, 16 
Implicit solution of an equation, 24-27 
definition of, 24 
Impressed, frequency, 339 
force (forcing function), 338 
Improper integrals, convergence of, 292, 
294 
divergence of, 292 
Improvement of polygonal method, 
641-643 
Impulse function, unit, 344 
Impulsive response of a system, 344 
Inclined motion, 164-166 
Incomplete elliptic integral of the first 
kind, 334. 
Independence of functions, see Linear 
independence of functions 
Independent solutions of linear equation, 
number of, 208, 786 
Indicial equation, 574 
Induced, current, 185 
electromotive force, 185 
Inductance, coefficient of, 370 
mutual, 454 
Induction, mathematical, 250 
Inductor, 369 
Inertia, 381 
moment of, 381 
rotational, 381 
Infinite series, see Series 
Initial conditions, 33-37 
definition of, 36 
number of, 36 
Input of a system, 341, 360, 372 
Integrable combinations, 81 
Integral, elliptic of the first kind, 
complete, 333 
incomplete, 334 
Integral, improper, 292, 294 
convergence of, 292 
divergence of, 292 
Integral, Riemann, 70 
Integral curve, definition of, 39 
Integrals, approximations to, see 
Numerical methods 
Integrating factors, 82-90 
definition of, 82 
of first order equation, 84-90, 94-95 
of second order linear equation, 248 
Interest problems, 126-127 
Intermittent force, 344 
Interpolation, see Polynomial inter- 
polation 
Interval, 6 
Interval of convergence, 532 
Inverse Laplace transform, definition of, 
296 
linear property of, 296 


Inverse operators, 268-282 
definition of, 269, 270 
exponential shift theorem for, 277 
meaning of, 269-271 
partial fraction expansion of, 287 
series expansion of, 272-277 
solution of linear equation by, 272-282, 
288-291 
Inverse square law, 481-488, 491, 494 
Irregular singularity, 572 
Isoclines of a direction field, 40-41 
Tsogonal trajectory, 115-117 
definition of, 115 
Isothermal surface, 185 


Kepler’s laws, 492 
Kinetic energy, 329, 475 
Kirchhoff’s, first law, 451 
second law, 370 
Kutta, see Runge-Kutta formulas 


Laguerre equation, 624-630 
Laguerre polynomials, L;,(x), 625-630 
properties of, 627-630: analogue of 
Rodrigue’s formula, 627-629; inte- 
gral property, 629-630; orthogonal 
with respect to weight function e~*, 
630 
Laplace transforms, construction of table 
of, 302-306, 309-311 
definition of, 294 
Faltung theorem, 303 
inverse, 296 
properties of, 295-296 
solution of a linear equation by, 
296-302 
solution of a system by, 418-420 
tables of, 306, 310 
Law of conservation, of angular momen- 
tum, 472 
of energy, 329, 475 
Law of the mean, 731 
of universal gravitation, 491 
Legendre equation, 586, 591-605, 606—13 
comment on solution of, 593-594 
functions, 594: of the second kind, 
Q (x), 597 
Legendre polynomials, P;,(x), 597-605 
properties of, 598-605: coefficients in 
binomial series expansion, 598-600; 
orthogonal property, 602-604; other 
integral properties, 604-605; recur- 
sion formula, 601; Rodrigue’s for- 
mula, 602; values of Pn(0), Pn(1), 
P,,(—1), 600-601 
Libby, Dr. Willard F., 5 
Line elements, 39 
Lineal element diagram, 39 


Lineal elements, 39 
Linear coefficients, 62-69 
Linear combinations, definition of, 205 
Linear dependence, of functions, 205, 
775—Comment 63.56, 777—5 
definition of, 205 
of solutions, 781—Comment 64.15 
Linear differential equations, Bessel, see 
Bessel equation 
characteristic equation of, 212-220: defi- 
nition, 212; roots imaginary, 217-220; 
roots real and distinct, 213-214; roots 
real but some multiple, 214-217 
complementary function of, 210 
definition of, 92, 196 
Euler, 247 
exact, 248 
existence theorem for, see Existence and 
uniqueness theorems 
first order, 91-95: definition of, 92; 
general solution of, 93; integrating 
factor for, 94; solution of, 92 
form of solution of, 211-220 
fundamental theorems for, 207, 208 
Gauss’s, 587 
general solution of, 93, 210, 788 
Hermite, 607 
homogeneous, with constant coeffi- 
cients, 211-220: definition of, 196; 
with nonconstant coefficients, 241- 
246 
hypergeometric, 587 
integrating factors for, 94, 248 
Laguerre, 624-630 
Legendre, see Legendre equation 
n linearly independent solutions of, 208, 
786 
nonhomogeneous, 221-246: with con- 
stant coefficients, 221-240; definition 
of, 196; with nonconstant coefficients, 
236-237, 241-246 
ordinary point of, 570 
reduction to a system, 784-785 
singularity of, 570: irregular, 572; regu- 
lar, 571 
solution of, by: complex variables, 230— 
231; inverse operators, 272-282, 288— 
291; Laplace transforms, 296-302; 
method of Frobenius, 572-584; par- 
tial fraction expansion of inverse 
operators, 288-291; polynomial op- 
erators, 262-265; power series, 537— 
546; reduction of order, 242-246; un- 
determined coefficients, 221-230; va- 
riation of parameters, 233-240 
systems of, see System entries 
Tschebyscheff, 589 
uniqueness theorem for, see Existence 
and uniqueness theorems 
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Linear independence, of functions, 205, 
775—Comment 63.56, 777—5 
definition of, 205 
of solutions, 781—Comment 64.15 
Linear property of, inverse operators, 296 
Laplace transformation, 295 
polynomial operators, 253 
Linearization of first order systems, 424— 
438 
Lipschitz condition, 731, 734, 764, 766 
Liquid, flowing through an orifice, 183 
rotating in a cylinder, 193-194 
Logarithmic decrement, 356 


Maclaurin series, 535 
Magnification ratio, 363 
Mass, variable, 191-193 
Mathematical induction, 250 
Mean, law of the, 731 
Method of, Frobenius, 572; see also, Solu- 
tion about a regular singularity 
reduction of order, 242-246 
undetermined coefficients, 221-230 
variation of parameters, 233-240 
Milne method, comment on error in, 688- 
689 
for second order equation, 710—711 
for system of two first order equations, 
703 
for third order equation, 712—4 
for y’ = f(z,y), 684-689 
Modulated amplitude, 345 
Modulus, of elasticity, 385 
Young’s, 385 
Moment, bending, 384 
of force, 381 
of inertia, 381 
Momentum, angular, 472 
Motion, of a complex system, 189-191 
damped: forced, 359-364; free (damped 
harmonic), 348-353 
forced: damped, 359-364; undamped, 
338-342 
free: damped (damped harmonic), 348- 
353; undamped, see Simple harmonic 
motion 
horizontal, 160-162 
inclined, 164-166 
of a particle: on a circle, 316-317; in 
space, see Particle in motion in space 
subject to a central force; on a 
straight line, 138-166, 314-316 
period of, 318, 333, 351, 477 
planetary, 491-492 
of a projectile, 463-465 
simple harmonic, see Simple harmonic 
motion 
stable, 339 
steady state, 361 
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Motion, (continued) 

transient, 361 

undamped: forced, 338-342; free, see 

Simple harmonic motion 

unstable, 340 

vertical, see Vertical motion 
Multiplicity of solutions, 28-31 
Mutual inductance, 454 


Natural (undamped) frequency, 318, 319 
Neutral surface, 384 
Newton’s, first law of motion, 138 
interpolation formulas, 663-671: back- 
ward, 669; error in, 670, 671; for- 
ward, 667 
law of universal gravitation, 491 
proof of inyerse square law, 494-495 
second law ‘of motion, 138, 459 
Nonhomogeneous linear equation, defini- 
tion of, 196 
Nonlinear equations, existence and 
uniqueness theorem for, 765-767 
numerical solution of, see Numerical 
methods 
reduction to a system, 766-767 
series solution of, 562-567 
See also, Special types of second 
order equations 
Normal, coordinates, 444 
frequencies, 443 
n-parameter family of solutions, definition 
of, 30 
finding a differential equation from an, 
31-33 
Number, complex, 197 
pure imaginary, 197 
real, 197 
Numerical methods, 631-718 
Adams’, 681, 712—3 
choosing size of h, 691-692 
continuing, 632 
corrector, 632 
decreasing h, 692-694 
difference tables, 660, 662, 663, 670 
errors, see Error; Errors 
fifth degree polynomial, 676, 678, 691, 
703 
finite differences, 659-661 
for first order equation y’ = f(x,y), 632- 
658, 681—6, 684-688, 690-701, 713- 
715 
fourth degree polynomial, 681—2 
illustrative example and summary, 694— 
701 
improvement of polygonal method, 641- 
643 


increasing and reducing h, 692-694 
Milne, see Milne method 


Newton’s interpolation formulas, 663— 
671: backward, 669; forward, 667 

perturbation theory, 713-718: first order 
equation, 713-715; second order equa- 
tion, 716-718 

Picard’s, see Picard’s method of succes- 
sive approximations 

polygonal, 632-638 

polynomial interpolation, see Poly- 
nomial interpolation 

reducing and increasing h, 692-694 

Runge-Kutta, see Runge-Kutta for- 
mulas 

for a second order equation, 707-711, 
712—3, 715-718 

series, 645-652 

Simpson’s rule, 677, 678, 684 

sixth degree polynomial, 677 

starting methods, 632 

See also, Starting methods 

summary and an example, 694-701 

for a system of: three first order equa- 
tions, 726—2; two first order equa- 
tions, 702-706, 723-726 

Taylor series, 645-652 

third degree polynomial, 676, 678 

for a third order equation, 712—4 

three-eighths rule, 681 

trapezoidal rule, 675, 678, 682 

Weddle’s rule, 677, 678, 691, 703 


Oceanic pressure, 186-188 
Operator, differential, 251 
See also, Inverse operators; Poly- 
nomial operators 
Order, of a differential equation, 21 
of a homogeneous function, 57, 58 
Ordinary differential equation, definition 
of, 20 
Ordinary point, of y’ = f(z,y), 48, 744-747 
of a linear differential equation, 570 
Orifice, flow through an, 183 
Orthogonal, definition of, functions, 602 
property: of Bessel functions, 622; of 
Laguerre polynomials, 630; of 
Legendre polynomials, 602-604 
Orthogonal trajectory, in polar coordi- 
nates, 118 
in rectangular coordinates, 117 
Oscillator, harmonic, 323-329, 377 
Output of a system, 341, 360, 372 
Overdamped, 349 


Parabolic reflector, 759-760 
Parameters, number of, 30 
variation of, 233-240 
Parasite problem, 447-451 
Partial differential equation, meaning of, 20 


Partial fraction expansion, 283-284 
of inverse operators, 287, 289 
Particle, moving, in a circle, 316-317 
in a plane, see Particle in motion in 
space subject to a central force 
in rotating tube, 380 
on a straight line, 1388-166, 314-316 
Particle in motion in space subject to a 
central force, 470-496, 521-522 
force inversely proportional to cube of 
distance, 521-522 
force inversely proportional to square 
of distance, 481-488, 494: determin- 
ing constants of integration, 484-486; 
energy considerations, 487-488; plan- 
etary motion, 491-492 
force proportional to distance, 476-479 
Kepler’s laws, 492 
law of conservation: of angular momen- 
tum, 471-472; of energy, 475 
moves in plane, proof that particle, 
470-471 
period of, 477, 492 
satisfies law of conservation: of angular 
momentum, 471-472; of energy, 475 
special central force problem, 521-522 
sweeps out equal areas in equal times, 
proof that particle, 472 
Particular solution of a differential equa- 
tion, 33-37 
definition of, 35 
Pendulum, simple, 327-329 
actual period of, 333 
amplitude of, 328 
period independent of amplitude, 
334—34 
weight of wire not negligible, 331—29 
Perigee, 490 
Period, 318, 477 
actual, of a simple pendulum, 333 
damped, 351 
Perturbation method, 713-718 
first order equation, 713-715 
second order equation, 715-718 
Phase and phase angle, 318 
Picard’s method of successive approxima- 
tions, 720-726 
for first order equations, 720-723 
for a system: of three first order equa- 
tions, 726—9; of two first order equa- 
tions, 723-726 
Plane analytic geometry, a review of, 
62-63 
Plane motion of a particle, see Particle in 
motion in space subject to a central 
force 
Plane motion of a projectile, 463-465 
Planetary motion, 491-492 
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Point, ordinary, see Ordinary point 
singular, 43, 744-747 
Polar form of a complex number, 199 
Polygonal method, 632-638 
comment on errors in, 636-638 
an improvement of, 641-643 
Polynomial interpolation, 661-684 
Adams’, 681, 712—3 
error in, 670-671, 679 
fifth degree pdlynomial, 676, 678, 679 
function, 662 
Newton’s: (backward) formulas, 669; 
(forward) formulas, 667 
Simpson’s rule, 675, 678, 679, 684 
sixth degree polynomial, 677 
third degree polynomial, 676, 678, 679 
three-eighths rule, 681 
trapezoidal rule, 675, 678, 679, 682 
Weddle’s, 677, 678, 679 
Polynomial operators, 251-265 
algebraic properties of, 255-259 
associative law: of addition, 256; 
of multiplication, 257 
commutative law: of addition, 256; 
of multiplication, 258 
definition of, 251 
distributive law of multiplication, 258 
exponential shift theorem for, 260: 
corollaries to, 261 
factoring of, 258 
linear property of, 253 
of order n, 251 
P(D + a), definition, 259 
P(D)y, definition, 252 
product of h(x) by, 256 
product of two, 257 
solution: of linear equations by, 262- 
265; of systems of linear equations 
by, 398-417 
sum of two, 255 
Polynomials, Hermite, 607 
interpolation by, see Polynomial inter- 
polation 
Laguerre, 625-630 
Legendre, 597-605 
Tschebyscheff, 589 
Potential, 473 
energy, 329, 473 
Power series, see Series; Solution by series 
methods 
Pressure, atmospheric and oceanic, 186— 
188 
Principal value of 6, 199 
Principle of superposition, 211, 254 
Problem involving a centrifugal force, 380 
Problems, first order equations, 107-195, 
377—7, 10 
accretion, 122-124 
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Problems, first order equations, (continued) 
atmospheric pressure, 186-188 
body falling in water, 144 
chain around a cylinder, 188-189 
decomposition, 131-132 
dilution, 122-124 
electric circuit, 184-185, 377—7, 10 
first order processes, 137 
flow of heat, steady state, 185-186 
flow through an orifice, 183-184 
geometric, 107-111 
growth, 131-132 
horizontal motion, 160-162 
inclined motion, 164-166 
interest, 126-127 
isogonal trajectory, 115-117 
moon, 151—6, 7, 8; 156—38, 39 
motion of a complex system, 189- 
191 
oceanic pressure, 186, 187 
orthogonal trajectories, 117-120 
pursuit curves, 168-175 
raindrop, 143 
relative pursuit curves, 177-182 
rocket motion, 191-193 
rope around a cylinder, 188-189 
rotation of a liquid in a cylinder, 
193-194 
second order processes, 134-137 
steady state flow of heat, 185-186 
straight line motion, 138-166 
temperature, 129-130 
variable mass, 191-193 
vertical motion, 139-151 
Problems, linear second order equations, 
313-389 
bending of beams, 383-389 
circle, particle moving on circumference 
of, 316-317 
damped harmonic motion, 347-353: 
definition of, 347 
damped motion: forced, 359-364; free, 
347-353 
elastic helical spring, 324-326: in paral- 
lel, 330—13; in series, 330—14 
electric circuit, simple, 369-375 
forced motion with damping, 359-364 
forced undamped motion, 338-342 
free damped motion, 347-353 
free undamped motion, 313-329 
See also, Simple harmonic motion 
particle moving: on circumference of a 
circle, 316-317; on a straight line, 
314-316 
pendulum, simple, see Pendulum 
problem involving a centrifugal force, 
380 
rolling bodies, 381-383 
simple electric circuit, 369-375 


Problems, linear second order equations, 
(continued) 
simple harmonic motion, 313-329 
See also, Simple harmonic motion 
straight line, particle moving on, 314— 
316 
twisting bodies, 383 
undamped motion, 313-342: examples 
of, 323-329; forced, 338-342; free, 
313-321 
Problems, special types of second order 
nonlinear equations, 506-530 
central force, 521-522 
geometric, 528-530 
pursuit, 523-525 
special central force, 521-522 
suspension cable, 507-514 
Problems, system of equations, 440-492 
biological, 447-451 
central force, see Particle in motion in 
space subject to a central force 
electrical, 451-455 
mechanical, 440-443 
particle in motion in space, see Particle 
in motion in space subject to a central 
force 
plane motion: of a projectile, 463-465; 
of a particle, see Particle in motion in 
space subject to a central force 
planetary motion, 491-492 
projectile in plane, 463-465 
Product of two operators, 257 
Projectile, motion of a, 463-465 
Proof by mathematical induction, 250 
Properties of, Bessel function of first kind, 
619-622 
Laguerre polynomials, 627-630 
Laplace transforms, 295-296 
Legendre polynomials, 598-605 
polynomial operators, see Polynomial 
operators 
Pure imaginary number, 197 
Pursuit curves, 168-175, 523-525 
relative, 177-182 


Radioactive material, 2 
Radius of curvature, 528 
Raindrop problem, 143 
Range of a function, 9, 11 
Ratio test for convergence, 532 
Real number system, 197 
Real part of a complex number, 197 
Rectangular form of a complex number, 
199 
Recursion formula, 577 
for Bessel equation, 610 
for Hermite polynomial, 607—18 
for Laguerre equation, 625 
for Legendre polynomial, 601 


Reduction of order method, 241-246 
Region, bounded, 14 
F-2 of atmosphere, 155 
simply connected, 71 
Regular singularity, 571 
at oo, 586 
Relative pursuit curve, 177-182 
Remainder function, 670 
Resistance, coefficient of, 348 
electric, 370 
Resistors, 369 
in series, 454—2 
Resonance, 373, 443 
undamped, 341 
Resonant frequency, undamped, 341 
Response of a system, impulsive, 344 
Riccati equation, 97, 247 
Riemann-integrable, 70, 731 
Riemann integral, 70 
Rocket motion, 191-193 
Rodrigue’s formula, 602 
Rolling bodies, 381-383 
Roots, in conjugate pairs, 204—9 
imaginary, 217-220 
of indicial equation, 574-584 
real and distinct, 213-214 
real but some multiple, 214-217 
Rope around a cylinder, 188-189 
Rotating tube, particle in a, 380 
Rotation of a liquid, 193-194 
Rotational inertia, 381 
Rounding off errors, 636, 690 
Runge-Kutta formulas, comment on 
error in, 657-658 
for second order equation, 709 
for system of two first order equations, 
702-703 
for y’ = f(z,y), 653-658 


Satellites, 488-491, 496 
Second order equations, 500-504, 707-711, 
712—1, 3 
numertcal solution of, 707-711: by 
Adams’ method, 712—3; error in, 
712—1; by Milne’s method, 710-711; 
by Runge-Kutta method, 709 
special types of nonlinear, 500-504 
Second order processes, problems, 134~ 
137 
Separable variables, 52 
Separated variables, 52 
Sequence of functions, convergence of a, 
728, 732 
uniform convergence of a, 729, 732 
Series, binomial, 599 
convergence of, 531, 532 
for cos x and cos z, 201 
defines a function, 533 
determination of coefficients of a, 534 
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Series, (continued) 
differentiation of a, 534 
for e* and e*, 201 
equality of, 534 
expansion of inverse operators by, 
272-277 
Frobenius, 572: solution of homo- 
geneous linear equation by, 572-584; 
solution of nonhomogeneous linear 
equation, 585—18 
of functions, 732-733: converges uni- 
formly, 732, 733 
hypergeometers, 587 
interval of convergence of, 532 
Maclaurin, 535 
partial sums of, 732 
power, 531 
ratio test for convergence of, 532 
for sin z and sin z, 201 
solutions by, see Solution by series 
methods 
for tan xz, 742 
Taylor, 535: with remainder, 537 
Set, elements of a, 6 
meaning of a, 5-6 
Simple beam, 384 
Simple electric circuit, 369-375 
Simple harmonic motion, 313-329 
amplitude, 317 
definition of, 314 
description of the motion, 315, 317 
elastic helical spring, 324-326 
equilibrium position, 317 
examples of bodies moving in, 323-329 
frequency, natural (undamped), 318, 
319 
harmonic oscillators, 323-329 
natural (undamped) frequency, 318, 319 
particle moving: on circumference of a 
circle, 316-317; on a straight line, 
314-316 
pendulum, 327-329 
period, 318 
phase and phase angle, 318 
simple pendulum, 327-329 
spring, helical, 324-326 
Simply, connected region, 71 
supported beam, 384 
Simpson’s rule, 675, 678, 679, 684 
Simultaneous equations, see entries under 
System 
Sine, hyperbolic, 203 
Sine z, sin z, expansions of, 201 
Singular point of y’ = f(z,y), 48, 744-747 
Singular solution, 34 
Singularity of a linear equation, 570 
irregular, 572 
regular, 571 
regular at oo, 586 
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Sixth degree interpolating polynomial, 677 
Sliding friction, 160 
Slope field, 39 
Slowly varying amplitude, 345 
Solution about a regular singularity, 572- 
584, 585, 586 
of a homogeneous linear equation, where 
roots of indicial equation: differ by 
an integer, 578-582; do not differ by 
an integer, 574-578; equal, 583-584 
at 0, 586 
of a nonhomogeneous linear equation, 
585—18 
Solution by series methods, 537-584 
by Frobenius series, see Solution about 
a regular singularity 
by Taylor series: of a linear equation, 
537-546; of a nonlinear equation of 
order n, 562-567; of a system of first 
order equations, 555-559; of a system 
of linear first order equations, 559- 
562; of y’ = f(x,y), 548-553 
Solution of 2 system of equations, 394-420 
of a first order linear system, 396-397 
of a first order system, 394-396 
of a linear system with constant coeffi- 
cients, 398-420: by Laplace trans- 
forms, 418-420; by polynomial opera- 
tors, 398-417 
by numerical methods, 702-706 
by Picard’s method, 723-726, 726—9 
by series method, 555-562 
See also, each heading under 
System 
Solutions of differential equations, by 
choice of method, 99 
by complex variables, 230-231 
definition of, 22 
existence of, see Existence and unique- 
ness theorems 
explicit, 21-23 
general, 28-37: definition of, 35 
implicit, 24-27 
by integrating factors, 82-90, 94 
by inverse operators, 272-282, 288-291 
by Laplace transforms, 296-302 
by lineal element diagram, 39 
linear combination of, 208 
by method of Frobenius, 572-584 
multiplicity of, 28-31 
number of independent, 208, 786 
by numerical methods, 631-718 
by operators, 262-265, 272-282, 288-291 
n-parameter family of, 30, 31-33 
by partial fraction expansion of inverse 
operators, 288-291 
particular, 35 
by Picard’s method of successive 
approximations, 720-726 


Solutions of differential equations, 
(continued) 
by polynomial operators, 262-265 
by power series, 537-553, 562-567 
by reduction of order, 242-246 
by separation of variables, 51-55 
by series, 537-553, 562-567 
singular, 34 
steady state, 361, 372 
by substitution and other means, 101 
by successive approximations, 720-726 
transient, 361, 372 
by undetermined coefficients, 221-230 
uniqueness of, see Existence and unique- 
ness theorems 
by variation of parameters, 233-240 
Wronskian of, 781—Comment 64.15 
Solve a differential equation, meaning of, 
22, 81 
Special central force problem, 521-522 
Special types of second order equations, 
500-504 
z absent, 503-504 
x and y’ absent, 500-501 
y absent, 502-503 
Specific, gravity, 153 
heat, 130 
weight, 512 
Speed, of escape, 148 
terminal, 142 
Spring, helical, see Elastic helical springs 
Spring constant, 324 
Sputnik, 491—7 
Stable motion, 339 
Starting formula, 680 
Starting methods, 632 
polygonal method, see Polygonal 
method: an improvement of, 641-643 
Runge-Kutta, see Runge-Kutta 
formulas 
Taylor series, 645-652 
Static friction, 160 
Steady state, current, 372 
flow of heat, 185-186 
motion, 361 
solution, 361, 372 
Stiffness coefficient of a spring, 324 
Stiffness constant, torsional, 383 
Straight line motion, 138-166, 314-316 
Subnormal, 112—1 
Substitution, solving an equation by, 101 
Subtangent, 112—1 
Successive approximations, see Picard’s 
method of successive approximations 
Sum of two operators, 256 
Superposition principle, 211, 254 
Surface, isothermal, 185 
neutral, 384 
Suspension cable, 507-514 


System of equations, meaning of a solution 
of a, 393 
See also, System of first order equa- 
tions; System of linear equations 
with constant coefficients; Sys- 
tem of linear first order equations 
System of first order equations, definition 
of a, 394 
errors in numerical solution of, 703 
existence and uniqueness theorem for, 
763-765 
linearization of, 424-438 
Milne formula for a, 703 


Picard’s method of solution of a, 723- 


726, 726—9 
problems giving rise to a, see Problems, 
system of equations 
Runge-Kutta formula for a, 702-703 
series method of solution of a, 555-562 
solution of a: by numerical methods, 


702-706; by Picard’s method, 723- 
726, 726—9; by series methods, 555- 


562 


special types of second order equations 


giving risé to a, 500-504 
System of linear equations with constant 
coefficients, definition of a, 398 
degenerate, 413-445 
determinant of, 399, 400 
equivalent triangular, 405-413 
general solution of a, 398, 399 
problems giving rise to a, see Problems, 
system of equations 
solution of a: by Laplace transforms, 
418-420; by operators, 398-417 
of three equations, 415-420 
System of linear first order equations, 
396-397 
definition of a, 396 
existence and uniqueness theorem for a, 
768-770 
problems leading to a, see Problems, 
system of equations 
solution of a: by numerical methods, 
702-706; by Picard’s method, 723- 
726, 726—9; by series methods, 555- 
562 
See also, System of first order equa- 
tions; System of linear equations 
with constant coefficients 


Table, chain sliding from, 190 
Tables, of differences, 660, 662, 663, 670 
of Laplace transforms, 306, 310 
Tangent, hyperbolic, 203 
Tan 2, expansion of, 742 
Taylor series, 535 
with remainder, 537 
review of, 531-537 
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Taylor series, (continued) 
solution by, 645-652: comment on error 
in, 649-652, 653—4; creeping up 
process, 646-647; direct substitution, 
646; See also, Solution by series 
Tchebycheff, see Tschebyscheff’s 
Temperature problems, 129 
Terminal velocity, 142 
Thermal conductivity, 185 
Third degree interpolating polynomial, 
676, 678, 679 
Three-eighths rule, 681 
Time constant, 351 
Torque, 381 
Torsional, resistance constant, 499 
stiffness constant, 383, 498 
Total differential, 72 
Tractrix, 176— 6 
Trajectories, 115-120 
isogonal, 115-117: definition of, 115 
orthogonal, 117-120: definition of, 117; 
in polar coordinates, 118; in rectangu- 
lar coordinates, 117 
Transform, Laplace, see Laplace trans- 
forms 
Transient, current, 372 
motion, 361 
solution, 361, 372 
Trapezoidal rule, 675, 678, 679, 682 
Triangular system, equivalent, 405, 406, 
416 
Trigonometric functions of complex 
numbers, 201 
Tschebyscheff’s, equation, 589 
polynomials, 589 
Twice differentiable function, definition 
of, 749 
Twisting bodies, 383 


Undamped frequency, 318-319 
Undamped motion, 313-342 
examples of, 323-329 
free, see Simple harmonic motion 
forced, 338-342 
Undamped, resonance, 341 
resonant frequency, 341 
Underdamped, 351 
Undetermined coefficients, 221-230 
Uniform convergence, of a sequence of 
functions, 729, 732 
of a series of functions, 732-733 
Uniqueness theorems, see Existence and 
uniqueness theorems 
Unit impulse function, 344 
Universal gravitation, Newton’s law of, 
491 
Unstable motion, 340 


Vanish identically, definition of, 775 
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Variable mass, 191-193 
Variables, separable, 52 
separated, 52 
Variation of parameters, 233-240 
Varying amplitude, slowly, 345 
Vector, point-function, 473 
quantities, 164, 459 
Velocity, of escape, 148 
formulas in polar coordinates, 461 
terminal, 142 
Vertical motion, 139-151 
body near earth’s surface: air resistance, 
142-145; no resistance, 140-141 
body far from earth’s surface, 146-151 
Volt, 369 


Voltage drop, 369 


Weddle’s rule, 677, 678, 679, 691, 703 
Weight, specific, 512 
Wronskian, Abel’s formula for, 779 
definition of, 774 
determinant of, 774 
determining linear dependence and inde- 
pendence by, 775—Comment 63.56 
determining linear dependence and inde- 
pendence of solutions by, 781—Com- 
ment 64.15 
theorems about, 778-780 


Young’s modulus, 385 


